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Abstract

In this paper, we introduce the generalized Kannan type a-admissible mappings in the setting of cone metric
spaces equipped with Banach algebra. Our results generalize and extend the fixed point result for Kannan type
mappings in metric and cone metric spaces. An example is presented which illustrates our main result.
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1. Introduction

Huang and Zhang (Huang & Zhang, 2007) introduced the notion of cone metric spaces as a
generalization of metric spaces. They replaced the set of nonnegative real numbers by a subset of
a Banach space called the cone; and defined the metric as a vector-valued function. They obtained
some fixed point results in the setting of cone metric spaces with the assumption that the cone is
normal. Later, the assumption of normality of cone was removed by Rezapour and Hamlbarani
(Rezapour & Hamlbarani, 2008). Liu and Xu (Liu & Xu, 2013a) defined the cone metric spaces
with Banach algebra and defined the vector-valued metric into a subset of a Banach algebra. The
motivation for the work of Liu and Xu (Liu & Xu, 2013a) can be found in (Cakalli er al., 2012;
Kadelburg et al., 2011; Du, 2010; Feng & Mao, 2010). The results proved by Liu and Xu (Liu
& Xu, 2013a) demands the normality of the underlying cone. Later on, Xu and Radenovi¢ (Xu
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& Radenovic, 2014) showed that the condition of normality of cone can be removed, and so, the
results of Liu and Xu (Liu & Xu, 2013a) are also true in case of a non-normal cone.

Let (X,d) be a metric space and 7: X — X be a mapping satisfying the following condition:
there exists A € [0, 1) such that

d(Tx,Ty) < Ad(x,y) for all x,y € X. (1.1)

Then the mapping T is called a Banach contraction. The Banach’s contraction principle states
that a Banach contraction on a complete metric space has a unique fixed point, i.e., there exists a
unique point x* € X such that x* = Tx*. Kannan (Kannan, 1968, 1969) introduced the following
contractive condition: there exists A € [0, 1/2) such that

d(Tx,Ty) < Ald(x,Tx) +d(y,Ty)] forall x,y € X. (1.2)

Kannan (Kannan, 1968, 1969) showed that the conditions (1.1) and (1.2) are independent of each
other, and proved a fixed point result for the mapping satisfying the condition (1.2) instead the
condition (1.1).

Samet et al. (Samet et al., 2012) introduced a new type of mappings called @-admissible
mappings, and with the help of this new class of mappings they generalized several known results
of metric spaces. Very recently, Malhotra et al. (Malhotra et al., 2015) introduced the a-admissible
mappings in the setting of cone metric spaces equipped with Banach algebra and solid cones. They
generalized and extended several known results of metric and cone metric spaces by proving a
fixed point result for generalized Lipschitz contraction over cone metric spaces. The main result
of (Malhotra et al., 2015) was a generalization of Banach’s fixed point theorem. In this paper,
we introduce the notion of generalized Kannan type @-admissible mappings in the setting of cone
metric spaces equipped with Banach algebra which extend the concept introduced in (Malhotra
et al., 2015) and generalize the result of Kannan (Kannan, 1968, 1969) in cone metric spaces
equipped with Banach algebra.

2. Preliminaries

First, we state some known definitions and results which will be used in the sequel.
Let A be a real Banach algebra, i.e., A is a real Banach space in which an operation of multi-
plication is defined, subject to the following properties: for all x,y,z€ A,ae R

1. x(yz) = (xy)z

2. x(y+2z) =xy+xzand (x + y)z = xz + yz;
3. a(xy) = (ax)y = x(ay);

4. [yl < [x[ly]-

In this paper, we shall assume that the Banach algebra A has a unit, i.e., a multiplicative identity e
such that ex = xe = x for all x € A. An element x € A is said to be invertible if there is an inverse
element y € A such that xy = yx = e. The inverse of x is denoted by x~'. For more details we
refer to (Rudin, 1991).

The following proposition is well known (Rudin, 1991).
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Proposition 2.1. Let A be a real Banach algebra with a unit e and x € A. If the spectral radius
po(x) of x is less than one, i.e.,

1
<]

. 1 .
p(x) = lim [l¥"[* = inf |lx*

then e — x is invertible. Actually,

A subset P of A is called a cone if

1. P is non-empty, closed and {6, e} < P, where @ is the zero vector of A;
2. aiP + a,P c P for all non-negative real numbers a;, a;;
3. P=PPcP
4. P(\(—P) = {0}.
For a given cone P — A, we can define a partial ordering < with respect to P by x < y if and only

if y — x € P. The notation x « y will stand for y — x € P°, where P° denotes the interior of P.
The cone P is called normal if there exists a number K > 0 such that for all a,b € A,

a < b implies |a| < K|b|.

The least positive value of K satisfying the above inequality is called the normal constant (see
(Huang & Zhang, 2007)). Note that, for any normal cone P we have K > 1 (see (Rezapour &
Hamlbarani, 2008)). In the following we always assume that P is a cone in a real Banach algebra
A with P° # ¢ (i.e., the cone P is a solid cone) and < is the partial ordering with respect to P.

The following lemmas and remark will be useful in the sequel.

Lemma 2.1 (See (Kadelburg et al., 2010)). If E is a real Banach space with a cone P and if a < Aa
withae Pand 0 < A< 1,thena = 0.

Lemma 2.2 (See (Radenovi¢ & Rhoades, 2009)). If E is a real Banach space with a solid cone P
and if 6 < u < c for each 6 < c, thenu = 6.

Lemma 2.3 (See (Radenovi¢ & Rhoades, 2009)). If E is a real Banach space with a solid cone P
and if | x,|| — 0 as n — o, then for any 6 < c, there exists ny € N such that, x, < c for all n > ny.

Remark (See (Xu & Radenovié, 2014)). If p(x) < 1 then ||x"|| — 0 as n — oo.

Definition 2.1 (See (Liu & Xu, 2013a,b; Huang & Zhang, 2007)). Let X be a non-empty set.
Suppose that the mapping d: X x X — A satisfies:

1. 8 <d(x,y)forall x,y € X and d(x,y) = 6 if and only if x = y.
2. d(x,y) =d(y,x) forall x,y € X.
3. d(x,y) <d(x,z) +d(z,y) forall x,y,z € X.
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Then d is called a cone metric on X, and (X, d) is called a cone metric space over the Banach
algebra A.

Definition 2.2 (See (Huang & Zhang, 2007)). Let (X, d) be a cone metric space, x € X and {x,}
be a sequence in X. Then:

1. The sequence {x,} converges to x whenever for each ¢ € A with 6 « c, there is ny € N such
that d(x,, x) < ¢ for all n > ny. We denote this by lim x, = x or x, — xasn — 0.

n—0o0
2. The sequence {x,} is a Cauchy sequence whenever for each ¢ € A with 6 « ¢, thereis ny € N
such that d(x,, x,,) < ¢ for all n,m > ny.

3. (X,d) is a complete cone metric space if every Cauchy sequence is convergent in X.

It is obvious that the limit of a convergent sequence in a cone metric space is unique. A
mapping 7: X — X is called continuous at x € X, if for every sequence {x,} in X such that
X, — xasn — oo, we have Tx, — Txasn — o0.

Definition 2.3 (See (Samet ez al., 2012)). Let X be a nonempty set and @: X x X — [0,0) be a
function. We say that T is a-admissible if (x,y) € X, a(x,y) > 1 = «(Tx,Ty) > 1.

Now, we define the generalized Lipschitz contractions on the cone metric spaces with a Banach
algebra (see also, (Liu & Xu, 2013a)).

Definition 2.4. (Malhotra er al., 2015) Let (X, d) be a complete cone metric space over a Banach
algebra A, P the underlying solid cone and @: X x X — [0, 00) be a function. Then the mapping
T: X — X is said to be generalized Lipschitz contraction if there exists k € P such that p(k) < 1
and,

d(Tx,Ty) < kd(x,y)

for all x,y € X with @(x,y) > 1. Here, the vector & is called the Lipschitz vector of T.

Malhotra et al. (Malhotra et al., 2015) proved a fixed point result for such generalized con-
traction. Here, we prove a Kannan’s version of the result of Malhotra et al. (Malhotra et al.,
2015).

Now we can state our main results.

3. Main results

First, we define generalized Kannan type contractions in cone metric spaces with Banach al-
gebra.

Definition 3.1. Let (X, d) be a complete cone metric space over a Banach algebra A, P the under-
lying solid cone and @: X x X — [0, c0) be a function. Then the mapping 7: X — X is said to be

generalized Kannan type contraction if there exists k € P such that p(k) < 3 and,

d(Tx,Ty) < kld(x,Tx) +d(y, Ty)] 3.1

for all x,y € X with a(x,y) > 1. Here, the vector k is called the Kannan-Lipschitz vector of 7.
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The following theorem is the main result of this paper.

Theorem 3.1. Let (X,d) be a complete cone metric space over a Banach algebra A, P be the
underlying solid cone and a: X x X — [0,00) be a function. Suppose, T: X — X be a gener-
alized Kannan type contraction with Kannan-Lipschitz vector k and the following conditions are
satisfied:

(1) T is a-admissible;

(ii) there exists xo € X such that a(xy, Txo) > 1;
(iii) T is continuous.

Then T has a fixed point x* € X.

Proof. Let xy € X such that a(x, Txy) > 1 and define a sequence {x,} in X such that x,, = Tx,_;
foralln € N. If x, = x,4; for some n € N, then x* = x, is a fixed point for 7. Assume that
X, # x,.1 for all n € N. Since T is @-admissible we have

a(xo, x1) = a(x0, Txp) =1 = a(Txp, T?x0) = a(x,x) > 1.

By induction, we get
@(xy, X,41) =1 forall neN. (3.2)

Since T is generalized Kannan type contraction with Kannan-Lipschitz vector k, we have
d(xn’ anrl) = d(Txnfla Txn)

k[d(xn_l, TXn—l) + d(xn, Txn)]
k[d(xp—1, %) + d(xpy Xn11)]

IA

i.e.,

(e — k)d(xp, Xp11) < kd(x,-1, x).

1
Since p(k) < 3 < 1, e — k is invertible, therefore it follows from the above inequality that

d(Xp, Xpi1) < k(e — k) d(x,_1,x,) = Ad(x,_1, x,) < "d(x0,x1) (3.3)

where A = k(e — k)~!. Since (e — k)~' = >} k' we have

plle—1") :p(ZH>< plK) < YJo(k)] = —

= = pk)

Therefore,

p(1) = p(kle—k)™") <pk)p((e—k)")
p(k)

. 1
1_—}0(]{) <1 (since p(k) < 5).
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Thus, for n < m it follows from the inequality (3.3) that

d(Xp X)) < d(xp Xng1) +d(Xpi1, Xna2) + -+ d(Xp_1, Xm)
< A'd(xq,x1) + A" d(x0, x1) + -+ " d(x0, x1)
= (e + A+ + /lm_n_l)/lnd(X(),xl)

(i /ll> /l”d(xo, xl)

= (e— ) '2"d(x0, x1).

IA

Since p(1) < 1, by Remark 2 we have |1"|| — 0 as n — co. Therefore, by Lemma 2.3 it follows
that: for every ¢ € A with 8 « c there exists ny € N such that

d(Xp, Xp) < (e — )" A% (x0, x1) < €

for all n > ny. It implies that {x,} is a Cauchy sequence. By completeness of X, there exists x* € X
such that x,, — x* as n — o0. Since T is continuous, it follows that x,,,; = Tx, — Tx* asn — 0.
By the uniqueness of limit we get x* = Tx*, that is x* is a fixed point of 7. ]

In the above theorem, we use the continuity of the mapping 7. We now show that the assump-
tion of continuity can be replaced by another condition.

Theorem 3.2. Let (X,d) be a complete cone metric space over a Banach algebra A, P be the
underlying solid cone and a: X x X — [0,90) be a function. Suppose, T: X — X be a gener-
alized Kannan type contraction with Kannan-Lipschitz vector k and the following conditions are
satisfied:

(1) T is a-admissible;
(ii) there exists xo € X such that a(xo, Txy) = 1;
(iii) if x, is a sequence in X such that a(x,, x,+1) = 1 forall n and x, — x € X as n — 0, then
@(x,,x) = 1 foralln e N.

Then T has a fixed point x* € X.

Proof. By proof of theorem 3.1, we know that the sequence {x,}, where x, = Tx,_;, n € N is
a Cauchy sequence in complete cone metric space (X,d). Then, there exists x* € X such that
X, — x* as n — o0. On the other hand, from (3.2) and hypothesis (iii), we have

a(x,,x*) =1, forall neN. (3.4)

Since T is a generalized Kannan type contraction, using (3.4) we obtain

IA

d(x*, Tx*) d(x*, xu41) + d(Xp11, TX")
= d(x*,x,11) + d(Tx,, Tx*)

< d(x*, x,11) + k[d(x,, Tx,) + d(x*, Tx¥)]
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i.e.,
d(x*,Tx*) < (e—k)'[d(x*, x,p1) + kd(x,, Tx,)]
= (e— k) 'd(x*, x,01) + Ad(x,, Tx,).
By (3.3) we have d(x,, Tx,) = d(x,, X,1) < A"d(x0, x1), therefore
d(x*, Tx*) < (e — k) 'd(x*, x,11) + 2" 'd(x0, x1).

As x, — x* asn — o and p(1) < 1, for every ¢ € P with 6 « ¢ and for every m € N there exists

n(m) such that d(x, 1, x*) « b and A" d(x0, %) « 5= for all n > n(m). Therefore, it follows

2m

from the above inequality that

d(x*,Tx*) < i + ﬁ = % foralln > n(m),me N.

It implies that < — d(x*,Tx*) € P for all m € N. Since P is closed, letting m — o0 we obtain
0 — d(x*,Tx*) € P. By definition, we must have d(x*,Tx*) = 0, i.e., Tx* = x*. Thus, x* is a
fixed point of 7. ]

Next, we give an example which illustrates the above result.
Example 3.1. Let A = R? with the norm
[Cers x2) | = | + [oxal
Define the multiplication on A by
xy = (xiy1, xi1y2 + xy1) forall x = (xi,x2),y = (y1,)2) € A.

Then, A is a Banach algebra with unit e = (1,0). Let P = {(x;, x,) € R?: x;,x, > 0}. Then Pis a
positive cone.
Let X = [0, 1] x [0, 1] and define the cone metric d: X x X — P by

d((x1,%2), (y1,32)) = (|x1 = 1], |22 = yaf) € P.

Then, (X,d) is a complete cone metric space. Let Q@ n [0,1) = Q; and define the mappings
T:X—>Xanda: X x X — [0,0) by:

11 .
E’E > lfxl’xze(@l;
= 11
T<X],X2) Z, Z , ifxl = Xy = 1,
(x1,x),  otherwise.

and

1, if (x1, %0, y1,2 € Q1) or (x1,x € Q1,1 =y = 1);
@b ) = { 0 otheiwizse).)1 e b e Qe =
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Then, T is a generalized Kannan type contraction with Kannan-Lipschitz vector k = 3 0),

1 1
where p(k) = 3 < 5 Indeed, xi, x2, 1,2 € Q then (3.1) is satisfied trivially. If x;, x, € Q; and

y1 =y, = 1 then we have

d(T(x1,x2). T(y1.y2)) = d((%%)(%i))
()

(3+0) (a1 2. s 32) + (3020, 7032

IA

T is obviously an @-admissible mapping, and for every xi, x5, y1, > € Q; we have
a((x1, %), T(x1, %)) = 1.

Therefore, the conditions (i) and (ii) of Theorem 3.2 are satisfied. Finally, one can see that the
condition (iii) of Theorem 3.2 is satisfied. Thus, all the conditions of Theorem 3.2 are satisfied

11
and we conclude the existence of at least one fixed point of 7. Indeed, (5 5) and all the points
(x,1),x€ Q; and (1, x), x € Q are fixed points of 7.

Remark. Notice that, in the above example the results of Malhotra et al. (Malhotra et al., 2015)
3
are not applicable. Indeed, if x; = x, = 1 € Qand y; =y, = 1, then a((x1,x2), (y1,32)) = 1

arwsrn -+((34).(:2) - ()

) o) =a((33).00) = (3:3)

Therefore, there exists no k € P such that p(k) < 1 and the following inequality is satisfied:

and

Now

d(T (x1,x2), (y1,¥2)) < kd((x1, x2), (y1,¥2))-

This shows that T is not a generalized Lipschitz contraction, and so, the results of Malhotra et al.
(Malhotra et al., 2015) are not applicable here.

In the Example 3.1 we can see that the mapping 7 may have more than one fixed points. Let
us denote the set of all fixed points of T by Fix(T).

Next, to assure the uniqueness of fixed point of a generalized Kannan type contraction we use
the following property (see (Samet et al., 2012)):

Vx,yeFix(T)Ize X: a(x,z) = La(y,z) = 1. (H)
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Theorem 3.3. Adding condition (H) to the hypothesis of Theorem 3.1 (resp. Theorem 3.2) we
obtain the uniqueness of the fixed point of T.

Proof. Following similar arguments to those in the proof of Theorem 3.1 (resp. Theorem 3.2)
we obtain the existence of fixed point. Let the condition (H) is satisfied and x*, y* € Fix(7T') and
x* # y*. By (H) there exists z € X such that

a(x*,z) =1 and a(y*,z) = 1. (3.5)
Since T is a-admissible and x*, y* € Fix(T), therefore from (3.5) we obtain
a(x*,T"z) > 1 and a(y*,T"z) = 1. forall neN. (3.6)
Since T is generalized Kannan type contraction, using (3.6), we have

d(x*,T"z) = d(Tx*,T(T"'7))

k[d(x*, Tx*) + d(T" 'z, T(T"'2))]
kd(T" 'z, T"z)

kld(x*, T"'z) + d(x*,T"7)]

IA

IA

1.e.,
d(x*,T"z) < k(e — k) 'd(x*,T"'z) = Add(x*,T""'z) forall ne N.

Repetition of this process we obtain
d(x*,T"z) < 2"d(x*,Tz) forall neN.

where A = k(e — k)~! and p(1) < 1. Since p(4) < 1, by Remark 2 we have |1"| — 0 as n — o0,
and so,
["d(x*, T2)| < |A"[[ld(x*, T2)| — 0 as n — co.

Therefore, by Lemma 2.3 it follows that: for every ¢ € A with 6 « ¢ there exists ny € N such that
d(x*,T"z) < A"d(x*,Tz) < c.
it implies that
T"z — x* as n — .

Similarly we get
T"z — y* as n — oo.

Therefore, by uniqueness of the limit we obtain x* = y*. This finishes the proof. L
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4. Some consequences

In this section, we give some consequences of the results of previous section. The following
corollary is Theorem 3.3 of Xu and Radenovié (Liu & Xu, 2013a).

Corollary 4.1 (Theorem 3.3, Xu and Radenovi¢ (Liu & Xu, 2013a)). Let (X,d) be a complete
cone metric space over a Banach algebra A and P be the underlying solid cone with k € P where

1
plk) < 7 Suppose the mapping T : X — X satisfies the following condition :

d(Tx,Ty) < kld(x,Tx) +d(y,Ty)| forall x,yeX.

Then T has a unique fixed point in X. Moreover, for any x € X, the iterative sequence {T"x}
converges to the fixed point of X.

Proof. Define the function @: X x X — [0,00) by a(x,y) = 1forall x,y € X. Then, all the
conditions of Theorem 3.3 are satisfied, and so, the mapping 7" has a unique fixed point in X. [

Next, we derive the ordered and cyclic versions of Kannan’s contraction principle. In the next
theorems, we prove results of Ran and Reurings (Ran & Reurings, 2003), Liu and Xu (Liu & Xu,
2013a) and Nieto, Rodriguez-Lopez (Nieto & Rodriguez-Lopez, 2005) and Kirk et al. (Kirk ef al.,
2003) for Kannan’s mappings.

The following theorem is the Kannan’s version of the result of Ran and Reurings (Ran &
Reurings, 2003) in cone metric spaces when the cone metric is endowed with a Banach algebra.

Theorem 4.1. Let (X, =) be a partially ordered set and suppose that (X,d) be a complete cone
metric space over a Banach algebra A with P the underlying solid cone. Let T: X — X be a
continuous nondecreasing mapping with respect to = . Suppose that the following two assumptions
hold:

1
(i) there exists k € P such that p(k) < 5 and

d(Tx,Ty) < kld(x,Tx) + d(y,Ty)] for all x,y € X with x C y;

(i1) there exists xo € X such that xy © T xy.

Then, T has a fixed point in X.
Proof. Define the mapping @,: X x X — [0, 0) by

I, ifxcy;
0, otherwise.

a(x,y) = {

Note that, the condition (i) implies that the mapping 7 a generalized Kannan type contraction
with Kannan-Lipschitz vector k, where p(k) < 5 Since T is nondecreasing it is an «,-admissible

mapping. The condition (ii) implies that, there exists x, € X such that a,(xy, Txy) = 1. Therefore,
all the conditions of Theorem 3.1 are satisfied, and so, the mapping 7 has a fixed pointin X. [
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The following theorem is the Kannan’s version of the result of Nieto, Rodriguez-Lopez (Nieto
& Rodriguez-Lopez, 2005) when the cone metric is endowed with a Banach algebra.

Theorem 4.2. Let (X, =) be a partially ordered set and suppose that (X,d) be a complete cone
metric space over a Banach algebra A with P the underlying solid cone. Let T: X — X be a
nondecreasing mapping with respect to = . Suppose that the following three assumptions hold:

1
(i) there exists k € P such that p(k) < 5 and

d(Tx,Ty) < kld(x,Tx) + d(y,Ty)] for all x,y € X with x C y;

(i1) there exists xo € X such that xo = T xo;
(iii) if {x,} is a nondecreasing sequence in X such that x, — x € X as n — o, then x, = x for

alln e N.
Then, T has a fixed point in X.

Proof. Define the mapping @,: X x X — [0, 0) similar to that as in the proof of Theorem 4.1.
Now, the proof follows from the Theorem 3.2. ]

Next, we define the cyclic contractions (see (Kirk et al., 2003)) in cone metric spaces.
Let X be a nonempty set, 7: X — X a mapping and A, A,,...,A,, be subsets of X. Then

m
X = [J A is a cyclic representation of X with respect to T if
i=1

1. A;,i=1,2,...,m are nonempty sets;
2. T(A) € A,,...,T(A,1) cT(A,),T(A,) < T(A)).

Remark. (See (Kirk er al., 2003)) If X = |J A; is a cyclic representation of X with respect to T,
i=1
then Fix(T) < () A;.

i=1
A cyclic contraction on a cone metric space is defined as follows.

Definition 4.1. Let (X, d) be a complete cone metric space over a Banach algebra A and P be the

underlying solid cone. Suppose, A, A,, ..., A, be subsets of X and ¥ = | J A;. A mapping T':
i=1

Y — Y is called a generalized cyclic Kannan type contraction with Kannan-Lipschitz vector k if

following conditions hold:

m
1. Y = [J A, is a cyclic representation of Y with respect to T’;
i=1

1
2. there exists k € P such that p(k) < 5 and

d(Tx,Ty) < k[d(x,Tx) +d(y,Ty)] 4.1)

forany xe A;,ye Ay (i =1,2,...,mwhere A, = A)).
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The following theorem is the Kannan’s version of the result Kirk et al. (Kirk ez al., 2003) when
the cone metric is endowed with a Banach algebra.

Theorem 4.3. Let (X, =) be a partially ordered set and suppose that (X,d) be a complete cone
metric space over a Banach algebra A with P the underlying solid cone. Suppose, A1,A,, ..., A,
be closed subsets of X and Y = |JA; and T: Y — Y be a generalized cyclic Kannan type

i=1
contraction with Kannan-Lipschitz vector k. Then, T has a unique fixed point in X.

Proof. Define the mapping a.: X x X — [0, 0) by:

(x,y) = I, if(x,y)eA; xA (i=1,2,...,mwhere A, | = A));
by = 0, otherwise.

First, by definition of the function @ and the cyclic representation, 7" is a.-admissible. Again,
by definition of the function a,, T is a generalized cyclic Kannan type contraction with Kannan-
Lipschitz vector k. Suppose for a sequence {x,} we have a.(x,, x,.1) = 1 forallnand x, — x eX
asn — oo0. Then,as Y = U A; is a cyclic representation with respect to 7, we must have x € ﬂ A;.

i=1 i=1
Therefore, a.(x,,x) > 1 for all n € N. Now, the proof of existence of fixed point of T follows

from Theorem 3.2. For uniqueness, if x*, y* € Fix(T), then by Remark 4 we have x*,y* € () A;.
i=1
Since each A;, i € {1,2,...,m} is nonempty, there exists z € Y such that x*,y* € A;,z € A;y for
some i € {1,2,...,m}, and so a.(x*,z) = @.(y*,z) = 1. Thus, the condition (H) is satisfied and
the uniqueness of fixed point follows from Theorem 3.3. ]

Acknowledgements. The authors are indebted to the anonymous referee and Editor for his/her
careful reading of the text and for suggestions for improvement in several places.
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1. Introduction

In this article, we use the standard notation and fundamental results of the Nevanlinna value
distribution theory of meromorphic functions, see (Hayman, 1964; Laine, 1993; Yang & Yi, 2003).
We define, for r € [0, +0), exp, r := r, exp, r := ¢" and exp,,, r := exp (exp, r), n € N. For all
r sufficiently large, we define log,r := r, log, r := logr and log,,, r := log(log,r), n € N.
Moreover, we denote by exp_, r := logr and log_, r := exp, .

For a meromorphic function f in complex plane C, the order of growth is defined by

log T
o(f) = lim sup—Og /)
r—+o00 r

where T (r, f) is the Nevanlinna characteristic function of f. The exponents of convergence of
sequence of the zeros and distinct zeros of f are respectively defined by

1 —( 1
logN(r, ?) logN(r, ?)
A(f) = limsup———=, A(f) = limsup ,
r—+00 1 r—+oo 1 r
*Corresponding author
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whers: N (r, ]lc) (resp. N(r, }
f(z) inthe disc {z : |z] < r}.

(Juneja et al., 1976, 1977) have investigated some properties of entire functions of [p, g]-
order and obtained some results about their growth. In order to maintain accordance with general
definitions of the entire function f of iterated p-order', (Liu et al., 2010) gave a minor modification
of the original definition of the [p, g]-order given by (Juneja et al., 1976, 1977).

We recall the following definition,

)) is the integrated counting function of zeros (resp. distinct zeros) of

Definition 1.1. (Kinnunen, 1998) Let p > 1 be an integer. The iterated p-order o ,(f) of a mero-
morphic function f is defined by

log, T(r,
o,(f) =lim supogp—(rf).

r—+0o 1 r

Now, we shall introduce the definition of meromorphic functions of [p, g]-order, where p, g
are positive integers satisfying p > g > 1 or 2 < g = p + 1. In order to keep accordance with
Definition 1.1, (Li & Cao, 2012; Belaidi, 2015) have gave a minor modification to the original
definition of [p, g]-order (e.g. see, (Juneja et al., 1976, 1977)). We recall the following definitions

Definition 1.2. (Belaidi, 2015; Li & Cao, 2012; Liu et al.,, 2010) Letp >g>1lor2 <g=p+1
be integers. If f(z) is a transcendental meromorphic function, then the [p, g]-order is defined by

. log, T(r, f)
Opq(f) = lim supp—.

r—+00 1 gl

It is easy to see that 0 < o7, ;1(f) < +oo. If f(2) is rational, then o, ;)(f) = Oforany p > g > 1.
By Definition 1.2, we note that o) ;;(f) = o(f) (order of growth), o2.1;(f) = o2(f) (hyper-order),
o121(f) = T16e(f) (logarithmic order) and o7, 11(f) = o ,(f) (iterated p-order).

Definition 1.3. (Belaidi, 2015; Li & Cao, 2012) Let p > g > 1 or 2 < g = p + 1 be integers. The
[p, g] convergence exponent of the sequence of zeros of a meromorphic function f(z) is defined

by
1
logpN(r, J_‘)
Apg1 (f) = limsup—————.

r—+o00 l q r

Similarly, the [p, g] convergence exponent of the sequence of distinct zeros of f(z) is defined by

—( 1
logpN(r, ]_f)
Apg (f) = lim sup—————.

r—+00 1 g7

I'see (Kinnunen, 1998), for the definition of the iterated p-order.
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We recall also the following definitions. The linear measure of a set E C (0, +00) is defined as

+00
m(E) = f Xxe(ndt
0
and the logarithmic measure of a set F' C (1, +o0) is defined as

tm(F) = f WXFt(t)dr,
1

where y () is the characteristic function of the set H. The upper density of a set £ C (0, +o0) is
defined by

M(E) = lim supw.

r—+00

The upper logarithmic density of a set F' C (1, +00) is defined by

_ tm(F N1,
log dens (F) = lim supu.
Fo>+00 log r

Proposition 1.1. (Belaidi, 2015) For all H C [1, +o0) the following statements hold :
(@) If tm (H) = oo, then m (H) = oo,

(ii) if dens (H) > 0, then m (H) = o,

(iii) if logdens (H) > 0, then {tm (H) = co.

For a € C, the deficiency of a with respect to a meromorphic function f is defined by

1 N 1
mir, r,
5 ) — fimint L T =a) |y f-a
a, f) =liminf ——= =1 — limsup————F+—
r—oeo T(}’,f) r—>+t>op T(}’,f)
Consider the differential equation
f(k)-l-Ak_]f(k_])+"‘+A]f,+A()f:O. (11)

(Liu et al., 2010) studied the growth of solutions of the homogeneous differential equation
(1.1) with coeflicients that are entire functions of finite [ p, g]-order and obtained following result

Theorem 1.1. (Liu et al., 2010) Let Aj(z) (j = 0,1,...,k — 1) be entire functions satisfying
max {O'[p,q](Aj) s s} < Oppq(As) < 0o. Then every solution f(z) of (1.1) satisfies opr1.4(f) <
O1p.q(As). Furthermore, at least one solution of (1.1) satisfies op+1,4(f) = 0pq(As).

Theorem 1.2. (Liu et al., 2010) Let Ay, A1, ..., Ax—1 be entire functions, and let s € {0, ...,k — 1}
be the largest index for which o, ,(Ay) = [max. Opq(Aj). Then there are at least k — s linearly
<j<k—

independent solutions f(z) of (1.1) such that o(p1.4(f) = O[pq(As). Moreover, all solutions of
(1.1) satisfy opr1.4(f) < p if and only if o, 5(Aj) < pforall j=0,1,.. . k-1
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Theorem 1.3. (Liu et al., 2010) Let H be a set of complex numbers satisfying dens {|z] : z € H} > 0
andlet Aj(z) (j=0,1,...,k — 1) be entire functions satisfying

max{a[l,,q] (Aj) 2 j=0,1,...,k— 1} <a.
Suppose that there exists a positive constant B satisfying 5 < a such that any givene (0 < e < a - ),
we have
|Ao(2)| = exp,,, {(a - &)log, r}
and
|4;(2)] < exp,,; {Blog,r} (j=1.....k=1)
for z € H. Then, every solution f # 0 of the equation (1.1) satisfies 0,14 (f) = a.

Recently, (Belaidi, 2015) has obtained the following results which generalize and improve
Theorem 1.3 and also improve some results due to (Li & Cao, 2012).

Theorem 1.4. (Belaidi, 2015) Let H be a set of complex numbers satisfying logdens{|z| : z € H} >
Oandlet Aj(z) (j=0,1,...,k— 1) be meromorphic functions satisfying

max{o-[p,q] (Aj) j=0,1,..., k- 1} <p, 0<p<+oo.
Suppose that there exist two real numbers a and 8 satisfying 0 < 8 < a such that

0
|40(2)] = exp,, (e [log, , ') (1.2)
and
12 .

|4;(0)| < exp, (Blog,  r]). (=1, k=1) (1.3)
as |zl = r — +oo for z € H. Then the following statements hold :
@OIlfp>qg>2o0r3 < q = p+1, then every meromorphic solution f # 0 whose poles are
uniformly bounded multiplicities or 6 (oo, f) > 0 of equation (1.1) satisfies op+1.4(f) = p.
(@) If p = 1, q = 2, then every meromorphic solution f % 0 of equation (1.1) satisfies o2(f) > p.

Theorem 1.5. (Belaidi, 2015) Let H be a set of complex numbers satisfying logdens {|z| : z € H} >
Oandlet Aiz) (j=0,1,...,k— 1) be meromorphic functions satisfying

max{o-[p,q](Aj):j:O,l,...,k—l}Sp, 0 <p < +oo.

Suppose that there exist two positive constants a and 3 such that, we have

m(r,Ag) > exp,_ (a [logq_l r]p) (1.4)
and
12 .

m(r,Aj) <exp,, (B[log, 7). Gi=1- k=1 (1.5)
as |zl = r = +oo for z € H. Then the following statements hold :
@) Ifp=q=2and0 < B < q, then every meromorphic solution f # 0 whose poles are uniformly
bounded multiplicities or 6 (oo, f) > 0 of equation (1.1) satisfies op.1,4(f) = p.
(iNIlf3<qg=p+1,0< B <aandp > 1, then every meromorphic solution f # 0 whose poles
are uniformly bounded multiplicities or 6 (oo, f) > 0 of equation (1.1) satisfies o(ps1 p+11(f) = p.
@ Ilfp=1q9g=20< (k-1 < aandp > 1, then every meromorphic solution f # 0 of
equation (1.1) satisfies o22(f) = p.
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2. Main results

Now, a natural question is whether somewhat similar results to Theorem 1.4 and Theorem
1.5 could be obtained for the differential equation (1.1), where A;(z) (j = 0,1,--- ,k) are entire
functions and the dominant coefficient is some A (z) (0 < s < k — 1) instead of Ay(z)? The main
purpose of this article is to answer the above question and improving and generalizing the previous
results.

Theorem 2.1. Let H be a set of complex numbers satisfying logdens{|z| : z€ H} > 0. Let Aj(z)
(j=0,1,...,k—1) be entire functions satisfying

max{o-[p,q](Aj):j:O,l,...,k—l}Sp, 0<p<+c0.

Suppose that there exist two real numbers a and 8 satisfying 0 < 8 < a and let s € {0, ...,k — 1} be
an integer for which
14,@)| 2 exp, (a[log, , r|). 0< s <k—1 2.1)

and

|4,(2)| < exp, (B1og, , ['). j#s. (22)
as |zl = r — +oo, z € H. Then,
@) If p = q = 1, then every polynomial solution f # 0 of equation (1.1)isofdeg f <s—1(s>1)
and every transcendental solution f of equation (1.1) satisfies op.1.4(f) = p.
(i) If2 < q = p+1,p > 1, then every polynomial solution f # 0 of equation (1.1) is of deg f < s—1
(s > 1) and every transcendental solution f of equation (1.1) satisfies p < o pe1p+11 (f) < p + 1.

Corollary 2.1. Let H be a set of complex numbers satisfying logdens{|z| : z € H} > 0. Let F(2) #
0,Aj(z) (j=0,1,...,k—1) be entire functions. Suppose that H/A;(z) (j=0,1,...,k—1) satisfy
the hypotheses in Theorem 2.1. Consider the equation

O+ A+ A + Aof = F. (2.3)

(i) Let p > g > 1, if 01,9 (F) < p, then every transcendental solution f of equation (2.3) sat-
isfies /_1[p+1,q]( ) = Apr.g(f) = 0pe1,q(f) = p with at most one exceptional solution fy satisfying
Opetq (fo) < ps if P[p+14] (F) > p, then every transcendental solution f of equation (2.3) satisfies
Plpi1q] ) = P[pi1qg] ).

(@) Let2 < q=p+1landp > 1,if opps1pe1) (F) < p, then every transcendental solution f of
equation (2.3) satisfies z[p+]’p+]](f) = Appr1,pe11(f) = T p+11(f) = p with at most one exceptional
solution fy satisfying op+1.4 (fo) < p; ifp[pH’pH] (F) > p, then every transcendental solution f of
equation (2.3) satisfies Py pr] () = Pppet per] (F).

Theorem 2.2. Let H be a set of complex numbers satisfying logdens{|z| : z€ H} > 0. Let Aj(z)
(j=0,1,...,k—1) be entire functions satisfying

max{o-[p,q](Aj):j:O,l,...,k—l}Sp, 0<p<+o0.
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Suppose that there exist two real numbers a and B satisfying 0 < 8 < a and let s € {0, ...,k — 1} be
an integer for which

m(r.A,) 2 exp, , (a|log, ,r|'). 0<s<k-1 (2.4)

and

m(r, Aj) < exp,_; (,8 [logq_1 r]p) s JES, (2.5)
as |z| = r — +oo, z € H. Then the following statements hold :
) Ifp=qg=1and0 < B < a, then every polynomial solution f £ 0 of (1.1) isof deg f < s — 1
(s > 1), and every transcendental solution f satisfies 7,4 (f) = p = Ops1,4 (f).
(@ If2 <qg=p+1and 0 < (k—1)B < a, then every polynomial solution f # 0 of (1.1)
isofdegf < s—1(s > 1), and every transcendental solution f satisfies p < o p17 (f) and
O [p+1,p+1] (NH<p+L

3. Some preliminary lemmas

Lemma 3.1. (Gundersen, 1988) Let f be a transcendental meromorphic function, and let « > 1 be
a given constant. Then there exists a set E| C (1, 00) with finite logarithmic measure and a constant
B > 0 that depends only on a and s, j(0 < s < j), such that for all 7 satisfying |z| = r ¢ E, U [0, 1]

@] _
fO@|
Lemma 3.2. (Gundersen, 1988) Let f be a meromorphic function, and let j be a given positive

integer, and let « > 1 be a real constant. Then there exists a constant R > 0 such that for all r > R
we have

Jj=s
[T(Q: /) (log® r)log T (ar, f) .

T(r.f?) <+ 2T (ar. f).

Let f(z) = Z a,Z" be an entire function, u(r) be the maximum term, i.e., u(r) = max{la,| r"

n=0,1,---}, and let v¢(r) be the central index of f, i.e., vy(r) = max{m; us(r) = |a,| r"}.

Lemma 3.3. (Hayman, 1974) Let f(z) be a transcendental entire function, and let 7 be a point
with |z| = r at which |f(z)| = M(r, f). Then for all \z| = r outside a set E, of r of finite logarithmic
measure, we have
f(-i)(z)
f@

where v¢(r) is the central index of f(z).

J
_ (sz(r)) (1+0(1), jeN,

Lemma 3.4. (Juneja et al., 1976) Let f(z) be an entire function of [p, ql-order, and let v(r) be the
central index of f(z). Then

) log, v¢(r)

Oppq (f) = limsup P .

r—+00 g’
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Lemma 3.5. Let Ay(2), . ..,Ar_1(2) be entire functions of finite [ p, gl-order. Then,
() If p = g = 1, then every solution f # 0 of equation (1.1) satisfies

Tipetg (f) Smax{op,q(A) 1 j=0,1,....k=1}.
(@) If2 < g = p + 1, then every solution f % 0 of equation (1.1) satisfies
Tipetpent (F) S max {oppen(A) 1 j= 0,1, k= 1} + 1.

Proof. We prove only (i1) . For the proof of (i) see (Liu et al., 2010). Let f # 0 be a solution of
equation (1.1). By (1.1), we have

f(k) f(k— D

f f

f(k—Z)
f

<Akl + |Ag-a|

+eee A f7‘+|A0|. (3.1

Set max {U[p,pﬂ](Aj) 2 j=0,1,...,k— 1} = p. For any given £ > 0, when r is sufficiently large,
we have
|4; )] < exp,. (0 + ) [log,, r]). j=0.1,..k— 1. (3.2)

By Lemma 3.3, there exists a set £, C [1,+co) with logarithmic measure {mE, < co, we can
choose z satisfying |z] = r ¢ [0, 1] U E; and |f (z)| = M (7, f), such that

w@_wmy -
Q) = 1+o0()), j=1,...,k (3.3)
holds. Substituting (3.2) and (3.3) into (3.1), we obtain

v (M) | v ()

=) [+ o< kexp,., (o + &) [1og,,., 7]) “) e, (3.4)

where z satisfies |z| = r ¢ [0, 1] U E, and |f (2)| = M (r, f). By (3.4), we get

v (ML +0 (D] < kr|l +o(Dlexp,,; ((o+&)|log,.; r]). (3.5)

So, from (3.5), we obtain
long vy (r)

lim sup <p+l+e (3.6)
roteo 108, 7
Since & > 0 is arbitrary, by (3.6) and Lemma 3.4 we have o1 p+1 (f) < p + 1. O

Remark. Lemma 3.5 (ii) has been proved for p = 1 and ¢ = 2 by (Cao et al., 2013).

Lemma 3.6. (Chen & Shon, 2004) Let f(z) be a transcendental entire function. Then there is a
set E5 C (1,400) having finite logarithmic measure such that when we take a point 7 satisfying
|zl =r¢[0,11U E;5 and |f(2)| = M(r, f), we have

f(@) s
‘f(“‘)(z) <2rf, seN.
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Lemma 3.7. Let f be a transcendental meromorphic function of finite [p, ql-order. Then the
following statements hold :

O Ifp 2 q21, then pp, g1 (f) = p[pq) (f)-
(”) If2 < q = p + 1’ Z‘henp[p,lzﬁl] (f’) = p[p,p+l] (f)

Proof. We prove only (ii). For the proof of (i) see (Belaidi, 2015). Let f be a transcendental

meromorphic function of finite [p, g]-order. By lemma of logarithmic derivative %, we have

T(rf)=m(rf)+ N f)<mrf)+ m(r, ?) + 2N (r, f)

4

<2T (r, f)+ m(r, f?) <2T (r,f)+O(logT (r, f) +logr) (3.7)

holds outside of an exceptional set E4 C (0, +c0) with finite linear measure. By (3.7), it is easy to
see thatp[p,pﬂ] (f") < Plpp+1] (f) if 2 < g = p + 1. On the other hand, by (Chuang, 1951), ((Yang
& Yi, 2003), p. 35), we have for r — +o0

T(r,f)<O(TQ2r f")+logr). (3.8)

Hence, by using (3.8) we obtain Plpp+1] (f) < Plpp+1] (f)if 2 < g = p + 1. Thus, Plpp+1] (f) =
Plppe1] N if2<g=p+1. [

Remark. Lemma 3.7 (ii) has been proved for p = 1 and ¢ = 2 by (Chern, 2006).

Lemma 3.8. (Belaidi, 2015) Let A; (j = 0,1,...,k = 1), F # 0 be meromorphic functions. Then
the following statements hold :
() If p = q = 1, then every every meromorphic solution f of equation (2.3) such that

max{a[p,q] (Aj);O'[p’q] (F) :j:O,l,...,k— 1} < O[pyql (f)

satisfies /_l[p,q](f ) = Apg(f) = o)
(i) If 2 < g = p + 1, then every meromorphic solution f of equation (2.3) such that

l’IlaX{l;O'[p,q] (Aj);o-[p,q] (F) : J = 0, 1,...,](- 1} < Olpgl (f)
satisfies /_l[p’pﬂ] (f) = A ppi1] (f) = Plp.p+1] (-

4. Proofs of main results

Proof of Theorem 2.1 It’s should be noticed that the case s = O returns to Theorem 1.4. So, we
will prove Theorem 2.1 in case s > 0.

2 see, (Hayman, 1964; Yang & Yi, 2003).
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(1) Case : p > g > 1. Suppose that f # 0 is a polynomial solution of the equation (1.1), let
f(2) = a,2" + -+ + ag, a, # 0 and suppose that n > s, i.e., f*(z) 0. Then from (1.1), we have

k k

@< Y Al @) < DA Alal P (1 + 0 (1), (4.1)
j=0 j=0
JES JES

Al Ay lagl 7

where A, = 1 and A,’; =nn—-1)---(n—j+1). It follows from (4.1), (2.1) and (2.2) that

exp, (a [logq_1 r]p) r*<0 (expp (ﬂ [logq_1 r]p)) . (4.2)

Since a > 3, we see that (4.2) is a contradiction as r — +oco. Thendeg f < s — 1.
Now, suppose that f is a transcendental solution of the equation (1.1). From the conditions of
Theorem 2.1, there is a set H of complex numbers satisfying logdens {|z| : z € H} > 0, and there
exists A; (0 < s < k-1, k > 2) such that for all z € H we have (2.1) and (2.2) as |z7] — +c0. Set
H, ={|z| : z € H}, since logdens {|z| : z € H} > 0, then H, is a set with {m (H;) = o

From (1.1), we have

(k) (k—1) (s+1)
Ay = f];)(ff Aklff + - +As+1ff
(s—1) y
+As_lff +~~-+A1§+AO). (4.3)

By Lemma 3.1, there exists a set E; C (1, o) with finite logarithmic measure and a constant B > 0,
such that for all z satisfying |z| = r ¢ E; U [0, 1]

f(j)(z)
f(@

By Lemma 3.6, there is a set E3 C (1, +0c0) having finite logarithmic measure such that when we
take a point z satisfying |zl = r ¢ [0, 1] U E5 and | f(z)| = M(r, f), we have

B[T r, O, j=1,2,...,k—-1. (4.4)

f@
o) S 4.5)

It follows from (4.3) — (4.5), (2.1) and (2.2) that
exp, (o [log, , r|") < 2kB[T @r, )" rexp, (B [log, , r]'). (4.6)

for all |zl = r € H\([0,1]U E, U E3) and |f(z)] = M(r, f). Then by (4.6), we obtain p <
Op+1,41 (f) . On the other hand, by Lemma 3.5 (i), we have oy,.14 (f) < p. Hence, every tran-
scendental solution f of the equation (1.1) satisfies op.1,4 (f) = p

(i) Case:2 <g=p+1,p> 1. Suppose that f # 0 is a polynomial solution of the equation (1.1),
let £(2) = a,2" + -+ - + ao, a, # 0 and suppose that n > s, i.e. f)(z) # 0. From (4.2), we have

exp,, (a [logp r]p) r*<0 (expp (ﬁ [logp r]p)) . 4.7)
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Since @ > 3, we see that (4.7) is a contradiction as r — +co. Then deg f < 5 — 1.
Now, suppose that f is a transcendental. Then from (4.6) we have

exp, (o [log, r|’) < 2kBr* [T 21, )1 exp,, (B[log, |) (4.8)

holds for all z satisfying |z| = r € H\\ ([0,1]U E| U E3), as r — +co. By (4.8), every transcen-
dental solution f of equation (1.1) satisfies o[,+1,+11(f) = p, and by Lemma 3.5 (ii), we have
O p+1,p+1] (f) <p+t 1L, thusp = O [p+1,p+1] (f) <p+ 1.

Proof of Corollary 2.1 (i) (a) Let p > ¢ > 1. Let f be a transcendental solution of the equation
(2.3) and {fi, f>, ..., f} 1s a solution base of the corresponding homogeneous equation (1.1) of
(2.3). By Theorem 2.1, we know that for j =1,2,...,k

Tipear (1) = p-

Then f can be expressed in the form

f@=B1(@)f/i@+B:@) @)+ + B (2) fk (@), 4.9)
where By, B,, ..., By are suitable meromorphic functions satisfying
B = F-Gi(fi, o s fO Wi s ), =12,k (4.10)
where G| (f1, f2, ..., fi) are differential polynomials in fi, f5, ..., fi and their derivatives with con-
stant coefficients, thus
Tiperq (G) A Tipeig (f)=p. j=l2.. . .k (4.11)

Since the Wronskian W (fi, f5,..., fi) is a differential polynomial in fi, f5,..., f, it is easy to
deduce also that

Tiprg W) € Max i) (£)=p (4.12)

.....

Since o414 (F) < p, then by using Lemma 3.7 (i) and (4.10) — (4.12) we getfor j = 1,2,...,k

Op+1,q] (Bj) = O [p+lgq] (B;) < max {O'[p+1,q] (F) ;p} =p. (413)
Then by (4.9) and (4.13), we obtain
Tip+1q1 () < ]:rlngxk {O'lp+1,qJ (f/) 5O [p+lq] (B.i)} =p. (4.14)

Now, we assert that every transcendental solution f of (2.3) satisfies op.14 (f) = p with at
most one exceptional solution fy satisfying o414 (fo) < p. In fact, if f* is another transcendental
solution with o7,.14 (f*) < p of (2.3), then oy,.14 (fo — f) < p, but fo — f is a solution of
the corresponding homogeneous equation (1.1), and this is a contradiction with the results of
Theorem 2.1. Then, o414 (f) = p holds for every transcendental solution f of (2.3) with at



24 B. Belaidi et al. / Theory and Applications of Mathematics & Computer Science 7 (1) (2017) 14-26

most one exceptional solution f satisfying o,.14 (fo) < p. By Lemma 3.8, every transcendental
solution f of (23) with Op+1,4] (f) =p satisfies /I[p_,_]’q] (f) = /l[p_,.]’q](f) = 0-[p+1,q](f) =p

b)Ifp < Plp+14] (F), then by using Lemma 3.7 (i), (4.11) and (4.12), we have from (4.10) for
j=1,2,-,k

p[,,+1q](B) p[,,+1q]( )

< max {p[ 1] F) s P[prig] (£) 1 5= 1.2 K} = ppprrg (F). (4.15)
Then from (4.15) and (4.9), we get
PLpsra] D < max{pp, g (£) ppia) (B) 17 = 1.2, k) < pppung) (). (4.16)

On the other hand, if p < P[p+14] (F), it follows from equation (2.3) that a simple considera-
tion of [p, g] —order implies Plp+14] ) = P[p+14] (F). By this inequality and (4.16) we obtain
Plpe1a] ) = Ppr1qg] ) -

(i) For2 < g = p+1, p > 1, by the similar proof in case (i), we can also obtain that the conclusions
of case (ii) hold.

Proof of Theorem 2.2 Suppose that f # 0 is a solution of the equation (1.1) . From the conditions
the Theorem 2.2, there is a set H of complex numbers satisfying logdens{|z| : z € H} > 0, and
there exists A, (0 < s < k—1, k > 2) such that for all z € H we have (2.4) and (2.5) as |z| — +o00.
Set Hy ={|z| : z € H}, since logdens {|z| : z € H} > 0 then H, is a set with {m (H,) =

A Letp>qg=>1 and O < B < a. Suppose that f # 0 is a polynomial with deg f = n > s, then
9 % 0, implies that L fm L (j=0,1,...,k)is a rational, hence T( f(v)) O (log r) for r sufficiently
large. From (4.3) we have

k=1
T(r,A) < Y T (rA;)+0(logr). (4.17)
J=0
JES
It follows by (4.17), (2.4) and (2.5) that
eXp,_ (0/ [logq_1 r]p) <0 (expp_1 (ﬁ [logq_1 r]p)) (4.18)

which is a contradiction since @ > 8 and r — +oo. Then, every polynomial solution f # 0 of (1.1)
isofdegf <s—1.

Now, suppose that f is a transcendental solution of (1.1). By using the first main theorem of
Nevanlinna and properties of the characteristic function, we obtain from (4.3)

k—1
T(r,A) < T(rnf®)+kl(rnfY)+ T (r. f)
j=0, j#s
k-1
+ Z T(r.A;)+0(1). (4.19)

j=0, js£s
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By Lemma 3.2, there exists a constant R > 0 such that for all z satisfying |z| = r > R, we rewrite
(4.19) as follows

k—1
T (r,A,) < (%kz + %k)T(2r,f) + T(r.A;)+0(1)

J=0. j#s

m(r,Ay)

3 k-1

7
(§k2+§k)T(2r,f)+ Z m(r.A;)+0(1). (4.20)

Jj=0, j#s

It follows by (4.20), (2.4) and (2.5) that

e, (oftog, o) < (30 JR) 7@
+(k - lyexp, , (8|log,, r[") + O(1) 4.21)

holds for all z satisfying |z| = r € H, as r — +co. Then, by (4.21), every transcendental solution
f of equation (1.1) satisfies o, 4 (f) > p, and by Lemma 3.5 (i), we have o,.14 (f) < p. Thus,
Tipgt (F) 2P 2 Tpparq ()

(ii)Let2 <g=p+1and0 < (k- 1)B < a. Suppose that f # 0is a polynomial withdeg f = n > s,
then £ # 0. By the same reasoning as in the proof in case (i), it is clear that f(z) is a polynomial
withdeg f < s— 1.

Now, suppose that f is a transcendental solution of (1.1). Then by (4.21)

2" 2
+(k - Dyexp,_, (8[log, r|) + O(1) (4.22)

exp, (a [logp r]p) < (ék2 + zk) T (2r, f)

holds for all z satisfying |z| = r € H; as r — +o0. Then, by (4.22), every transcendental solution f
of equation (1.1) satisfies o7, ,+17 (f) = p, and by Lemma 3.5 (ii), we have o711 (f) < p + 1.
Hence, p < o) pe1) () and oy pe) (f) < p + 1
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Abstract

S.S. Miller and P.T. Mocanu in (Miller & Mocanu, 2003) the notion of differential superordination as a dual
concept of differential subordination (Miller & Mocanu, 2000) . In (Oros & Oros, 2011) The authors define the notion
of fuzzy subordination, in (Oros & Oros, 2012b) they define the notion of fuzzy differential subordination and in (Oros
& Oros, Jun2012a) they determine conditions for a function to be a dominant of the fuzzy differential subordination
and they also gave the best dominant. In this paper, we introduced the concept of fuzzy differential superordination
and we set conditions for a function to be subordinant of fuzzy differential superordination and we also give the best
subordinant.

Keywords: fuzzy set, fuzzy differential subordination, fuzzy differential superordination , fuzzy subordinant,
fuzzy best subordinant, sandwich theorem.
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1. Introduction and Preliminaries

The general form of differential superordination method can be presented as follows: Let
and A be any set in C, let p be analytic in the unit disk U and let ¢(r, 5,2, 7) : C> x U — C. The
problem is to study the following implication:

Q C ¢(p(2),2p (2), 2P (2);2) = A C p(2). (1.1)

If A is a simply connected domain containing the point a and A # C, then there is a conformal
mapping g of U onto A such that g(0) = a. In this case, relation (1.1) can be rewritten as

Q C ¢(p(2),2p (20, 2P (2);2) = q(2) < p(2). (1.2)

*Corresponding author
Email addresses: Waggas.galib@qu.edu.iq; waggashndOgmail.com (Waggas Galib Atshan ),
khudair.hussain@qu.edu.iq; khudair_o.hussain@yahoo.com (Khudair O. Hussain)
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If Q is also a simply connected domain and € # C,then there is conformal mapping /4 of U onto
Q such that #(0) = ¢(a, 0, 0; 0).If in addition, the function
©(p(2),zp (z), 22p" (2); z) is univalent in U, then ( 1.2) can be rewritten as

h(z) < ¢(p(2), 20 (), 2P (2);2) = q(2) < p(2). (1.3)

For further details on the differential superordination method, the valuable monograph (Miller &
Mocanu, 2003) can be seen.
Let U denote the unit disc of the complex plane

U={zeC:lz<1},U={zeC:z <1}
and H(U) denote the class of analytic function in U.For a € C and n € N, we denote by

Hla,n] = {f €eHWU): f(o)=a+aup 2™V +...,z¢€ U},
Ay = {f €eHWU): f(2) =2+ aun?™V+...,z€ U}

with Ay = A. Let S = {f € A : f univalent in U} be the class of analytic and univalent functions
in the open unit disk U, with condition f(0) = 0, £ (0) = 1, that is the analytic and univalent
functions with the following power series development

f@Q=z+m+...,z€eU.

Denote by
S* = { feA:Re (Z;(—S)) >0,ze U } , the class of normalized starlike functions in U, and
C = { feEA:Re (%) >0,zeU } , the class of normalized convex functions in U, and

K = { f€A:Re (%) >0,8(x)eC,zeU }, the class of normalized close to convex functions in

In order to introduce the notation of fuzzy differential superordination, we use the following
definitions and lemmas:
Definition 1.1 (Miller & Mocanu, 2000) We denote by Q the set of functions ¢ that are analytic

and injective on U \ E(q) , where E(q) = { € 0U : 41im q(z) = oo}, and are such that ¢'(¢) # 0

for { € OU \ E(q).The set E(q) is called exemption set.

Definition 1.2 (Zadeh, 1965) Let X be a non-empty set. An application F : X — [0, 1] is called
fuzzy subset. An alternate definition, more precise, would be the following:

A pair(A, F,), where

Fpo: X—>[0,1] and A={xeX:0< Fy<1}=supp(A, Fy),

is called fuzzy subset. The function F is called membership function of the fuzzy set (A, Fy).

Definition 1.3 (Zadeh, 1965) Let two fuzzy subsets of X,(M, F,) and (N, Fy). We say that fuzzy
subsets M and N are equal if and only if Fy,(x) = Fy(x) ,x € X and we denote this by (M, Fy) =
(N, Fy). The fuzzy subset (M, F';) is contained in the fussy subset (N, Fy) if and only if F;(x) <
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Fxn(x) , x € X and we denote the inclusion relation by (M, Fy;) C (N, Fy).

Definition 1.4 (Oros & Oros, 2011) Let D C C,zy € D be a fixed point, and let the functions
f,g € H(D). The function f is said to be fuzzy subordinate to g, written f <r g or f(z) <r g(2) if
the following conditions are satisfied:

1. f(z0) = g(z0),
2. Fyp)(f(2) < Fypy(g(2)),z € U.

Definition 1.5 (Oros & Oros, Jun2012a) A function L(z,t),z € U,t > 0, is a fuzzy subordination
chain if L(.,) is analytic and univalent in U. For all # > 0,L(z, t) is continuously differentiable on
[0, o0) for all z € U, and

Fr1ux10.001(L(2, 1)) < Friuxio,eonA(z, 12)), f <t

Remark (Oros & Oros, 2011) Let the functions f,g € H(U) and g is an univalent functionthen
f < gif f(0) = g(0) and f(U) C g(U). From here if g is an univalent function, then f < g if and
only if f < g.

Lemma 1.6 (Miller & Mocanu, 2000) Let ¢ € Q(a) and let p(z) = a + a,z" + @, 12" + ..., be
analytic in U,g(z) # a and n > 1, if ¢ is not subordinate to p, then there exist points zy = rpe' € U
and ¢y € OU \ E(p) and m > n > 1 for which ¢(U,,) c p(U) ,

1. g(z0) = p(o),
2. 204 (z0) = m&op (&), and

3 Re ZOq”(ZO) +1 >mRe (OP,I(ZO) +1
’ q (z0) - P (&) )

Lemma 1.7 (Oros & Oros, 2012b) Let h be a convex function with A(0) = a, and let y € C*
be a complex number with Re(y) > 0. If p € H[a,n] with p(0) = aand ¢ : C* x U — C,
w(p(2),z2p (2)) = p(2) + %Zp/(z), is analytic in U, then

1 . .
Fycoxuylp(2) + ;ZP (2)] £ Fuuyh(z), implies, F ) p(2) < Fyu)q(2) < Fpaoh(z),z € U

where

4 = L f () dr.

nz» Jo
The function ¢ is convex and is the fuzzy best (a, n) dominant.
Lemma 1.8 (Oros & Oros, 2012b) Let h be starlike in U, with 2(0) = 0. If p € H[0,1] N Q is
univalent in U, then zp'(z) <7 h(z), implies p(z) <r q(z),z € U where g is given by

q(2) = f Z h(t)t ' dt.
0

The function ¢ is convex and is the fuzzy best dominant.
Lemma 1.9 (Pascu, 2006) If L, : A — A is the integral operator defined by L,[f] = F, given by
L,[f1(z) = F(z) = 2 [*h(t)7~'dt and Re(y) > 0 then

v
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1. L,[S*]cS”
2. LK]CK
3. L[C]cC.
Lemma 1.10 (Oros & Oros, 2012b) The function L(z, 1) = a,(t)z + a>(t)z* + ...,with a;(¢) # 0 for
t > 0 and lim |a;(¢)| = oo is fuzzy subordination chain if and only if
—00

. 70L(z,1)/0z
OL(z,1)/0t

}>O,ZEU. (1.4)

2. Main Results

Let
Q = supp(Q, Fq) = {z € C: 0 < Fo(z) < 1},
A = supp(A,Fp) = {z€ C:0< Fa2) <1},
p(U) = supp(p(U), Fpu) ={z€ C: 0 < Fyu)(z) < 1}
and

@(C* x U) = supp(p(C* x U), F ycsx0) = 10(p(2), 2 (2), 2P (2); 2}

Definition 2.1 Let Q be a set in C and ¢ € H[a, n] withg (z) # 0. The class of admissible functions
®,[Q, g, consist of those functions ¢ : C* x U — C that satisfy the admissibility condition:

Fyosxuy(@(r, 5,1);{) < Fo(2).i.e.Fo(p(r, 5,1,)) > 0, 2.1

Whenever

r=q@).s =2 (Z),Re(z + 1) > lRe(zq, @, 1),
" S m\q@)

where { € U ,ze€ Uandm >n > 1. When n = 1 we write ®[Q, g] as O[Q, g].

In the special case when & is an analytic mapping of U onto Q # C , we denote this class
,[A(U), q] by @,[h, q].

If o : C>x U — C and q € H[a, n], then the admissibility condition (2.1) reduces to

Fol(p(q(2), (zq (2))/m;0)) >0, when zeUle€dU and m>n>1

If o : CxU — C, then the admissibility condition (2.1) reduces to Fq(¢(q(z);{)) > 0, when
ze U e dU.

Let (Q, Fq) and(A, F») be any fuzzy sets in C, let p be an analytic function in the unit disc U and
let o(r, 5,t;z) : C3 x U — C. To study the following implication:

Fa(2) < F o @(p(2), 20 (2), 2P (2); 2)), = Fa(@) < Fpn(p(2)). (2.2)

There are there distinct cases to consider in analyzing this implication, which we list as the fol-
lowing Problems.
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Problem 2.2 Given (Q, Fq) and (A, F,) any fuzzy sets in C, find condonations on the function ¢
so that (2.2) holds. We call such a ¢ an admissible function.
Problem 2.3 Given ¢ and (Q, Fg), find (A, F,) so that (2.2) holds. Furthermore, find the largest”
such A.
Problem 2.4 Given ¢ and (A, F), find (Q, Fq) so that (2.2) holds. Furthermore find the ”smallest”
such Q.
If either (Q, Fg) or (A, F) in (2.2) is a simply connected domain. Then it may be possible to
rephrase (2.2) in terms of fuzzy differential superordination. If p is univalent in U, and if (A, F,)
is simply connected domain withA # C, then there is a conformal mapping g of U onto A such
that g(0) = p(0). In this case (2.2) can be rewritten as F(z) < Fycsxu)(@(p(2), 20 (2),22p" (2);2))
implies
Fu0(@@) < Fpuyp(@).z € Usie.q(@) <r p(2). 2.3)

If (Q, Fg) is also a simply connected domain and QQ # C. Then there is a conformal mapping
h of U onto Q such that 2(0) = (p(0), 0, 0;0), if in addition, the function ¢(p(2),zp (2), 22p (2);2)
is univalent in U, then (2.3) can be rewritten as

hz) <r ¢(p(2),2p (2),2°P (2);2), = q(2) <F P(). (2.4)

This implication also has meaning if 4 and ¢ are analytic and not necessarily univalent.
Definition 2.5 Let ¢ : C? x U — C and let & be analytic in U. If p and
0(p(2), zp (2), 22p” (2); z) are univalent in U and satisfy the (second-order) fuzzy differential super-
ordination

Fuh(@) < Fcxu(@(p(2),2p (2), 2" (2):2))
1.e.

h(z) <r @(p(2).2p (2),2°P (2);2),

then p is called a fuzzy solution of the fuzzy differential superordination. An analytic function ¢
is called fuzzy subordinant of the fuzzy differential superordination, or more simply a fuzzy sub-
ordination if g(z) <r p(z),z € U, for all p satisfying (2.4).
A univalent fuzzy subordination g that satisfies g <z ¢ for all fuzzy subordinate g of (2.4) is said
to be the fuzzy best subordinate of ( 2.4).
Note that the fuzzy best subordinant is unique uo to a relation of U. In the special case when the
set inclusions of (2.2) can be replaced by the fuzzy superordination of (2.4) we can reinterpret the
three problem referred to above as follows:
Problem 2.6 Given analytic functions 4 and ¢ , find a class of admissible functions ®[4, g] such
that (2.4) holds.
Problem 2.7 Given the fuzzy differential superordination in (2.4), find a fuzzy subordination g,
moreover, find the fuzzy best subordinant.
Problem 2.8 Given ¢ and fuzzy subordinant ¢, find the largest class of analytic function / such
that holds. The next theorem is key results.

Theorem 2.9 Let ¢ € ®,[Q, g] and let g € H[a, n] .If p € Q(a) and
0(p(z),2p (2), 22p" (2); 2) is univalent in U, then

Fo(2) < Fuoxu)(@(p(2),2p (2),2p (2:2)), z€U = q(2) <r p(2). (2.5)
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Proof. Form (2.5) and Definition (1.3). We have

Q C (p(p(2), 20 (2),2°P (2); 2)) (2.6)

Assume ¢(z) # p(z). By Lemma (1.6), there exist points zy = rpe'® € U and &, € U \ E(p) and
m>n21.
That satisfy

4z0) = p(Eo)20q o) = mEop' (&) and Re (Zq, @ , 1) > mRe (501? O 1),
q(2) P (o)

Using these condition with r = p({y), s = {op ({o).1 = £2p" (&) and ¢ = & in definition (2.1) we
obtain

F 550 (@(p(&0), Lop (£0), &3P (L0)3 o)) < F (o) (2.7)

Since this contradict (2.6) we must have g(z) < p(2).

We next consider the special situation when 4 is analytic on U and A(U) = Q # C. In this case,
the class ®@,[A(U), q] is written as ®,[h, g] and the following result an immediate consequence of
Theorem (2.9).

Theorem 2.10 Let g € H[a,n], let h be analytic in U and let ¢ € ®,[h,q], if p € Q(a) and
o(p(2), zp (2), 22p” (2); z) is univalent in U, then

h(z) <r ¢(p(2),2p (2),22P""(2); 2) = q(2) <F P(2). (2.8)

Theorem (2.9) and Theorem (2.10) can only used to obtain fuzzy subordinates of a fuzzy differ-
ential superordination of the form (2.6) or (2.8) the following theorem proves the existence of the
fuzzy best subordinate of g for certain ¢ and also provides a method for finding the fuzzy best
subordinant.

Theorem 2.11 Let / be analytic in U and let ¢ : C*> x U — C suppose that the differential equation

@(p(2),2p (2), 2P (2); 2) = h(2), (2.9)

has a solution ¢ € Q(a).If ¢ € ®,[h,ql, p € Oa) and ©(p(z),zp (2),z*p (z);2) is univalent in U,
then

h(z) <r ¢(p(2),2p (2), 2P (2);2) = q(2) <F p(2), (2.10)

and ¢ is the best subordinate.

Proof. Since ¢ € ®[h, q], by applying Theorem (2.10) we deduce that ¢ is a fuzzy subordinant,
of (2.10), since ¢q also satisfies (2.9), it is also a solution of the fuzzy differential superordination
(2.10) and therefore all subordinates of (2.10) will be fuzzy subordinant to g. Hence g will be
the fuzzy best subordinant of (2.10). From this theorem we see that the problem of finding the
fuzzy best subordinant of (2.10) essentially reduces to showing that differential equation 2.9 has a
univalent solution and checking that ¢ € ®,[h, g]. The conclusion of the theorem can written in
the symmetric form.

¢(q(2),29 (2), 224 (2);2) <r ¢(p(2),2p (2), 2P (2); 2), = q(2) <F P().
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We can simplify Theorems (2.9), (2.10) and (2.11) for the case of first-order fuzzy differential
subordination. The following results are immediately obtained by using these theorems and ad-
missibility condition (2.1).

Theorem 2.12 Let Q € C,q € Hla,n],¢ : C>* x U — C and suppose that

Fw(csz)go(q(z),zq'(z);g“) < Fo(z),forz € Ul € U and 0 < t < ﬁ < 1, if p € Q(a) and
©0(p(z), zp (2); 2) is univalent in U, then

Fo(2) < Fycn@(p(2). 20 (2):2) = Fyu)q() < Fpunp@) e, q() <p p2).

Theorem 2.13 Let & be univalent in U, g € H[a,n], ¢ : C>* x U — C and suppose that
Fyc2xu)(@(q(2), 29 (2);2)) < Fyaph(2), forz € U, € U and 0 < 1 < 1 < 1,if p € Q(a) and
o(p(z), zp (z); 2) is univalent in U, then

h(2) <r ¢(p(2),2p (2);2) = q(2) <r p(2). (2.11)

Furthermore if ¢(p(z),zp (2);z) = h(z) has a univalent solution ¢ € Q(a) then ¢ is fuzzy best
subordinant.
Georgia and Gheorghe (Oros & Oros, 2012b) considered the fuzzy subordination

1 .
Fycoxulp(@) + ;ZP (D] £ Frynyha(2), (2.12)

where £, is convex function in U,n(0) = a,y # 0 and Re(y) > 0. They showed if p € H[a, 1]
satisfies( 2.12), then

Fouyp(2) £ Fp,nq2(2) < Frynha(2),z € U, (2.13)
where

1 4
@@=—ifmm¢WL
nZV 0

The function ¢ is convex and is the fuzzy best dominant of (2.12).

We next prove an analogous result for the corresponding fuzzy differential subordination.
Theorem 2.14 Let /;be convex in U, with 4;(0) = a ,y # 0, with Re(y) > 0, and p € H[a, 1] N Q
if p(z) + %zp'(z) is univalent in U,

1,
hi(2) <r ;zp (2), (2.14)

and

%@z%fh@ﬁﬁ, (2.15)
0

then ¢;(z) <r p(z), and the function ¢g; is convex and is the fuzzy best subordinate.
Proof. If welet,p: C?x U — C,p(r,s) = r + %s, for r = p(2),s = zp'(z),z € U, then relation
(2.14) becomes

(@) <r ¢(p(2),2p (2);2).
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The integral given by (2.15), with the exception of a different normalization g(0) = a has the form

Yy (¢ Yy ("
q1(2) = f e 'dt = — f (a+a, 2 +...)0 \dt
nz’ Jo nz’ Jo

a

=a+ 1z+...,zeU,
which gives g € [a, 1], since h is convex and Re(y) >0, we deduce form (2) of Lemma (1.10) that g
is convex and univalent. A simple colocation shows that ¢, also satisfies the differential equation.

1, ,
q1(2) + ;qu(z) = ¢(p(2),zp (2)) = h(2). (2.16)

Since ¢ is the univalent solution of the differential equation (2.16) associated with fuzzy differen-
tial subordination (2.14), we can prove that it is the fuzzy best subordinate of (2.14) by applying
Theorem (2.13). Without loss of generality, we can assume that /#; and ¢, are analytic and univa-
lent on U and q/1 () for || = 1. If not, then we could replace h; with h(pz) and ¢, with g;(pz),
where 0 < p < 1. These new function would then have the desired properties and we would prove
the Theorem by using Theorem (2.14) and then letting ¢ — 1 with our assumptions, to apply
Theorem (2.13) only need to show that ¢ € ®[hy, g;]. This is equivalent to showing that

, 1 .,
vo = 9(q1(2) + 12q,(2)) = q1(2) + ;qu(z) € h(U),

forz € U and t € (0,1]. Form (2.16) we see that (2.12) is satisfied with p, h replaced by g1, h;.
Hence, from (2.11) we obtain

q1(2) < rp(2).
Since h;(U) is convex domain and ¢ € (0, 1]. We conclude that ¢y € h;(U) which proves that g, is
the fuzzy best subordinat.
Theorem 2.15 Let ¢ € H[a,1],¢ : C> x U — C and set ¢(¢(z),zq (2)) = h(z). If L(z,t) =
©(q(2), tzq (2)) is fuzzy subordination chain and p € H[a, 11N Q, then

h(z) <r ¢(p(2),2p (2)) = (2) <r P(2).

Furthermore, if ¢(¢(z),zq (z)) = h(z), has a univalent solution ¢ € Q.then ¢ is the fuzzy best
subordinant.

Proof. Since L is a fuzzy subordination chain L(z, 1) <p L(z, 1),or equivalently, (p(2),zp (z)) <r
h(z) ,forall z € U and ¢ € (0, 1]. Since this implies that (2.11) is satisfied ,we obtain the desired
conclusion by applying of this result by again considering the fuzzy differential superordination

|
Epuy(h(2)) < Fycrxv)(p(2) + 5P (2)), (2.17)

with corresponding differential equation

1,
q(z) + ;zq () = h(2). (2.18)
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In Theorem (2.14), we assumed that 4 in (2.18) was convex, which implied that solution g was
convex. On the other hand if we assuming that g is convex and 4 is defined by (2.18) and by simple

calculation we have ) B

wEO) g fon o),

q'(z) 4 Y 4@

then £ is close to convex, therefore /4 is univalent function.By using the fuzzy subordination chain
as given in Theorem (2.15) to obtain fuzzy best subordinant for (2.17).
In next theorem we introduce an example of a solution of problem (2.4),(2.8) referred to the intro-
duction.
Theorem 2.16 Let g be convex in U and let / be defined by A(z) = g(z) + %zq' (z),with Re(y) > 0.

If pela, 11N Q,p(z) + %zp,(z) is univalent in U and

1
Frw)(h(2)) < Feaxy(p(2) + ;ZP ()

then
q(2) <r p(2),
where

g = ~ f Z h(o)P~\dt.
7Y 0

The function q is the fuzzy best subordinant.
Proof . Let L(z,1) = ¢(q(z), t2q () = q(z) + izq’(z). By simple calculation, we get

Z0L(z, t)/c?z} { zq’ (z)}
Req{————— =R +t ,
e{ oL o | \" T 4@
since g convex function ,Re(y) > 0 and ¢ € (0, 1],we obtain
Re Z0L(z,1)/0z
0L(z,t)/0t

Using lemma (1.9), we deduce that L is fuzzy subordination chain. By Theorem (2.15), we con-
clude that g is fuzzy subordinant of fuzzy differential superordination

1 ’
Fru)(Mz)) < Fycexo)(p(2) + ;ZP (2)),
Furthermore, since ¢ is a univalent solution of (2.18), it also is the fuzzy best subordinant of
1 ’
Frw)(M2)) < Fycexo)(p(2) + ;ZP (2)).

Example 2.17 . Let i(z) = {72 and p(z) = 1+z,z € U, itis clear to show that h(0) = 1, /' (2) = 775
4

LW (z) = =5 and p(z) + zp () = 1 + 2z. Since

(1+2)3
” 1 _ 1 _ . .
Re zh/ (2) 1l 2 Re 2| _ pe (1 = r(cos@ + z's%n 6)
" (2) 1+z (1 + r(cos @ + isin6)

2

B 1-r
T 1+2rcosf+r2

> 0,
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where r = |7] < 1,6 € R. Then the function % is convex in U.

We have
1fZ1_tdt—21n(1+Z)

Q(Z):z 01+t Z

1.

Using Theorem (2.14),we obtain }—;é <p 1+2z,induce 202 _ 1 <, 1 +7, zeU.

In next result, we introduce fuzzy differential superordination for which the fuzzy subordinant
function 4 is a starlike function.
Theorem 2.18 Let / be starlike in U , with 4(0) = 0,If p € [0, 1] N Q and zp'(2) is univalent in U,
then

Fiu(h(2)) < Fycxun(@p (2)) = Fyunq(2) < Fpunp(2),z € U. (2.19)

Where .
q(z) = f (1)t dt, (2.20)
0

The function g is convex and is the fuzzy best subordinant.
Proof. Differentiating (2.20), we have zg'(z) = h(z), if we let ¢ : C> x U — C,¢(s) = s, for
s = zp (), z € U relation (2.19) becomes

Fuanh(z) < F ez (@(zp (2)),

the function ¢ is the solution of ¢(z¢'(z)) = zg'(z) = h(z). Since h is starlike, we deduce from
Alexander’s theorem that ¢ is convex and univalent. As in the previous theorem we can assume
that 2 and ¢ are analytic and univalent onU and ¢ () # 0 for|| = 1, the conclusion of this theorem
follows form Theorem (2.13), if we show that ¢ € ®[4, g], we get this immediately since A(U) 1s
starlike domain and

o(1zq (7)) = tzq (z) = thz) e W(U), z€U and 0<t<1 (2.21)

Form (2.21), we have
Fc2xu)(tzq (2)) < Fiu)(h(z))

Using Definition (2.1), we obtain ¢ € ®[A, g],and applying Theorem (2.13), we conclude that
q is the fuzzy best subordinant.
Example 2.19 Let h(z) = z + 2%,z € U It is clear to show that

Re zh (2) _ Re{l L= } _relis r(cos 6 + zs1.n.9)
h(z) 1+z 1 + r(cosf + isin6)
1+rcosf

=1+ > 0.
1+ 2rcosf+ r?

If p € H[0, 1] N Q and zp'(z) is univalent in U, then
2+ 2 < zp'(z) = 7+ 22 <r p(2).

In the next section, we will combine some theorems for the Sandwich theorem.
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3. Sandwich theorem

We can combine Theorem (2.14) to gather with Lemma (1.7) to obtain the following fuzzy
differential “sandwich theorem”.
Theorem 3.1 Let /; and h, be convex in U, with h;(z) = hy(z) = a. Let y # 0, with Re(y) > 0 and

let the function ¢; be defined by
74
qi = Zy f hi(t)'~dt,
27 Jo

fori=1,2.If pe Hla, 1] N Q and p(z) + %zp'(z) is univalent , then

1 .,
hi(z) <r p(z) + ;,zp (@) <r h2(2) = q1(2) <r p(2) <r q2(z), z€U. (3.1

The function, g; and g, are convex and they are respectively the fuzzy best subordinant and fuzzy
best dominant.

If we set f(z) = p(z) + %zp'(z), then (3.1), can be expressed as the following “sandwich theo-
rem”’involving fuzzy subordination preserving integral operator.

Corollary 3.2 Let /2, and &, be convex in U and f be univalent function in U, with 4,(0) = h,(0) =
f(0), Let y # 0, with Re(y) > 0. If

hi(2) <r f(2) <r h2(2),

Yy (¢ Yy (¢ Yy [©
- f h(O)P'dt <p = f fOrde <p = f hy ()~ dt
7Y 0 v 0 7Y 0

When the middle integral is univalent. If we combine Theorem (2.18), with Lemma (1.8), we
obtain the following “sandwich result”.
Theorem 3.3 Let 4, and A, be starlike functions in U, with /;(0) = /;(0) = 0 and let the function

q(i) be defined by
qi = f hi(ordr,
0

fori=1,2. If p € H[0,1] N Q and zp'(z)is univalent in U, then

then

hi(2) <r 20 @) <r ha(2) = q1(2) <r PQ2) <F @2(2), z € U.

The functions g; and ¢, are convex and they are respectively the fuzzy best subordinant and fuzzy
best dominant. If we set f(z) = zp'(z), then this last theorem can be expressed as the following
“sandwich theorem”involving fuzzy subordination preserving integral operator.
Corollary 3.3 Let h; and h, be starlike functions in U and f be univalent in U, with 4;(0) =
hy(0) = 0. If

h(z) <r f(2) <F la(z), z€U,

Z 74 Z
f hy (O dt <p f f(Orde <p f ha (D)t dt <p
0 0 0

when the middle integral is univalent.

then
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Abstract

We study the problem of evaluation of different classification models that are used in machine learning. The
reason of the model evaluation is to find the optimal solution from various classification models generated in an
iterated and complex model building process. Depending on the method of observing, there are different measures
for evaluation the performance of the model. To evaluate classification models the most direct criterion that can be
measured quantitatively is the classification accuracy. The main disadvantages of accuracy as a measure for evaluation
are as follows: neglects the differences between the types of errors and it dependent on the distribution of class in the
dataset. In this paper we discussed selection of the most appropriate measures depends on the characteristics of the
problem and the various ways it can be implemented.

Keywords: accuracy, confusikon matrix, costs of misclassification, F-measure, ROC graph.
2010 MSC: 68T01, 68T05.

1. Introduction

Machine learning is a field of artificial intelligence that deals with the construction of adaptive
computing systems that are able to improve their performance by using information from expe-
rience. Machine learning is the discipline that studies the generalization and construction and
analysis of algorithms that can generalize. But as much as the applications of machine learning
were diverse, there are tasks that are repetitive. Therefore, it is possible to talk about the types of
learning tasks that often occur. One of the most common tasks of learning that occurs in practice
is classification. Classification is an important recognition of object types, for example whether a
particular tissue represents malignant tissue or not.

*Corresponding author
Email addresses: jnovakovic@sbb.rs (Jasmina Dj. Novakovi€ ), alempije@beotel.net (Alempije
Veljovi¢), sinisa.ilic@pr.ac.rs (Sinisa S. Ili¢)
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Classification is one of the most common tasks of machine learning, and is a problem of classi-
fication unknown instance in one of the pre-offered categories - classes. The important observation
in classification is that target functions are discrete. In general, the class label can’t be meaning-
fully assigned numerical or some other values. This means that the class attribute, whose value
should be determined, categorical attribute.

The classification of an object is based on finding similarities with predetermined objects that
are members of different classes, with the similarity of the two objects is determined by analyzing
their characteristics. In classifying every object is classified into one of the classes with certain ac-
curacy. The task is that on the characteristics of objects whose classification is known in advance,
make a model by which will be performed classification of new objects (Fawcett, 2003; Marzban,
2004; Vardhan et al., 2012). In problem of classification, the number of classes is known in ad-
vance and limited.

A wide range of algorithms for classification is available, each with their own strengths and
weaknesses. There is no such a learning algorithm which works best with all the problems of
supervised learning. Machine learning involves a large number of algorithms such as: artificial
neural networks, genetic algorithms, rule induction, decision trees, statistical and pattern recogni-
tion methods, k-nearest neighbors, Naive Bayes classifiers and discriminatory analysis.

The main objective of this paper is to discuss the various classification models that can be used
in the problem of classification. This paper presents the advantages and disadvantages of these
models. For this purpose we have organized the paper in the following way. In the second part of
this paper we present evaluation of classification models, in the third part of the paper we present
measures for the evaluation of classification models. In the last part of the paper, we discuss the
results and give directions for further research.

2. Evaluation of classification models

For modeling regularity in the data there are a number of methods. Also, methods on the same
set of examples for learning result in different models changing the parameters of the method. Due
to the same problem and the same set of training data can produce a higher number of different
models; it emphasizes the need for the evaluation of the quality model with respect to the given
problem. That is why the evaluation of discovered knowledge is one of the essential components
of the process of intelligent data analysis. Since this work deals with the classification problems,
hereinafter will discuss the evaluation of classification models.

The task of evaluating classification models is to measure the degree to which the classification
suggested using the model corresponding to the actual classification of the case. Depending on the
method of observing, there are different measures for evaluation the performance of the model.
Selection of the most appropriate measures shall be done depending on the char

acteristics of the problem and ways of its implementation.

3. Measures for the evaluation of classification models

In the evaluation of classification models basic concept is the notion of fault. If the application
of the classification models in selected case leading to the prediction of a class that is different from
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the actual class examples then there is an error in classification. If any mistake is equally important,
then the total number of errors in the observed set can be an indicator of work a classifier.

This approach is based on accuracy as a measure for evaluating the quality of the classification
model. This measure can be defined as the ratio of the number of correctly classified examples
according to the total number of classified examples.

number of correctly classified examples

3.1

Accuracy =
Y total number of cases

The main disadvantages of accuracy as a measure for evaluation are as follows: (1) neglects
the differences between the types of errors; (2) dependent on the distribution of class in the dataset.

It is often important in practical problem solving distinguish certain types of errors. It is often
the case in medicine, for example detecting the existence of disease in a patient. If system needs to
classify breast tissue on malignant and benign based on mammography image, then if the system
incorrectly marked diseased tissue as healthy tissue, the error is more important, because it will
not notice the existence of the disease and will not apply the appropriate therapy. In case that the
system recognizes healthy tissue as sick, error has less importance because it will further surgery
and diagnosis to determine that the patient is not diseased.

In cases where it is necessary to distinguish more types of errors result of the classification is
shown in the form of two-dimensional matrix, where each row of the matrix corresponds to one
class and record number of examples where it is forecasted class, and each column of the matrix
is also marked by a class and x h

+ c+aald number of examples where it is an actual class. lllvvvv ml f vf we look for exam-
ple classification problem with five classes, where we need to classify the emotional state of the
person appearing in the video in five different emotional categories: happy, sad, angry, gentle and
frightened, then we confusion matrix display as in Figure 1.

Actual class
happy | sad | angry | gentle | frightened
happy 51 2 1 1 1
sad 3 23 1 1 0
Predicted class angry 2 2 17 0 0
gentle 0 1 2 9 1
frightened 1 0 1 1 18

Figure 1. Illustration of confusion matrix for the classification problem of recognizing
emotional states.

On the diagonal of the matrix is the number of correct classified examples, while other ele-
ments of the matrix indicate the number of examples that were incorrectly classified as some of
the other classes. Figure 1 shows that the six examples of class happy wrongly classified as fol-
lows: three are classified as class sad, two in class angry, zero in class gentle, and one in class
frightened. It can be concluded that the use of a confusion matrix allows better analysis of different
types of errors.

The largest number of measures for evaluation of classification models related to classification
problems with two classes. This is not a particular limitation for the use of these measures, given
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that problems with larger number of classes can be displayed as a series of problems with two
classes. Each of these measures in particular stands out one of the class as a target class, with the
data set is divided into positive and negative examples of the target class. The negative examples
include examples of all other classes. That is why below we consider a classification problem with
two classes.

Confusion matrix in classification problem with two classes is shown in Figure 2. It can be
concluded from the figure that there are possible four different results forecasts. Really positive
and really negative outcomes are correct classification, while the false positive and false negative
outcomes are two possible types of errors.

False positive example is a negative example class that is wrongly classified as positive and
false negative is a positive example of the class who is wrongly classified as negative. In the
context of our research entrance to confusion matrix have the following meanings (Kohavi &
Provost, 1998):

a is the number of correct predictions that instances are negative,

b is the number of incorrect predictions that instances are positive,

c is the number of incorrect predictions that instances are negative,

d is the number of correct predictions that instances are positive.

Predicted class
Negatives | Positives
Negatives a b
Positives c d

Actual class

Figure 2. Confusion matrix in classification problem with two classes.

A few standard terms are defined in a matrix with two classes: accuracy, true positive rate, false
positive rate, true negative rate, false negative rate and precision. The accuracy is the proportion
of true results (both true positives and true negatives) among the total number of cases examined.
Accuracy may be determined using the equation:

a+b
a+b+c+d

True positive rate is the proportion of positive cases that are properly identified and can be
calculated using equation:

Accuracy = (3.2)

d
c+d
The false positive rate is the proportion of negative cases that were incorrectly classified as
positive, and calculated with equation:

True positive rate =

(3.3)

b
Fal itive rate = ——. 34
alse positive rate 7 (3.4)
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The true negative rate was defined as the proportion of negatives cases which are classified
correctly, and is calculated using the equation:

True negative rate = 3.5

a+b
The false negative rate is the proportion of positive cases that were incorrectly classified as
negative, and are calculated using equation:

c
c+d

Finally, precision or positive predictive value presents the fraction of predictive positive cases
that are accurate, and is calculated using the equation:

(3.6)

False negative rate =

d
Precision = b d (3.7)

There are cases when accuracy is not adequate measures. The accuracy is determined by the
equation (3.2) can’t be an adequate measure of performance when the number of negative cases is
much higher than the number of positive cases (Kubat et al., 1998). If there are two classes and
one is significantly smaller than the other, it is possible to obtain high accuracy if all instances are
classified in larger class.

Suppose that there are 1000 cases, 995 negative cases and five cases which are positive. If
the system classifies all of them negative, accuracy will be 99.5%, although classifier missed all
positive cases. Or, for example, in tests which establish whether the patient is suffering from some
disease, and the disease has only 1% of people in the population, a test should always reported
that the patient has no disease would have an accuracy of 99%, but is unusable. In such cases, the
accuracy as a measure of model quality is not adequate measure. In these cases the sensitivity of
the classifier is an important measure and his ability to observe instances that are required, in this
case ill patients.

In machine learning, most classifiers assumes equal importance of classes in terms of the
number of instances and the level of importance, which means that all classes have the same sig-
nificance. Standard techniques in machine learning are not successful when predicting a minority
class in an unbalanced data set or when the false negatives are considered more important than
false positives. In practical terms, unequal costs of inaccurate classifications are common, espe-
cially in medical diagnostics, so that the asymmetric misclassification costs must be taken into
account as an important factor.

Cost-sensitive classifiers adapting models to costs of misclassification in the learning phase,
with the objectives to reduce the costs of misclassification rather than to maximize the accuracy of
classification. Because many practical problems of classifications have different costs associated
with different types of errors, various algorithms for the evaluation of the sensitivity of classifica-
tion is used.

Complementarity is one of the important characteristics of the evaluation of classification mod-
els. Using the pairs measures can be displayed specific accuracy of classification models with
somewhat opposed positions. For example, by varying the parameter selected modeling tech-
niques can be at the expense of one of the specific measures to increase the accuracy of the model
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shown in another measure. This is an optimization problem in which the selection with the appro-
priate settings based on the one measure, maximize other measures. In some cases, the quality of
the classifier needs expressed by a number, not a pair of dependent measures, which is achieved
by using pairs measures. Using the pairs value of measures, one measure is fixed and is observed
only second measure. Thus, for example, can be considered measures of accuracy with fixed value
of the response to 20% and in this case the derived measure is called the precision of 20%.

Besides derived measure, there are measures that are not based on fixing one component of a
pair of measure, for example F-measure, which is defined as follows:

2 X response X accuracy
F-measure = .

(3.8)

response + accuracy

Another way to test the performance of the classifier is the ROC graph (Swets, 1988). ROC
graph is the two-dimensional representation which on the X axis represents the false positive rate
and the Y axis represents true positive rate. Item (0,1) is the perfect classifier: classifies all positive
and all negative cases correctly. This is (0, 1), because the false positive rate is 0 (zero), a positive
real rate is 1 (all). Point (0, 0) is a classifier that predicts all cases to be negative, while point (1, 1)
corresponds to the classifier which provides that every case is positive. Point (1, 0) is a classifier
that is incorrect for all classifications. In many cases, the classifier has a parameter which can be
adjusted increasing the real positive rates at the cost of increasing false positive rates or reducing
the false positive rate based on the dropping value of real positive rates.

Each setting parameters gives par value for a false positive rate and positive real rates and
the number of such pairs can be used to represent the ROC curves. Nonparametric classifier is
presented ROC to one point, which corresponds to the par value of the false positive rate and
positive real rate.

Figure 3 shows an example of a ROC graph with two ROC curves and two ROC points marked
P1 and P2. Nonparametric algorithms produce a single ROC point for a particular data set. Char-
acteristics of ROC graph are:

e ROC curve or point is independent of the distribution of the class or the cost of errors (Ko-
havi & Provost, 1998).

e ROC graph contains all the information contained in the matrix of errors (Swets, 1988).

e ROC curve provides a visual tool for testing the ability of the classifier to correctly identify
positive cases and negative cases that were incorrectly classified.

The area under of the one ROC curve can be used as a measure of accuracy in many applica-
tions, and it is called the measurement accuracy based on the surface (Swets, 1988).

Prevost and Fawcett in 1997 (Provost & Fawcett, 1997) argued that the use of the classification
accuracy of the classifier comparison is not adequate measure unless the cost classification and
distribution of class unknown, but one classifier must be chosen for each situation. They propose a
method of assessing the classifier using the ROC graph, imprecise costs and distribution of class.

Another way of comparing ROC points is the equation that balances accuracy with Euclidean
distances from perfect classifier, i.e. from the point (0, 1) on the graph. In this way we include
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Figure 3. ROC graph
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weighting factors that allow us to define the relative cost of improper classification, if such data
are available.

4. Conclusions

This research discusses the various classification models that can be used in the problem of
classification. This research could help in future works, such as the implementation of an adequate
classification model in different classification problems. There are many questions and issues that
remain to be addressed and that we intend to investigate in future work. These conclusions and
recommendations will be used in classification problems in the near future.
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Abstract

Scaling CMOS transistors has been used to achieve smaller, faster, and cheaper integrated circuits. However,
with CMOS transistors moving deep towards the nanometer range, the effects threshold voltage (Vry) variations
(besides other variations and noises) play on their reliabilities and that of the gates they are forming are worrying.
For mitigating against this trend, sizing can be used to improve on the reliability of the CMOS gates. Simultaneously,
sizing can also reduce power or maintain speed while only marginally affecting area. For evaluating the advantages
sizing still holds, inverters of different sizings are compared in this paper with reliability enhanced inverters using
well-known redundancy schemes like triple modular redundancy and hammock networks. Simulation results show
that, at the same reliability, sizing can lead to designs outperforming those obtained by the other methods on any of the
design parameters (i.e., area, power or delay). These are reinforcing previous reports showing that space redundancy
applied at the device-level outperform gate-level solutions.

Keywords: CMOS, sizing, reliability, redundancy, area, delay, power.
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1. Introduction

Over half a century the semiconductor industry has relied on CMOS scaling as the basis for its
growth, implementing smaller, faster, and cheaper integrated circuits (ICs). However, with sizes
approaching /0nm, industry is facing several fundamental limitations. One of these is the random-
ness of the number and locations of doping atoms (Asenov, 1998), (Asenov et al., 2003), which
together with imprecisions in fabrication are leading to device-to-device fluctuations/variations in
key parameters, including Vry.

When adding intrinsic and extrinsic noises (on top of variations), reliability looks like one
of the greatest threats to the design of future ICs (SIA, 2014). The expected higher probabili-
ties of failures (PFs), due to higher sensitivity to noises and variations, could make future ICs
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prohibitively unreliable. In this context, ITRS (SIA, 2014) predicted that CMOS scaling would
become difficult when trying to go beyond /0nm as more “errors [will] arise from the difficulty of
providing highly precise dimensional control needed to fabricate the devices and also from inter-
ference from the local environment.” That is why VLSI designers should consider reliability as an
extra design parameter, in addition to area, power, and delay.

The well-established approach for improving reliability is to add redundancy (von Neumann,
1956), (Moore & Shannon, 1956), (Winograd & Cowan, 1963), (Wakerly, 1976). Redundancy
can be either in space, time, information, or a combination of some of these. Space (hardware)
redundancy can be most easily understood in relation to voting and includes: modular redun-
dancy (von Neumann, 1956), (Wakerly, 1976), (Abraham & Siewiorek, 1974), cascaded modular
redundancy (Lee et al., 2007), (Hamamatsu et al., 2010), as well as multiplexing (e.g., von Neu-
mann multiplexing (von Neumann, 1956), enhanced von Neumann multiplexing (Roy & Beiu,
2004), (Roy & Beiu, 2005), and parallel restitution (Sadek et al., 2004)). Still, voters are not
necessarily needed. In fact, besides multiplexing, others schemes which do without voting in-
clude: quadded logic (Tryon, 1960), (Jensen, 1963); interwoven logic (Pierce, 1964); radial logic
(Klaschka, 1967), (Klaschka, 1969); n-safe-logic (Mine & Koga, 1967), (Das & Chuang, 1972);
dotted logic (Freeman & Metze, 1972); as well as solutions at the device/transistor level. Time
redundancy is trading space for time (e.g., alternating logic, re-computing with shifted operands
or with swapped operands, etc.), while information redundancy is based on error detection and
error correction codes.

The focus of this paper is on space redundancy. Space redundancy can be applied at the
system-, module-, gate-, or device-level. Applying space redundancy at the device-level is much
more efficient than applying it at higher levels (as explained in (Moore & Shannon, 1956); see
also (Beiu & Ibrahim, 2011)), while the common expectation is that spatial redundancy should
always degrade performances, i.e., increase area, power, and delay. In this paper we will show
that redundancy applied at the device-level can improve redundancy without increasing area, and
even while reducing power or delay.

Sizing has already been suggested as a way to enhance tolerance to variations (Sulieman et
al., 2010), (Ibrahim et al., 2011), (Keller et al., 2011), (Ibrahim & Beiu, 2011). In fact, sizing
gives the VLSI designer options for optimizing the trade-offs between reliability and area-power-
delay, while, in particular, it can enhance reliability and reduce power within the same area. For
getting a better understanding of the advantages sizing can bring to reliability, the performances
of differently sized inverters will be weighted against those obtained by using reliability improve-
ment schemes including triple modular redundancy (TMR) and four-transistor hammock networks
(Hy,). The paper is organized as follows. The effect sizing plays on tolerating V7y variations is
discussed in Section 2. A brief review of space redundancy methods is presented in Section 3. Siz-
ing is revisited in Section 4, followed by simulation results in Section 5 and concluding remarks
in Section 6.

2. How Sizing Affects Variations

VLSI designers have normally adjusted the sizing of nMOS and pMOS transistors (i.e., width
W and length L) in order to balance the driving currents when either the pMOS (/,,)05) or the
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nMOS (1,x0s) stacks are switched ON. This requires the balancing of the ON resistances of the
pMOS and nMOS stacks (R,yo0s, R.mos), which is achieved by adjusting (sizing) the transistors
because pMOS conduction relies on holes which have slower mobility than electrons. Fig. 1 shows
four different sizing options for a transistor. Although all of them have the same area W x L = 6a?,
they have different ON resistances. In case of Fig. 1(a) there are 6 squares (a®) connected in
parallel, therefore Rpoy = Rp/6 (where Ry is the resistance of a square, e.g., W = a, L = a). In
case of Fig. 1(d), the six squares are connected in series, hence Roy = 6Rp. Similarly, Ry for
Fig. 1(b) and 1(c) can be estimated as 3R/2 and 2R/3.

 L=a , " L=2a ; L=3a
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Figure 1. Four different sizing options having the same area (A = 6a?).

With CMOS scaling approaching /0nm, it becomes difficult to reproduce Vry over the large
number of transistors in a chip. This is due to the random fluctuations of both the number of
dopants and of their physical locations. V7y variations can be approximated (see (Asenov et al.,
2003)) by a normal distribution with standard deviation:

vy = 319 X 10751, N3 (Lesp X Weor ) 2 [V] 2.1

where 1, is the oxide thickness, N, is the channel doping, W, is the effective channel width, and
L. 1s the effective channel length. In the following we will use normalized dimensions for L and
W.

Eq.(2.1) shows that increasing the transistors area (by increasing L and/or W) will always
reduce Vry variations. While the four sizing options in Fig. 1 are expected to exhibit similar
probabilities of switching (meaning that the transistor fails to open/close, see (Beiu & Ibrahim,
2011), (Ibrahim & Beiu, 2011), (Ibrahim et al., 2012)) as they have the same area, they will lead
to very different performances, as their Roy is between R5/6 and 6R.

For classical sizing VLSI designers set L,yos = Lyyuos = min and W05 = 2 X Lyyos (i.€.,
Rumos = Rn/2). To balance I,y0s and I,y0s, Wymos 1s then increased, such as R,y0s matches
Rumos- This also increases the area of the pMOS (A,n0s = Lpmos X Wpmos), improving their
reliability. Fig. 2(a) shows that a pMOS transistor is more reliable than an nMOS. As classical
sizing increases the area of the pMOS transistors it makes them even more reliable than nMOS
transistors.
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Figure 2. PF7gg with respect to variations: (a) classical sized (Lyyos = Lpmos =
I, Wamos = 2, and Wyyos = 4); (b) reverse sized (Wypos = Wymos
1, L,yos =4, and Lyyos = 2).

For enhancing PFgarg, it is essential to improve the reliability of the nMOS stack, ideally
matching the reliability of the pMOS stack (similar to matching R,y0s to R,mos). For doing
this A, y0s should be enlarged (see eq. (2.1)). Classical sizing is using W/L > 1 and L = min,
so it follows that W05 has to be increased. Subsequently, this requires increasing W,yos (to
compensate for the slower mobility of the holes). Hence, relying on classical sizing W, 05 has
to be increased, which leads to enlarging all transistors and degrading the gates area, delay, and

power consumption.

3. Space Redundancy

Classical space redundancy schemes start from an unreliable system and use divide-and-conquer
in a top-down fashion as follows. The unreliable system is divided into several sub-systems which
are interconnected by a network. Each sub-system is further divided into several sub-sub-systems,
which are also interconnected by a network. This continues down to the elementary transistors,
and the level where redundancy will be applied has to be decided. Four levels are well-established:
system, module, gate, and device. Redundancy can be applied simultaneously at more than one
level even using different schemes at different levels. This implies that the optimization space is
very large. Fundamentally, using space redundancy at any level translates into replicating all of the
sub-systems at that level by a redundancy factor R. This R-times larger redundant system needs to
be connected by a modified network. Most space redundancy methods are done at this point, while
some space redundancy methods require additional blocks (e.g., voters) for connecting the original
sub-systems. In the following we shall briefly review space redundancy methods by classifying
them with respect to the need for voters, while also suggesting how complex is the connectivity
pattern (modified network) they use.
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3.1. Higher Level Methods

The most well-known high level redundancy methods are triple modular redundancy (TMR)
and n-modular redundancy (NMR). TMR was proposed by von Neumann [4]. It divides a system
into modules (sub-systems) and triplicates each module (Fig. 3). A voter is used to combine the
outputs of the R = 3 modules operating in parallel (Lyons & Vanderkulk, 1962), (Gurzi, 1965),
(Longden et al., 1966), (Wakerly, 1975), (Stroud, 1994), Morgan et al. (2007). TMR is able to
mask failures that affect one module by taking the majority of three modules. The interconnectivity

pattern is simple (Fig. 3(a)), while it might get slightly more complex if more voters are used in
parallel (Fig. 3(b)).

Figure 3. Triple modular redundancy: (a) one voter per stage; (b) three voters per
stage.

NMR is an extension of TMR to any odd number n. It requires replicating all the modules
n times (R = n), and also using larger voters (with n inputs), but it could tolerate n/2 module
failures (Ness et al., 2007). The connectivity pattern gets more complex and the length of the
wires increases as n 1s increased, and if more voters are being used in parallel. The early analyses
have assumed that voters are very reliable. Later it was realized that even assuming that the
reliability of a voter is independent of the number of inputs » is unrealistic, and could lead to
wrong conclusions. This has motivated research into space redundancy methods which could do
without voters.

A gate-level redundancy method without voting was also introduced by von Neumann in
[4], and is known as multiplexing. Other gate-level space redundancy methods without voting
are quadded (Tryon, 1960), (Jensen, 1963), interwoven (Pierce, 1964), radial (Klaschka, 1967),
(Klaschka, 1969) and n-fail-safe (Mine & Koga, 1967), (Das & Chuang, 1972) logic. All of
these exhibit simpler connectivity patterns then multiplexing, as being more regular and local, i.e.,
having shorter wires. Another gate-level method which does not require voting is dotted logic
(Freeman & Metze, 1972), which is bridging the gap between gate- and device-level methods.
The reason is that dotted logic took advantage of implementations which use wired AND and OR
functions. This is not entirely gate-level anymore, but it is not yet device-level either.

3.2. Device-Level Methods

Device-level methods have also been introduced in a seminal article (Moore & Shannon, 1956)
(relays in the original paper). The main conclusions of that work have been that:
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e redundant relay (device-level) structures are able to outperform redundant gate-level schemes
at significantly (orders of magnitude) smaller R; and that

e the modified networks (there are different ways to connect the redundant relays) have a
strong influence on reliability.

All the subsequent publications inspired by the original study of Moore and Shannon (Moore
& Shannon, 1956) have detailed particular applications of those ideas. They rely on series-and-
parallel networks of (a few) devices. The most widespread network used is a series-parallel net-
work of 4 devices/relays/transistors which is the simplest hammock network (Moore & Shannon,
1956). This has been named a quad configuration by many of the later papers Suran (1964),
Bolchini et al. (1996), Abid & El-Razouk (2006), Anghel & Nicolaidis (2007), El-Maleh et al.
(2008). Here we shall use hammock network (hence the H abbreviation) as we do not want to
create any confusion with respect to gate-level quadded logic (Tryon, 1960), (Jensen, 1963). A
few papers have looked at simpler hammock networks (Djupdal & Haddow, 2007), or at hammock
networks having more than four transistors (Anghel & Nicolaidis, 2007), (Aunet et al., 2005). It
looks like this trend will be taking up due to developments on carbon nano tubes (Zarkesh-Ha &
Shahi, 2010), (Zarkesh-Ha & Shahi, 2011).

4. Transistor Sizing Revisited

While sizing has been used for a very long time to balance driving currents, its use for en-
hancing reliability has only recently started to be explored for W/L > 1 (classical sizing) (Keller
et al., 2011). Still, a reverse sizing (W/L < 1) has been proposed in (Sulieman et al., 2010)
for overcoming the problems mentioned in Section 2. This sizing method keeps all W minimum
(Wamos = Wpmos = min), and increases L. Normally, this is not used for digital circuits, but has
been used in analog circuits as “better matching can be obtained without consuming additional
area, simply by changing the W/L aspect ratio” (Drennan & McAndrew, 2003). To make A,y 0s
larger than A,y0s, Lymos should be kept small (L,p0s = 2W,pmos), while L,y0s should be in-
creased. While occupying the same area, the reverse sizing method enhances the gates reliability
but diminishes its performances.

This is because increasing L increases Roy and hence the delay, but power is reduced as loy
is reduced. Fig. 2(b) shows PFrgs for reverse sizing. Increasing the area of the nMOS transistors
improves their reliability and (more importantly) allows matching the reliability of the pMOS
transistors (see PF,y0s(1) and PF,y05(0) in Fig. 2(b)).

Aiming to simultaneously optimize reliability and power-delay-area, an exhaustive sizing
search was suggested in (Ibrahim ef al., 2011). Instead of using L,,;, (classical sizing) or W,,;,
(reverse sizing), different sizings are obtained by analyzing all the possible A,y0s and A,p0s
combinations, lower than a maximum area A,,,, and achieving a PFsarg lower than a target
PF44¢:- This method is exhaustive as iterating through all the possible nMOS area combinations
from W,p0s X Luyos = 1 X Apax 10 Apax X 1. For each nMOS sizing combination, the algo-
rithm tries to find all the corresponding pMOS sizing combinations (W,y0s X Lpmos) such that
R,mos matches R,yos and Apyos < Apgx. If @ pMOS sizing combination is found, Gate Relia-
bility EDA (GREDA) (Ibrahim et al., 2012) is used to quickly and accurately estimate PFgark.
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Figure 4. (a) Classical INV; (b) INV-TMR with a MIN-3 as voter; (¢) Hp,-INV.

If PFgare < PFia0, the method stores the identified nMOS and pMOS sizing combination in a
list of candidate combinations. Finally, the method checks the list of candidate combinations. If
the list is empty it means that PFg4rr cannot achieve PFj,.., with transistors of up to A,,,,. Oth-
erwise, the design process is continued by using Spice to estimate the delay, power, and power-
delay-product (PDP) for each candidate combination. The best combination that optimizes delay,
power or PDP can then be selected. In all cases the reliability and the area constraints are always
going to be satisfied.

5. Simulation Result

We have used 16nm PTM v2.1 incorporating high-k/metal gates and stress effects (Zhao &
Cao, 2007), (PTM, 2011), as this is strongly affected by variations, and simulated at Vpp = 700mV
(nominal voltage) and T = 27°C. The TMR-INV circuit has three INVs followed by a mirrored
MIN-3 gate as voter. This MIN-3 implementation was preferred as it is considered the most
reliable one (Sulieman, 2009). All the transistors for TMR-INV (Fig. 4(b)) and H»-INV (Fig.
4(c)) were sized using classical sizing, and the mobility of the electrons was assumed to be twice
the mobility of the holes.

5.1. Reliability Results

In the first set of simulations GREDA was used to calculate the reliability of INVs with tran-
sistors of different sizings as well as TMR-INV (Fig. 4(b)) and H»-INV (Fig. 4(c)). For all these
simulations the input variations were assumed to be 15%, i.e., logic 17 = 0.85Vpp = 595mV and
logic ”0” = 0.15Vpp = 105mV.

In the case of a classical INV, the simulation results show PFyy(0) = 7.25E — 21 and
PFyy(1) = 5.33E — 05. The large difference between these values is due to PFyy(1) being dom-
inated by PF,,0s. For a reverse sized INV the simulation results show that increasing the area of
the nMOS by increasing L, 05 reduces PFyy(1) to 1.58E — 07 (i.e., 2 orders of magnitude better
than PFyy(1) for classical sizing).



54 V. Beiu et al. / Theory and Applications of Mathematics & Computer Science 7 (1) (2017) 47-58

For TMR-INV the simulations show PFryg_yv(1) = 8.51E —09 (4 orders of magnitude better
than classical) and PFryg-inv(0) = 5.67E — 09, which although 12 orders of magnitude worse
then classical, is balanced with respect to PFryz_;yv(1). This is due to the fact that the output of
the INV gate (PFyy(0) = 7.25E — 21) is a logic 1" input for the MIN-3 gate, being significantly
degraded (to 5.67E — 09) as affected by PFy;y_3(1), which is determined by PF 05 .

For H,,-INV we have seen PFy,,_;yy being improved significantly for both logic "0 and logic
”17: from PFyy(0) = 7.25E — 21 and PFyy(1) = 5.33E — 05 (classical INV) to PFy,,_;nv(0) =
2.10E — 40 and PFy,,_;nv(1) = 5.67E — 09 respectively.

For a fair comparison of the performances of sizing versus the other space redundancy methods
considered, the PF,,., was set to 1.0E — 09 (range achieved by TMR-INV and H»,-INV). The
maximum transistor area was limited to A,,,, = 10a. Table 1 shows the seven different sizing
combinations (with W/L aspect ratios above and below 1) satisfying both of these requirements
and also matching R,y0s t0 R,p0s. All of them achieve reliabilities of the order 1E — 10.

5.2. Performance Results

The second set of simulations has used Spice to estimate the performances of the different
solutions. These are reported in Table 1, starting with the classically sized INV having an average
delay of 5.54ps and an average power consumption of 0.24uW.

Table 1. Reliability enhanced INV circuits as well as differently sized IN'Vs.

Anmos Apmos  Area Worst Delay Power PDP
(WxL) WXL) GAw)  PFiv [ps] [eW] [aJ]
Classical 2x1  4x1 6 5.33E-05 5.54 0.24 1.34
Reversed 1x4 1x2 6 1.58E-07 30.54 0.06 1.70
TMR 2x1  4x1 48 8.51E-09 20.01 3.55 71.03
H,, 2x1  4x] 24 5.67E-09 3571 0.79 28.34
1x5 1x3 8 4 47E-10 55.12 0.06 349
1x6 1x3 9 1.89E-10 62.65 0.07 420
3x2 3x1 9 1.89E-10 13.34 025 3.39
This paper 1x7  1x3 10 1.89E-10 70.71 0.07 5.01
5x1 9x1 14 447E-10 5.45 0.64 349
5x1 10x1 15 447E-10 5.62 0.69 3.89
1x5  2x5 15 4 47E-10 153.04 0.15 2257

Table 1 clearly shows that adding more gates (TMR-INV) or adding more transistors (H»;-
INV), while improving the reliability over the classical INV by 4 orders of magnitude (from 1E -5
to 1E —9), significantly degrades both power and delay: TMR-INV increases the average delay by
3.6X, while the average power and PDP are increased by 14.8x and 53X respectively; Hy,-INV is
about 6.5% slower while consuming about 3.3x more power and having a 21x higher PDP.

The reverse sized INV improves redundancy by 2 orders of magnitude while also reducing
power by 4x, but degrades delay and PDP by 5.5x and 1.3% respectively. Among other possible
sizings, [3 X 2,3 X 1] improves PFyy by more than 5 orders of magnitude (over the classical
[2 X 1,4 x 1] sizing) at about the same power, while increasing delay and PDP by only 2.4X.
For high-performance applications, one should select [5 X 1,9 X 1] which improves reliability by
5 orders of magnitude while being as fast as a classical INV (in fact it is a shy 2% faster), and
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consumes about 2.7Xx more power. Alternatively, [1 X 5,1 X 3] could be selected for low-power
applications, with reliability being improved by 5 orders of magnitude, and power being reduced
4x, while delay is increased 10 X .

6. Conclusions

This paper has compared the performances of different sized inverters with classical and re-
verse sized inverters, as well as with two redundancy methods at the gate-level (TMR) and device-
level (H,,) (Mukherjee & Dhar, 2015) (Sheikh et al., 2016), (Robinett et al., 2007), (El-Maleh et
al., 2009). The main conclusions are:

e Sizing can outperform both TMR and H,, methods with respect to reliability.
e Improving the reliability of a CMOS gate can be achieved without increasing area.

e Improving the reliability of a CMOS gate should not necessarily lead to penalties in power
or delay, or even on the contrary, i.e., there are reliability enhanced solutions which can
achieve either lower power or shorter delays but not both.

Sizing can be used to improve tolerance to variations, and it is possible to design CMOS gates trad-
ing reliability versus area-power-delay. The disadvantages are represented by very large libraries
of gates and a much more complex design.

Future work will analyze re-sized solutions for other CMOS gates (e.g., NAND, NOR, XOR,
etc.), of different fan-ins (see (Gemmeke & Ashouei, 2012), (Gemmeke et al., 2013)). These
should be compared not only with classical sized gates, TMR, and Hp,, but also with quadded,
interwoven, radial, n-safe, and dotted logic solutions, and evaluated jointly with advanced CMOS
(Berge & Aunet, 2009) (Liu & Moroz, 2007), (Maly, 2007), (Geppert, 2002), and even beyond-
CMOS technologies (Courtland, 2016), (Desai et al., 2016).
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Abstract

In this paper, firstly we discuss basic arithmetic operations with fuzzy quaternion numbers. Then, we introduce a
noncommutative field, formed with 2 X 2 fuzzy complex matrices which is used for the matrix representation of fuzzy
quaternion numbers as elements within this field. Finally, another way of representing fuzzy quaternion numbers is
obtained by using 4 x 4 fuzzy real matrices.
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1. Introduction

The fuzzy quaternion numbers were defined in many ways by many authors. For example,
in paper (Moura et al., 2013) the authors proposed an extension for the set of fuzzy real numbers
to the set of fuzzy quaternion numbers, defining the notion of fuzzy quaternion numbers by an
application &’ : H — [0, 1] such that #'(a + bi + cj + dk) = min{A(a), B(b), C(c), D(d)} for
some A, B, C, D real fuzzy numbers. In paper (Moura et al., 2014), the authors defined the fuzzy
quaternion numbers using triangular fuzzy numbers.

Recently, in paper (Sida et al., 2016) a new approach is proposed in order to introduce the
fuzzy quaternion numbers concept, similar to the way that Fu and Shen (see (Fu & Shen, 2011))
have introduced the fuzzy complex numbers.

The study of fuzzy quaternion numbers is continued in this paper. More precisely, another
approach for multiplication and division operation is presented. Then, following the ideas in (Mot
& Popa, 2014), we will represent fuzzy quaternion numbers as a 2 X 2 fuzzy complex matrices, as
well as 4 x 4 fuzzy real matrices.
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2. Preliminaries

For the concept of fuzzy real numbers and their arithmetic operations we make reference
to the following papers: (Das & Mandal, 2002), (Dubois & Prade, 1980), (Dzitac, 2015), (Felbin,
1992), (Janfada et al., 2011), (Kaleva & Seikkala, 1984), (Mizumoto & Tanaka, 1979), (Xiao &

Zhu, 2002).

Definition 2.1. (Dzitac, 2015) A fuzzy set in R, namely a mapping
AR - [0,1],

with the following properties:

@) Ais convex, i.e. X@) > min (X(x),g(z)), forx<y<z

(i1) Ais normal, i.e. (A)xy € R; X(xo) =1;
(ii1) A is upper semicontinuous, i.e.

MxeR, Ma € (0,1]: Ax) < a,
(@)5 > Osuchthat |y — x|<8 = A() < a
is called a fuzzy real number.

We will denote by Ry - the set of all fuzzy real numbers.

Definition 2.2. (Mizumoto & Tanaka, 1979) The basic arithmetic operations +, —, -. / on Ry are

defined by:

1. Addition:
(A+B)(v) = \/ min{A(), Bx-y), (HxeR
yeR
2. Subtraction: _ L
(A-B)(x») = \/ min{A(), B(y - v}, (xeR
yeR
3. Multiplication: _ L
(4-B)(x) = \/ min{A(), B(x/y)}, (V)x € R
eR*
4. Division: _ ' _ _
(A/B)(x) = \/ min [A(x - ), Bp»)}, ()x € R.
yeR

Remark. A triangular fuzzy number is defined by its membership function

0, if t<a

1—ay

, if ag<t<a,

x(r) = ”;3‘_“,‘ ] ,where a; < a, < as,
, If e <t<a;
az—az
0, if t>a;

and it is denoted X = (a1, a2, a3).

2.1

(2.2)

(2.3)

2.4)

(2.5)
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Remark. (Chang & Wang, 2009; Elomda & Hefny, 2013; Hanss, 2005; Nadaban et al., 2016)
Let x = (aj,a2,a3), y = (b1, ba, b3) be two non negative triangular fuzzy numbers and a € R,.
According to the extension principle, the arithmetic operations are defined as follows:

xX+y=(a,+bi,a; + by,az + b3)
X=y=(a; —by,a, - by,a3 — b3)
ax = (aa,, aas, aaz)

x ' =(/as,1/az, 1/ay)

XXy = (a1by, aby, azbs)

x/y = (a1/b3,a,/by,a3/by)

We denote that the results of (4) — (6) are not triangular fuzzy numbers, but they can be ap-
proximated by triangular fuzzy numbers.

AN

Definition 2.3. (Fu & Shen, 2011) An fuzzy complex number, 7, is defined in the form of:

Z=A+iB, (2.6)

A
where A, B € Ry; A is the real part of 7 while B represents the imaginary part, i.e. Re(z) = A and

Im(z) = B.

We will denote by Cr - the set of all fuzzy complex numbers. The operations on Cp are a
straightforward extension of those on real complex numbers.

Definition 2.4. (Fu & Shen, 2011) Let 7 = A + iB, 7 = C+iD e Cr where A,B,C and D are
fuzzy real numbers. The basic arithmetic operations are defined as follows:

1. Addition: L o
21+ =A+C)+i(B+ D), 2.7

where

A+ = \/ (Atx)ACx)

y=X1+x2
B+D) = \/ (Bx)ADx)
V=X1+Xx2
2. Subtraction: o o
Z21—-22=A-C)+i(B-D), (2.8)

where

A-Om=\/ (Ax)ACx)

Y=X1—X2

B-D) = \/ (Bax)ADx)

y=X1=x2
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3. Multiplication:

Z1 X % = (AC - BD) + i(BC + AD), (2.9)
where
AC-BD)»)= \/ (A1) A Clxz) A Bxs) A D(xs))
Y=X1X2—X3X4
(BC+AD)») = \/ (B A Clxo) A Ax) A D(xs))
V=X1X2+X3X4
4. Division:

— AC +BD\ ,BC-AD

W= (=) +il=—=) (2.10)
C?+D? C?+D?

where Af*gD =1, and B~C %D =1, are fuzzy real numbers:

am=\/ (A ABx) A Cxs) A D))
y= % x%+x4#:0
o= \/ (A ABx) A Clxs) A D))

QX3XX4 2 0
== x3+x5#0
Y '2+x£ 374

Remark. Fuzzy complex number 7z = A + iB admits a matrix representation, namely:

A B
-B A)’
whereX,EeRF.

3. On arithmetic operation with fuzzy quaternion numbers

In paper (Sida et al., 2016) it was introduced fuzzy quaternion number as well as basic arith-
metic operations with fuzzy quaternion numbers.

Definition 3.1. A fuzzy quaternion number is an element of the form
J=A+Bi+Cj+ Dk, (3.1)
where A,B,C,DeRpandi* = 2=k =-1; ij=k=—ji, jk=i=—kj ki=j=—ik

We will denote by H - the set of all fuzzy quaternion numbers.
Remark. A is called the real part of q and sometlmes denoted A = Re(q), and E, C. , 5, are called
imaginary parts of ¢ and denoted B = Im(q), C = Imy(q), D = Im5(@).

Definition 3.2. If §; = A, + Bii + C1j + D1k and §> = A, + Bai + Coj + Dok € Hy the basic
arithmetic operations are defined as follows:
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@)

é‘] +é§ = (X] +AN2) + (El +§2)i+ (51 + 52)j+ (51 +52)k (32)
(i1) L L o o
a — CE = (A] —Az) + (Bl - Bz)l + (C] — Cz)j+ (D] - Dz)k (33)
(ii1) L
g1 =A+Bi+Cj+ Dk. (3.4)
where
A = (4-A,-B,-B,-C,-C,-D, D))
B = (Al'B2+Bl'A2+C1'D2—D1'C2)
5 = (A~1'52—§1'52+61'22+51'Ez)

D = (A]'52+E1'52—51'E2+51'Xz).

Definition 3.3. If §; = A, + Bii + C,j + Dik and g5 = Ay + Bsi + C»j + Dok € Hy, then:

& _ XA+ Bi+Cj+ Dk, 3.5)
q2
where
A~ _ XI'X2+§1'§2+61'52+51'52
A§+B§+C§+D~§ o
E . —Al'Bz+Bl'A2—C1'D2+D1'C2
AZ+ B3+ Cs + D3
6 _ —Al'C2+Bl'D2+C1'A2—D1'Bz
A§+B§+C§+?§ o
5 . -A;-Dy,—B{-C,+C{-B, +D;-A,

AZ+ B3+ Cs + D3
Proposition 3.1. The expressing of the product q,q,> = A+Bi+C Jj+ Dk can be made as follows:
(i)
AQ) = \/ (Xl(xl) A A(x2) A By (x3)A

Y=X1X2—X3X4—X5X6—X7X8
A Ez(x4) A 61 (x5) A 62(%6) A 51 (x7) A 52(?68))
(ii)
B(y) = \ (A10x1) A Ba(xa) A Bi(x3)A

Y=X1X2+X3X4+X5X6—X7X8

A Ay(x3) A Ci(x5) A Dax6) A Dy(x7) A 52()(8))
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(iii)

(v)
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Ck) = \/ (A1(x1) A Ca(x2) A Bi(x3)n

V=X1X2—X3X4+X5X6+X7X8

A 52(964) A g1 (x5) A A.Z()%) A 51(967) A Ez(xs))

D(y) = \/ (A1(x1) A Da(x2) A By (x3)A

V=X1X2+X3X4—X5X6+X7X8

A Ca(x4) A Ci(x5) A Ba(xe) A Di(x7) A Aq(xs)).

Proposition 3.2. The expressing of the quotient % =A+Bi+C Jj+ Dk can be made as Jfollows:

(i)

(ii)

(iii)

(v)

Ay = \/ (A AAx) ABI(s)A
:X1X2+;3X§+X§X6;X7X8

.12+ 4+X6+X8

A By(x4) A C1(x5) A Ca(x6) A Dy(x7) A 52()68))

By)= \/ (A1) ABax) A Bi(xs)A
_ *Xl X4+X2X3*X5X8+X6X7
y_ 3C2+X2+X2+X2
277477678

A Ay(x3) A Ci(x5) A Da(x6) A Dy(x7) A 52()58))

COy) = Vo (&) A G A BixsA
)’7 x2+X2+.[2+X2
277477678

A Dy(x4) A C1(x5) A Ax(x6) A Dy (x7) A Ez(xs))

Dy)= \/ (A A Dy(x) A Bixs)A
y= *.Xl .’Cg *X} X6+.‘(4.’C5 +X2X7

213242442
X5y +xgag

A 6:2(364) A 6:1 (xs5) A Ez(xﬁ) A 51 (x7) A Xz(xs))-
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4. Matrix representations of fuzzy quaternion numbers

Just as the quaternion numbers are represented as matrices (Mot & Popa, 2014), so the
fuzzy quaternion numbers have a matrix representations.

The first way in which we can represent the fuzzy quaternion numbers as a matrix is to use
2 x 2 fuzzy complex matrices and the representation given is one of a family of linearly related
representations.

For this, we denote:

HIF:{Q:(_ZZ]Z 2) ZbZZE(CF}:
_ = = 4.1
_ Q_ A+Di C+ Bi ZEGBER ( )
¥ \-C+Bi A-Di]I"TTT f

Operations of addition and multiplication in H;r are made according to the rules of addition and
multiplication of matrices.
For O, and Q, in H, we have:

Xl +51i 51 +§1i X2+52i 52+E2i
— — — — + _ = — —
-Cy+Byi A —Dqi —Cr+ Byi Ay, — Dyi

Q1+Q2=(

_ Xl +X2+(51 +52)i 51 +52+(§1 +§2)i
B —(51 + Ez) + (E] + Ez)l Xl +X2 - (51 + 52)1 ’

where A, 1+ Zz, El + Ez, C 1+ 52 and 51 + 52 were defined in previous section. The product of two
matrices O and Q, also follows the usual definition for matrix multiplication.

It is easy to verify that the H,z is closed under the operation of addition and multiplication.
Moreover, any matrix of H;r admits the opposed matrix, namely

—Q= -1 —22) _ ~A-Di -C-Bi
“\z2 -z) \C-Bi -A+Dil’

which belongs to H as well. For any non null matrix of H, we have that:

_|AFDi CHBi =A+ B +C+ D%,

21 Vé) T UL b
—-C+Bi A-Di

-2 2

which is equal to zero, if and only if A=B=C=D=0. It result that any non null matrix of H, g
admits the inverse matrix, namely:

Q_] _ 1 21 -2 _ 1 A-Di -C-Bi
AR+ BR+C+D2\2 T - A+B+C2+D2\C-Bi A+Di
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Therefore H; r has a field structure. L
Fgr ca(/)manu'@/tivity we give the following counterexample: let Q;, O, € H,r where Ay, By, Cy, D,
and A,, B, C,, D, are fuzzy triangular numbers defined by:

A =[1,2,4] B, =1[0,1,3] C, =[1,2,3] D, =[0,2,4]
A, =[2,4,6] B, = [2,4,5] C, = [0,1,4] D, =[1,3,4]
We have

5.3, = [-41,-4,24] + [-9,21,55)i [-18,5,46] +[-10,8,53]i
1227 1[-46,-5,18] + [-10,8,53]i [-41,-4,24] + [-55,-21,9]i

and
[-41,-4,24] + [-14,7,50]i [-10,15,54] + [-13, 16, 50]1‘)

01 = ([—54, —-15,10] + [-13,16,50]i [-41,-4,24] + [-50, -7, 14]i
Based on the previous results we obtain the following theorem:
Theorem 4.1. H,r has a noncommutative field structure.
Theorem 4.2. Hy and H, are isomorphic fields.
Proof. We consider the mapping ¢ : Hy — H,,
0@ = @(A + Bi+ Cj+ Dk) = (_A~C~++%’;i gjg’l)
which is a bijective application and it mantains the operations:

() o(g1 +q2) = ¢(q1) + ¢(q2), Vq1, 9> € HF
(1) ¢(q1 - q2) = ¢(q1) - ¢(q2), 91,92 € Hp

Hence it is a isomorphism of fields. Thus Hy ~ Hf. ]
Remark. The isomorphism Hy ~ H allows us to state that each fuzzy quaternign I}Lll‘llbfil: ofﬁF
admits a matrix representation under the form of the elements of H z, namely A~+ Di_ g * —Bil .
—-C+Bi A-Di
Proposition 4.1. Any element of H,r admits:
Q = Al + BI + CJ + Dk, 4.2)
1 0 0 i 0 1 i 0 . . .
where 1 = (O 1) , 1 = (i O) ,J = (_1 0) , K= (O —i) represent the matrix quaternion units.
Proof. 1t is verified by direct calculus:
A+Di C+Bi —(1 0} —=(0 i
= - - — —]1=A + B\ . +
C (—C+Bi A—Di) (0 1) (z 0)
+5(° 1)+5(l Ol.) _ A1+ B1+CJ+ Dk

O



L. Popa et al. /| Theory and Applications of Mathematics & Computer Science 7 (1) (2017) 59-71 67

Remark. The matrix quaternion units /, J, K can be written with the help of Pauli matrix o, o, 0,

namely:
{0 1 . (0 =) . (1 O .

I = l(l 0) =io,, J = l(i 0) =iy, K = 1(0 _1) =io,.

Remark. If constraining any two of B, C and D to zero it results a representation of fuzzy complex

numbers:
i) If B = C = 0, then it results a diagonal fuzzy complex matrix representation of fuzzy

complex numbers:

A+ Di 5
0 A-Di

ii) If B= D = 0, then it results a fuzzy real matrix representation of fuzzy complex numbers:

o[29

Proposition 4.2. The conjugate of a fuzzy quaternion corresponds to the Hermitian transpose

(conjugate transpose) of the matrix
0 = (OF = OF = A-Di —C-Bi
- = \c-Bi A+Di)

where Q" denotes the transpose of Q and Q denotes the matrix with complex conjugated entries.

The second way in which we can represent the fuzzy quaternion numbers as a matrix is to
use 4 x 4 fuzzy real matrices and the representation given is one of a family of linearly related

representations.

In order to obtain such a representation we consider:

S

Hyr =40 = A,B,C,D € Ry

Ol Q) =1 )
| [
o) )

> NG

Operations of addition and multiplication in H,r is made according to the rules of addition and

multiplication of matrices.
It is easy to verify that the set of matrices Hr is closed under the operation of addition and

multiplication of matrices. Moreover, any matrix of H,r, admits the opposed matrix and any non
null matrix of H,r admits its inverse. Indeed, as

i -B -C -D
25 E S=@iBeCpy
b-C B A
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is equal to zero, if and only if A =B=C =D =0, it results that for any non null matrix of Hp,
there exists the inverse matrix:

A B C D
oo |B 4 -b-C
' @+B+C2+D?)?|-C -D A -B|
-D C -B A

Thus H, has a field structure. .
Fgr @mgugtivity we give the following counterexample: let Q;, O, € H,r where Ay, By, Cy, D,
and A,, B, C,, D, are fuzzy triangular numbers defined by:

Xl = [052a 5]7 El = [1’3’5]’ 51 = [0’ 1’4]’ 51 = [0’ 2’5]
Ay =[1,2,3], B, = [0,3,4], C, = (2,4,5), D, =[0,2,4].

We have

[-60,-13,15] [-51,-6,24] [-57,-10,20] [-60,-17,14]
~ ~ | [-24,6,51] [-60,-13,15] [-60,-17,14] [-20,10,57]
010 = [-20,10,57] [-14,17,60] [-60,-13,15] [-51,-6,24]

[-14,17,60] [-57,-10,20] [-24,6,51] [-60,-13,15]

and
[-60,-13,15] [-60,-18,15] [-57,-10,20] [-49,1,25]

5,0, = [-15,18,60] [-60,—13,15] [-49,1,25] [-20,10,57]
221 711-20,10,57] [-25,-1,49] [-60,-13,15] [-60,-18,15]|
[-25,-1,49] [-57,-10,20] [-15,18,60] [-60,—13,15]

Based on the previous results we obtain the following theorem:
Theorem 4.3. H,y has a noncommutative field structure.
Theorem 4.4. Hy and H, are isomorphic fields.

Proof. We consider the mapping ¢ : Hy — Hyp,

A -B -C -D
= == B A -D C
=pA+Bi+Cj+Dk)=|~ = = =|.
W@=¢A+Bi+Cj+Dh=|~ = = %
D -C B A

We note that ¢ is bijective and preserves the operations - it follows immediately by direct calcula-
tion, thus it is a isomorphism of fields. Therefore Hp ~ H,f. ]

Remark. The isomorphism Hy ~ H,r allows us to stat that each fuzzy quaternion number of Hy
admits a matrix representation under the form of the elements of H .
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Remark. Any element of H,r can be written

A -B -C -D 1000 0 -1 0 0
B A -D C| —[o1T00] {1 000
O =~ = ~ |=Al- - — _|+Bl—- - _ _|+
C D A -B 0010 0 0 0 —1
D -C B A 000 1 00 1 0
0 0 -10 00 0
~666T~66T6
+Cl—- - _ _|+D|- —
1 0 0 0 01 0 0
0 -1 0 0 10 0 0

Remark. Similarly, a fuzzy quaternion number ¢ = A+Bi+Cj Jj+ Dk can be represented as

l

A B C D 100 010 0
B A -D C| 0T 00| —|-100 0
Q2: ~ o~ ~ |=Al- — — _|+B| - - _ _|+

-C D A -B 0010 0O 0 0 -1
-D -C B A 000 1 001 0

0 0 10 00 0 1

o 0o 01l -0 0 -10

+C| — — — —_|+D| - - — _|.

-1 0 0O 0O 1 0 O

0 -10 0 10 0 0

Remark. The 48 possible matrix representation of fuzzy quaternion numbers are in fact the matri-
ces whose transpose is its negation (skew-symmetric matrices, i.e. —Q = Q7).

Proposition 4.3. In this representations, the conjugate of a fuzzy quaternion number corresponds
to the transpose of the matrix Q,, n = 1,48

g=A-Bi—Cj-Dk=(0)".

For example, for the representation Q; of a fuzzy quaternion number, we have

A B C D
g—oy =2 A P
-C -D A B
D C -B A
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Or, for second representation O,

A -B -C -D
g=y =2 L2
C -D A B
D C -B A

Remark. If C = D = 0 then q = A + Bi and it results the representation of fuzzy complex numbers
as diagonal matrices with two 2 X 2 blocks. .
For example, for the representation Q; when C = D = 0 it results

A -B 0 O

|Bi0 0

9=15 5 i -B

0 0 B A

and for Q, we obtain I
A B 0 0

|-BA0 0

©=5 51 -8

0 0 B A
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Abstract

In this paper, we introduce the relatively new notion of fuzzy M—open subset which is strictly weaker than fuzzy
open. We prove that the collection of all fuzzy M—open subsets of a fuzzy space forms a fuzzy topology that is finer
than the original one. Several characterizations and properties of this class are also given as well as connections to
other well-known fuzzy generalized open” subsets.
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1. Introduction

Fuzzy topological spaces were first introduced by (Chakraborty & Ahsanullah, 1992; Chang,
1968). Let (X, %) be a fuzzy topological space (simply, Fts). If A is a fuzzy set (simply, F-set), then
the closure of A, the interior of A and the derived set of A will be denoted by Clz(1), Intz(1) and

d=(1), respectively. If no ambiguity appears, we use A, /ol and A" instead, respectively. A F-set A
is called F-semi-open (simply, FSO) (Mahmoud et al., 2004) if there exists a fuzzy open (simply,
F-open) set u such that u < A < Cls(u). Clearly A is a FSO-set if and only if 4 < Cls(Intz(Q)).
A complement of a FSO-set is called F-semi-closed (simply, FSC). The fuzzy semi-interior of A4
is the union of all fuzzy semi-open subsets contained in A and is denoted by s/nt#( 1). A is called
fuzzy preopen (simply, FPO) if A < Int<(Clz(2)).4 is called fuzzy a—open if A < Intz(Clz(Intz(
A))) and fuzzy B—open if 1 < Clz(Intz(Cls( A))). Finally, A is called fuzzy regular-open (simply,
FRO) if A = Intz(Clz(1)). Complements of FRO-sets are called fuzzy regular-closed (simply,
FRC). The collection of all FSO (resp., FPO, FRO, FRC, Fa — open and EB — open) subsets of

*Corresponding author
Email address: talalhawary@yahoo.com (Talal Al-Hawary )
I'This work has been done during the author’s sabbatical leave at Jordan University of Science and Technology—
Jordan.
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X is denoted by S O(X, T) (resp., FPO(X, %), FRO(X, %), FRC(X, %), Fa(X, T) and FB(X, ¥)). We
remark that Fa(X, %) is a topological space and Fa(X, %) = FS O(X, D)AFPO(X, ¥). A fuzzy space
(X, %) is called locally countable (P-space, anti locally countable, respectively) if each 1 € X has
a countable neighborhood ( countable intersections of fuzzy open subsets are fuzzy open, non-
empty fuzzy open subsets are uncountable, respectively). For more on the preceding notions, the
reader is referred to (Al-Hawary, 2017, 2008; Chakraborty & Ahsanullah, 1992; Chang, 1968;
Chaudhuri & Das, 1993; Mahmoud et al., 2004; Wong, 1974).

In this paper, we introduce the relatively new notions of FMO, which is weaker than the class
of fuzzy open subsets. In section 2, we also show that the collection of all FMO subsets of a
space (X, ) forms a fuzzy topology that is finer than ‘¥ and we investigate the connection of FMO
notion to other classes of "fuzzy generalized open” subsets as well as several characterizations of
FMO and fuzzy M—closed notions via the operations of interior and closure. In section 3, several
interesting properties and constructions of FMO subsets are discussed in the case of anti locally
countable spaces.

2. Fuzzy M-open set

We begin this section by introducing the notion of FMO and fuzzy M—closed subsets.

Definition 2.1. A fuzzy subset A of a space (X, ¥) is called FMO (simply, FMO) if for every v < 4,
there exists an open fuzzy subset w €X such that v < w and such that w\s/nt( 1) is countable. The

complement of a FMO subset is called fuzzy M—closed (simply, FMC).

Clearly every FO-set is FMO, but the converse needs not be true.

Example 2.1. Let X = {a,b} and T = {0, 1, x4 }. Set 2 = y{;;. Then A is FMO but not FO.

Next, we show that the collection of all FMO subsets of a space (X, ¥) forms a fuzzy topology
Ty that contains T.

Theorem 2.1. If (X, %) is a fuzzy space, then (X, Ty) is a space such that T < Ty;.

Proof. We only need to show (X, %)) is a space. Clearly since 0 and 1 are FO-sets, they are
FMO. If 4, € ¥y and v < A A ¢, then there exist FO-sets w, v in X both containing A such
that w\sInt( 1) and v\slInt(y) are countable. Now A < w A v and for every 6 < (w A v)\slnt(
ANANY) = (w A v)\(sInt( ) A sInt(Y)) either 6 < w\sInt( 1) or 6 < v\sInt(Y). Thus (w A v)\slnt(
ANY) < w\sInt( ) or (w Av)\sInt( AAY) < w\sInt(y) and thus (w A v)\sInt( A AY) is countable.
Therefore, ANy € Ty If { A, : @ € A} is a collection of FMO subsets of X, then for every 4 < V{

A, @ € V}, v < Ag for some B € A. Hence there exists a FO-set w of X containing A such that
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w\sInt( A) is countable. Now as w\slnt(V{l, : @ € V}) < w\ V {sInt( A,) : @ € V} < w\slnt( 1),

w\sInt(V{A, : a € V}) is countable and hence V{4, : @ € V} € T,. ]
Corollary 2.1. If (X, X) is a p-space, then T = Ty,.

Next we show that FMO notion is independent of both FPO and FSO notions.
Example 2.2. Consider R with the standard fuzzy topology. Then yq is FPO but not FMO. Also
X[0,1] 1s FSO but not FMO.

Example 2.3. In Example 2.1, y is FMO but neither FPO nor FO.

Next we characterize T), when X is a locally countable fuzzy space.
Theorem 2.2. If (X, %) is a locally countable fuzzy space, then Ty is the discrete fuzzy topology.

Proof. Let A be a fF-set in X and v < A. Then there exists a countable neighborhood w of A and
hence there exists a FO-set 1 containing A such that n < w. Clearly n\sint( 1) < w\slnt( 1) < w

and thus 7\ sInt( 1) is countable. Therefore A is FMO and so Ty, is the discrete fuzzy topology. [

Corollary 2.2. If (X, %) is a countable fuzzy space, then Ty is the discrete fuzzy topology.

The following result, in which a new characterization of FMO subsets is given, will be a basic
tool throughout the rest of the paper.

Lemma 2.1. A subset A of a fuzzy space X is FMO if and only if for every v < A, there exists a

FO- subset w containing A and a countable subset m such that w— n < slnt( A).

Proof. Let A € Ty and v < A, then there exists a FO- subset w containing A such that w\sInt( 1)
is countable. Let 7 = w\sInt( 1) = w A (X\sInt( 1)). Then w — 7 < slnt( ). O

Conversely, let v < A. Then there exists a FO- subset w containing A and a countable subset &
such that w — 7 < sInt( A). Thus w\sInt( 1) = 7 is countable.

The next result follows easily from the definition and the fact that the intersection of fuzzy
M-closed sets is again fuzzy M-closed.

Lemma 2.2. A subset A of a fuzzy space X is fuzzy M-closed if and only if Cly( 1) = A.

We next study restriction and deletion operations.

Theorem 2.3. If A is FMO subset of X, then <y, € (Z1)u-
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Proof. Let p € Tyly. Then p = vA A for some FMO subset v. For every 4 < p, there exist
0y,0, € T containing A and countable sets y,, and y, such that 6, —y, < sInt(v) and 6, —y, < sInt(

A). Therefore, v < A A (6, A dy) € %), v, V ¥ 1s countable and

IA

(6, NS AL =y,) AL =ya)
= (0, — 'yy) A (61— ’y/l)

< sint(v) A sInt(A) A A

ANy NS = (Vu VYD)

= silntluA )AL
= slnt(p) A A
< slntl(p).
Therefore, p € (| ). O

Corollary 2.3. If Ais a FO subset of X, then ¥y, < (Tl)um-

In the next example, we show that if A in the preceding Theorem is not FMO, then the result
needs not be true.
Example 2.4. Consider R with the standard fuzzy topology and let A = yr\g. Then A is not FMO
and so not FO. As x (1) is FMO, then 8 = y(o nA A € Ty|, while if 6 € (T|,)) then for every 1 < 6,
there exists w € €|, and a countable ¢ < A such that w — ¢ < sInt(0) = 0. Thus w < ¢ and hence w
is countable which is a contradiction.

In the next example, we show that (T],),, needs not be a subset of T |,.

Example 2.5. Consider R with the standard fuzzy topology, 4 = xg and u = xo2). If £ € Tyl,,
then u = 6A A for some 6 € Ty which is impossible as y .5 < 6— A. On the other hand to show
€ (Elom, letv <u If v <A, pickg,q <Asuchthat 0 < g <v < g <2andletw = x4
A. Then A < w — 0 < p = sInt(u). Thus in both cases u € (T],)y.

Theorem 2.4. Let (X, X) be a fuzzy space and A is FMC-set. Then Cls(1) <y V 9 for some closed

subset y and a countable subset 9.

Proof. Let A be FMC-set. Then 1 — A is FMO and hence for every 4 < 1 — A, there exists a FO-

set w containing A and a countable set ¢} such that w — ¢ < sint(1 — 1) < 1 — Clz(A). Thus

Clz(H)<1-(w-N<T-(wAX-D)<ITA(1-w) VI <A-w)Vi
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Letting v = 1 — w. Then v is closed such that Clz(1) <y Vv ¢.° L

3. Anti-locally countable fuzzy spaces

In this section, several interesting properties and constructions of FMO subsets are discussed
in case of anti locally countable fuzzy spaces.
Theorem 3.1. A fuzzy space (X, %) is anti locally countable if and only if (X, %y) is anti locally

countable.

Proof. Let A € %), and v < A. Then by Lemma 2.1, there exists a FO- subset w containing A and
a countable u such that w — u < sInt( 1). Hence sInt( 1) is uncountable and so is A. The converse

follows from the fact that every FO-set is FMO. ]

Corollary 3.1. If (X, %) is anti locally countable fuzzy space and A is FMO, then Clz( 1) = Clz,,(
A).

Proof. Clearly Cls,,( A) < Clz( 2). On the other hand, let 4 < Clz( 1) and u be an FMO subset
containing A. Then by Lemma 2.1, there exists a FO- subset v containing A and a countable set
such that v — n < sInt(u). Thus (v — n)A A < slnt(u)A A and so (VA A) —n < slnt(u)A 1. As 1 € v
and 1 € Clz( 1), yA A1 # 0 and then as v and A are FMO, vA A4 is FMO and as X is ani locally
countable, vA A is uncountable and so is (vA 1) — 1. Thus vA A is uncountable as it contains the

uncountable set s/nt(u)A A. Therefore, uA A # 0 which means that 1 € Cls,,( ). O

By a similar argument, we can easily prove the following result:
Corollary 3.2. If (X, %) is anti locally countable and A is FMC, then Intz( 1) = Intz,,( A).
Theorem 3.2. Let (X, %) be an anti locally countable fuzzy space. Then Fa(X, %) C Fa(X, % y).

Proof. 1If A € Fa(X, %), then A < Intz(Clz(Intz( A))) and by Corollary 3.1, 1 < Intz(Cls,,(Int<(
A))). Now by Corollary 3.2 and as Clg, (Int<( 1)) is FMC, A < Intg, (Clg, (Int( 1)) and by
Corollary 3.2 again, A < Intz,,(Cls,, (Int<,,( 1))) which means A € Fa(X, %y). ]

The converse of the preceding result needs not be true as shown next.

Example 3.1. Consider R with the standard fuzzy topology and let 1 = yg\g. Then 4 € Fa(R, Ty)
but 1 ¢ Fa(R,%).
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Similarly, one can show that in an anti locally countable fuzzy space, FB(X, Ty < FB(X, %).

Theorem 3.3. Let (X, ) be an anti locally countable fuzzy space. Then d<( ) = d<,,( p) for every

subset F-set .

Proof. If A < d_( u) and v is any FMO subset containing A, then there exists a FO- subset w
containing A and a countable vy such that w —y < sInt(v) < v. Thus (wW—7y) A(A—={4}) < sInt(v) A(
u—A) <vA(u—A)andas A € d_(u) and v is open containing A, we have v’ A (u — A) # 0 and
sou A (u—A) # 0. Therefore A € dz,, (). O]

The converse is obvious as every FO subset is FMO.
Theorem 3.4. Let (X, %) be an anti locally countable fuzzy space. Then FRO(X, %) = FRO(X, Ty).

Proof. 1If A € FRO(X, %), then A = Intz(Clz( 1)) and by Corollary 3.1, A = Intz(Cls,,( 1)). Now
by Corollary 3.2 and as Cls,( 2) is FMC, A = Ints, (Clg, ( 1)) which means 4 € FRO(X, Ty).
Conversely, if 1 € FRO(X,%y), then A = Int<,(Cls,,( 1)). Then as 4 is FMO, by Corollary 3.1,
A = Intz, (Clz( 1)) and as Clz( ) is FMC being a FC-set, then by A = Int<(Clz( 1)) which means
A€ FRO(X,%). [

The converse of the preceding result need not be true as shown next.

Example 3.2. LetX = {Cl, b, C, d, 6’} and ¥ = {O, LX{a}vX{a,b}’X{u,b,c}a)({a,b,c,d}}- Then (X, S) 1s an anti
locally countable fuzzy space such that FRO(X, %) = {0, 1} while FRO(X,Ty) = T.
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Abstract

A new class of fuzzy sequential sets called fs-preopen sets is introduced and characterized. An fs-precontinuous
mapping and strongly fs-precontinuous mapping are defined and studied. A necessary and sufficient condition under
which an fs-preopen set is fs-open, has been established. Apart from that, different kinds of sets, namely, fs a-
open set, fs 0-set, fs A-set, locally fs-closed set, fs S-preopen set have been studied. The interrelationships between
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1. Introduction

In the last few decades, there has been interests in the study of generalized open sets and gen-
eralized continuity in topological spaces. Various authors studied different kinds of generalized
open sets in topological spaces. In the fuzzy setting, fuzzy semi-open sets and fuzzy semiconti-
nuity were introduced and studied by K. K. Azad (Azad, 1981), fuzzy pre-open sets (Mashhour et
al., 1982) by A. S. Mashhour, M. E. Abd El-Monsef and S. N. EI-Deeb. Again, fs-semiopen sets
and fs-semicontinuity have been studied in (Tamang & Sarkar, 2016).

The purpose of this work is to study different generalized open sets and the associated contin-
uous functions in a fuzzy sequential topological space.

Apart from the introduction in Section 1, Section 2 is devoted to the study of preopen sets and
precontinuity in a fuzzy sequential topological space. An important result from this Section is a
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necessary and sufficient condition for a preopen set to be open. Section 3 deals with the introduc-
tion and study of some more generalized open sets and their respective continuities. Finally the
Section has been concluded with some decompositions of continuity.

Throughout the paper X will denote a non empty set and / the unit interval [0, 1]. Sequences of
fuzzy sets in X called fuzzy sequential sets (fs-sets) will be denoted by the symbols A(s), B(s),
Cs(s), etc. An fs-set X}(s) is a sequence of fuzzy sets {X’}Z},, where [ € I and X?(x) = [, for all
xeX,neN,

A family 6(s) of fuzzy sequential sets on a set X satisfying the properties

(i) X}(s) € d(s) for r=0and 1,

(i1) As(s), B(s) € 6(s) = Af(s) A By(s) € 6(s) and

(i17) for any family {A;(s) € 6(s), j € J}, j\e/JAfj(S) € o(s)

is called a fuzzy sequential topology (FST) on X and the ordered pair (X, d(s)) is called fuzzy
sequential topological space (FSTS) (Singha et al., 2014). The members of 6(s) are called open
fuzzy sequential (fs-open) sets in X. Complement of an open fuzzy sequential set in X is called
closed fuzzy sequential (fs-closed) setin X. In an FSTS, the closure, interior, continuous functions,
semiopen sets etc. are defined in the usual manner (See (Singha et al., 2014), (Tamang & Sarkar,
2016), (Tamang et al., 2016) ).

2. FS-preopen sets and FS-precontinuity

Definition 2.1. (i) An fs-set A¢(s) in an FSTS, is said to be an fs-preopen set if A (s) < (A¢(s))’.
(i1) An fs-set A¢(s) in an FSTS, is said to be an fs-preclosed set if its complement is fs-preopen or

equivalently if f{) £(8) < As(s).
If Af(s) 1s both fs-preopen and fs-preclosed, then it is called an fs-preclopen set.
Definition 2.2. An fs-set As(s) is called fs-dense in an FSTS (X, 6(s)), if m = X}(s).
Fundamental properties of fs-preopen (fs-preclosed) sets are:
e Every fs-open (fs-closed) set is fs-preopen (fs-preclosed).
e Arbitrary union (intersection) of fs-preopen (fs-preclosed) sets is fs-preopen (fs-preclosed).

Example 2.1 shows that an fs-preopen (fs-preclosed) set may not be fs-open (fs-closed), the
intersection (union) of any two fs-preopen (fs-preclosed) sets need not be an fs-preopen (fs-
preclosed) set. Unlike in a general topological space, the intersection of an fs-preopen set with
an fs-open set may fail to be an fs-preopen set.

Example 2.1. Consider the fs-sets A(s), Bs(s) and C¢(s) in X = [0, 1], defined as follows:

1

Aj(x) = O,ifOsti
1 1

= Z,'f§<)€§1

andA} = 1foralln # 1.
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1

1
= O,1f§<)€S1

Bl(»)

andB} = Oforalln # 1.

3 1
Cin = 7,if0<x<7
1
= 1, if 5 <x<1
and C; = Oforalln # 1.
Let 6(s) = {Af(s), Bs(s),As(s) V By(s), X}?(s), X}(s)}. Then (X, 6(s)) is an FSTS. Now,
(i) As(s) and C(s) are fs-preopen sets but their intersection is not fs-preopen.
(ii) Cy(s) is fs-preopen but is not fs-open.

Theorem 2.1. Let (X, 6(s)) be an FSTS. An fs-set A¢(s) is fs-preopen if and only if there exists an
fs-open set O(s) in X such that A¢(s) < Os(s) < As(s).

Proof. Straightforward. []

Corollary 2.1. Let (X, 6(s)) be an FSTS. An fs-set A¢(s) is fs-preclosed if and only if there exists
an fs-closed set C¢(s) in X such that Aaf(s) < Cy(s) < Ag(s).

Proof. Straightforward. L
Theorem 2.2. An fs-set is fs-clopen (both fs-closed and fs-open) if and only if it is fs-closed and
[fs-preopen.

Proof. Proof is omitted. O

Theorem 2.3. In an FSTS, every fs-set is fs-preopen if and only if every fs-open set is fs-closed.

Proof. Suppose every fs-set in an FSTS (X, 6(s)), is fs-preopen and let A((s) be an fs-open set.

Then, A%(s) = m is fs-preopen and hence A%(s) < (A5(5))" = (A%(5))" = (A%(s))°. Thus, A%(s)
is fs-open and hence A () is fs-closed.

Conversely, suppose every fs-open set is fs-closed and let A(s) be any fs-set. By the assump-
tion, A¢(s) = (A(s))° and hence A(s) is fs-preopen. O

Theorem 2.4. (a) Closure of an fs-preopen set is fs-regular closed.
(b) Interior of an fs-preclosed set is fs-regular open.

Proof. We prove only (a). Let A¢(s) be an fs-preopen set in X. Since (A(s))’ < Ay(s), we have
(Ap(s5))° < Ag(s) = Ag(s). Now As(s) being fs-preopen, As(s) < (As(s))° and hence As(s) <
(A¢(s))°. Thus, As(s) is fs-regular closed. O
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The set of all fs-preopen sets in X, is denoted by F'S PO(X).

Theorem 2.5. In an FSTS (X, 6(s)), (i) 6(s) € FSPO(X), (i) If V((s) € FSPO(X) and U(s) <
Vi(s) < Us(s), then Us(s) € F'S PO(X).

Proof. (i) Follows from definition.
(i) Let Vi(s) € FSPO(X), that is, V(s) < (V((s))’. We have,

Uf(S) < Vf(S) < Uf(S)

Therefore, Us(s) < Vi(s) < (V¢(s))” < (Uy(s))°. Hence the result. O

Definition 2.3. An fs-set A ¢(s) in an FSTS, is called an fs-preneighbourhood of an fs-point Pf(s) =
(p%c , 1), if there exists an fs-preopen set B(s) such that P((s) < Bf(s) < As(s).

Theorem 2.6. For an fs-set As(s) in an FSTS (X, 6(s)), the following are equivalent:
(1) A¢(s) is fs-preopen.
(i) There exists an fs-regular open set B(s) containing A ¢(s) such that As(s) = B(s).

(iti) scl(Af(5)) = (As(5))°.
(iv) The semi-closure of A(s) is fs-regular open.
(v) Af(s) is an fs-preneighbourhood of each of its fs-points.

Proof. (i) = (ii) Let Af(s) be fs-preopen. This implies
Ap(s) < (Ap(9)” < Ap(s)
= As(s) < (Ap(s))° < Ap(s)
= (Ap(5)) = Ap(s)
= As(s) = By(s)

where By(s) = (Af(s))? is an fs-regular open set containing A #(s).
(i1) = (iii) Let A(s) = By(s), where B(s) is an fs-regular open set containing A ¢(s). Then,

Ap(s) < By(s) = (Bp(5)” = (Ap(s))°
Also, (Af(s))? is fs-semiclosed. Let C(s) be an fs-semiclosed set containing A(s). Thus,

(Af(5)” < (Cp(s5))” < Ce(s).

Hence cl(Af(s)) = (Af(s))°.
(iii) = (iv) Obvious.
(iv) = (i) Suppose (cl(A(s)) is fs-regular open. Now,
Ap(s) < scl(Ap(s))
= (Ap(5))” < (cl(Ap(5)) = scl(Ap(s)) < (Af(s))’
= Ap(s) < scl(Ap(s)) = (Af(s))’

Thus, A¢(s) is fs-preopen.
(i) = (v) and (v) = (i) are obvious. O
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Corollary 2.2. An fs-set is fs-regular open if and only if it is fs-semiclosed and fs-preopen.
Proof. Proof is omitted. ]

Theorem 2.7. In an FSTS (X, 6(s)), the following are equivalent:
(i) Af(s) € 8(s) for all As(s) € 8(s).

(ii) Every fs-regular closed set in X is fs-preopen.

(iit) Every fs-semiopen set in X is fs-preopen.

(iv) The closure of every fs-preopen set in X is fs-open.

(v) The closure of every fs-preopen set in X is fs-preopen.

Proof. (i) = (ii) Let Af(s) be an fs-regular closed set, that is, fi)f(s) = As(s). By (i), As(s) € 6(s)
and hence A¢(s) is fs-preopen.

(i1) = (iii) Let A4(s) be an fs-semiopen set, that is, A¢(s) < Igf(s). By (ii), zf(s) is fs-preopen.

Also, we have, A((s) < zf(s) < Ag(s). Thus, As(s) is fs-preopen.
(iii) = (iv) Let A¢(s) be an fs-preopen set, that is, A¢(s) < (Af(s))°. This implies, As(s) <

(m)". Thus, m being fs-semiopen, is fs-preopen and the result follows.

(iv) = (v) Obvious.

(v) = (i) Let Af(s) € 6(s). Then, A(s) is fs-preopen and hence m is fs-preopen. Therefore,
A;(s) < (Af(5))° < As(s) and hence A ;(s) € 6(s).

[]

Theorem 2.8. In an FSTS (X, 6(s)), the following are equivalent:
(i) Every non-zero fs-open set is fs-dense.
(i1) For every non-zero fs-preopen set A¢(s), we have cl(As(s)) = X}(s).
(iii) Every non-zero fs-preopen set is fs-dense.
Proof. (i) = (ii) Let A¢(s) be a non-zero fs-preopen set. By Theorem 2.6 (iii), ,cl(As(s)) =
(IW)O. Also, there exists an fs-open set O¢(s) such that A¢(s) < O(s) < m By (i), Of(s) =
X}(s). Therefore, A;(s) = X}(s) and hence ,cl(A(s)) = X(s).
(ii) = (iii) Easy to prove.
(iii) = (i) Since every fs-open set is fs-preopen, the proof is straightforward. [l

Definition 2.4. Let A(s) be an fs-set in an FSTS (X, 6(s)). We define fs-preclosure ,cl(A(s)) and
fs-preinterior ,int(As(s)) of A¢(s) by
pCl(Ap(s)) = ABs(s);As(s) < By(s) and B}(s) € FS PO(X)}
pint(Ap(s)) = V{Cs(s); Cr(s) < As(s) and Cy(s) € FS PO(X)}

Clearly, ,cl(A(s)) is the smallest fs-preclosed set containing A ¢(s) and ,int(A ¢(s)) is the largest
fs-preopen set contained in A (). Further,

(@) Ap(s) < ,cl(As(s)) < Ap(s) and ;\f(s) < pint(As(s)) < Ag(s).

(i1) Af(s) is fs-preopen if and only if A((s) = ,int(As(s))

(ii7) A¢(s) s fs-preclosed if and only if A¢(s) = ,cl(A(s))

(@) As(s) < By(s) = ,int(As(s)) < ,int(B(s)) and ,cl(A¢(s)) < pcl(By(s)).
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Definition 2.5. A mapping g : (X, d(s)) — (¥, 0'(s)) is said to be

(i) fs-precontinuous if g~ (B #(s)) is fs-preopen in X, for every By(s) € 0'(s).

(ii) fs-preopen if g(A,(s)) is fs-preopen in Y, for every A(s) € 6(s).

(iii) fs-preclosed if g(A(s)) is fs-preclosed in Y, for every fs-closed set A ((s) in X.

It is easy to check that an fs-continuous (fs-open, fs-closed) function is fs-precontinuous (fs-
preopen, fs-preclosed). That the converse may not be true, is shown by Example 2.2.

Example 2.2. Consider the fs-sets A¢(s), B(s), C¢(s) in a set X, defined as follows:

As(s) = {%,T,T, ....... }
T__
Bi(s) = {5,0,0, ....... }

Cs(s)

Il
—_—N—
0| W

—|

—|
—_—

Let o(s) = {Af(s), Bs(s),As(s) A Bp(s5),Ar(s) V By(s), X?(s), X}(s)}. Then (X, 6(s)) is an FSTS. Let
0'(s) = {Cj~(s),X?(s), X}(s)} and define g : (X, d(s)) — (X,0°(s)) by g(x) = x for all x € X. The
function g is fs-precontinuous but not fs-continuous.

Again, the map & : (X, 6°(s)) — (X, d(s)) defined by h(x) = x for all x € X, is both fs-preopen
and fs-preclosed but neither fs-open nor fs-closed.

Theorem 2.9. Let g : (X, 0(s)) — (Y,n(s)) be amap. Then the following conditions are equivalent:
(i) g is fs-precontinuous.

(ii) the inverse image of an fs-closed set in Y under g, is fs-preclosed in X.

(iii) For any fs-set A¢(s) in X, g(,cl(A¢(s))) < g(A(s)).

Proof. (i) = (ii) Suppose g be an fs-precontinuous map and B (s) be an fs-closed set in Y. Then,

B;L(s) is fs-open in Y
= (' (By(9)) = g‘l(B§(s)) is fs-preopen in X
= g‘l(Bf(s)) is fs-preclosed in X.
(i) = (iii) Let A¢(s) be an fs-set in X. Then, g‘l(g(Af(s))) is fs-preclosed in X and hence
g7 (g(As(s))) = pel(g™' (g(As(5)))). Again,
Ag(s) < g (8(Ax(5)))
= pcl(Ap(s) < cl(g™ (g(As(9))) < g7 (8(Af(5)))
= 8(,cllAp(5))) < g(g7'(8(Af(5)))) < g(As(s)).

(iii) = (i) Let B¢(s) be an fs-open set in Y. Then for the fs-closed set B;;(s), we have

g(,cl(g™ (BH(5))) < (g1 (B}(5))) < Bi(s) = Bi(s)
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Thus, ,cl(g™' (B}(s)) < g~ (B(5)). Therefore, ,cl(g™' (B}(s))) = g~'(B(s)) and hence (g~ (B4(s)))
= g‘l(B;(s)) is fs-preclosed in X. ' ‘ 0

In Theorem 2.8 (Tamang & Sarkar, 2016), it has been proved that the inverse image of an
fs-semiopen set is fs-semiopen, under an fs-semicontinuous open map. The next Theorem shows
that the result is true even if we take an fs-semicontinuous preopen map.

Theorem 2.10. Suppose g : (X, 5(s)) — (Y, n(s)) be an fs-semicontinuous preopen mapping. Then
the inverse image of every fs-semiopen set in Y under g, is fs-semiopen in X.

Proof. Let Bf(s) be an fs-semiopen set in Y. Then there exists an fs-open set O(s) in Y such that

0/(s) < By(s) < O,(s)
= ¢ 1(04(9) < g7 (Bf(5) < g7 (O4(s))

We claim that g‘l(Of(s)) < g71(O(s)). Let Py(s) € g‘l(Of(s)). This implies g(Ps(s)) € Os(s).
Consider a weak open Q-nbd U ¢(s) of P(s), then g(U(s)) is a weak Q-nbd of g(P,(s)). Therefore,

8(U1(5)g,04(s)

W1(5)q, O (s) where Ws(s) = g(U(s))

Wi() + O%(y) > 1 forsome y € Y

O¢(s) is a weak open Q-nbd of the fs-point (p’}y, W}’(y))
8(U¢(5))qwO¢(s)

Up(5)qug (O4(s))

Ps(s) € g (O 4(5)).

L A R A

Thus g7'(04(s)) < g7 (Bs(s)) < g7'(O(s)). Since g7'(O4(s)) is fs-semiopen, g~'(By(s)) is fs-
semiopen. ]

Corollary 2.3. Suppose g : (X, d(s)) — (Y,n(s)) be an fs-semicontinuous preopen mapping. Then
the inverse image of every fs-semiclosed set in Y under g, is fs-semiclosed in X.

Proof. The proof is omitted. []

Corollary 2.4. Suppose g : (X,6(s)) — (Y,n(s)) be an fs-semicontinuous preopen map and h :
(Y,n(s)) — (Z,06'(s)) be fs-semicontinuous. Then hog is fs-semicontinuous.

Proof. The proof is omitted. L

Theorem 2.11. Suppose g : (X, d(s)) — (Y,n(s)) be an fs-precontinuous preopen mapping. Then
the inverse image of every fs-preopen set in Y under g, is fs-preopen in X.
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Proof. Let B(s) be an fs-preopen set in Y. Then there exists an fs-open set Of(s) in Y such that

Bs(s) < Of(s) < By(s)
= g '(By(9) < g7 (04(5) < g7 (B()).

As in Theorem 2.10, we have g7 (B/(s)) < g7'(Bs(s)). Thus g7 (Bs(s5)) < g7 (04(s)) < g7 (Bf(s)),
where g‘l(Of(s)) is fs-preopen. Hence g~'(B +(s)) 1s fs-preopen. ]

Corollary 2.5. Suppose g : (X, (s)) — (Y,n(s)) be an fs-precontinuous preopen mapping. Then
the inverse image of every fs-preclosed set in Y under g, is fs-preclosed in X.

Proof. The proof is omitted. O]

Corollary 2.6. Suppose g : (X,6(s)) — (Y,n(s)) be an fs-precontinuous preopen map and h :
(Y,n(s)) — (Z,0'(s)) be an fs-precontinuous map. Then hog is fs-precontinuous.

Proof. The proof is omitted. []

Theorem 2.12. Suppose g : (X, 0(s)) — (Y,n(s)) be an fs-continuous open map. Then the g-image
of an fs-preopen set in X, is fs-preopen in'Y.

Proof. Let A(s) be an fs-preopen set in X. Then there exists an fs-open set O(s) in X such that
As(s) < O4(s) < Ag(s). This implies g(A¢(s)) < g(Of(s)) < g(Af(s)). Since g(O¢(s)) is fs-open in
Y, g(As(s)) is fs-preopen. O]

Corollary 2.7. Pre-openness in an FSTS, is a topological property.
Proof. Proof follows from Theorem 2.12. O]

Theorem 2.13. Let g : (X,0(s)) — (Y,n(s)) and h : (Y,n(s)) — (Z,6(s)) be two mappings,
such that hog is fs-preclosed. Then g is fs-preclosed if h is an injective fs-precontinuous preopen
mapping.

Proof. Let As(s) be an fs-closed set in X. Then, hog(As(s)) is fs-preclosed in Z and hence
8(As(s)) = h‘l(hog(Af(s))) is fs-preclosed in Y. O

Theorem 2.14. If g : (X, (s)) — (Y,0'(s)) be fs-precontinuous and h : (Y,0'(s)) — (Z,n(s)) be
fs-continuous, then hog : (X, d(s)) — (Z,n(s)) is fs-precontinuous.

Proof. Omitted. 0

Previously, we showed that the intersection of any two fs-preopen sets may not be fs-preopen
and an fs-preopen set may not be fs-open. Now, we investigate and establish conditions, under
which the intersection of any two fs-preopen sets is fs-preopen and conditions, under which an
fs-preopen set is fs-open.

Theorem 2.15. The intersection of any two fs-preopen sets is fs-preopen if the closure is preserved
under finite intersection.
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Proof. Proof is simple and hence omitted. L

Theorem 2.16. In an FSTS (X, 6(s)), if every fs-set is either fs-open or fs-closed, then every fs-
preopen set in X is fs-open.

Proof. Let A¢(s) be an fs-preopen set in X. If A((s) is not fs-open, then it is fs-closed and hence
As(s) = As(s). Therefore, As(s) < (As(s))’ = ;1 #(s) and hence the theorem. O

For a fuzzy sequential topological space (X, 6(s)), 6*(s) will denote the fuzzy sequential topol-
ogy on X, obtained by taking F'S PO(X) as a subbase.

Definition 2.6. A mapping g : (X,d(s)) — (Y,n(s)) is called strongly fs-precontinuous if the
inverse image of each fs-preopen set in Y is fs-open in X.

By the definition of a strong fs-precontinuous mapping, the following two results are obvious.

Theorem 2.17. (i) A map g : (X,6(s)) — (Y,n(s)) is strongly fs-precontinuous if and only if
g : (X,0(s)) = (Y,n*(s)) is fs-continuous.
(i) If g : (X, 0(s)) — (Y, n(s)) is strongly fs-precontinuous, then it is fs-continuous.

Remark. Converse of (ii) of Theorem 2.17 may not be true, as is shown by the following Example.

Example 2.3. Consider the fs-sets A¢(s), B¢(s), C¢(s) in a set X, defined as follows:

As(s) {%,T, 1y, }
Bs(s) = {
Ci(s) = {gT 1y, }

Let 6(s) = {Af(s), Bf(5),Ar(s) A By(s),As(s) V Bf(s),X?(s), X}.(s)}. Then (X, 6(s)) is an FSTS.
Consider the identity map id : (X, d(s)) — (X,d(s)). Then, id is fs-continuous but not strongly
fs-precontinuous, as the inverse image of fs-preopen set C¢(s) is not fs-open.

We conclude the section with a necessary and sufficient condition for an fs-preopen set to be
fs-open.

Theorem 2.18. In an FSTS (Y, n(s)), the following are equivalent:

(i) Every fs-preopen set in Y is fs-open.

(i) Every fs-continuous function g : (X,0(s)) — (Y,n(s)) is strongly fs-precontinuous, where
(X, 0(s)) is any FSTS.

Proof. (i) = (ii) is straightforward.
(ii) = (i) The identity map g : (Y,n(s)) — (¥,n(s)) is fs-continuous and hence is strongly fs-
precontinuous. Let B(s) be an fs-preopen set in Y, then B(s) = g ' (B ¢(s)) is fs-openin Y. O
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3. Decomposition of Continuity

In (Tamang & Sarkar, 2016) and in the last section, nearly open sets like fs-semiopen, fs-
preopen and fs-regular open sets in a fuzzy sequential topological space have been studied. Here,
we study some more of such sets and the respective continuities and the section is concluded
establishing a few decompositions of fs-continuity. In this section, for our convenience, we denote
the closure and interior by ¢/ and int respectively.

Definition 3.1. Let (X, d(s)) be an FSTS. An fs-set A ((s) is called

(1) fs a-open if A¢(s) < int cl intAs(s);

(ii) locally fs-closed if A((s) = Uy(s) A Vy(s), where U(s) is fs-open and V/(s) is fs-closed,;

(iii) an fs A-setif A;(s) = Us(s) A Vy(s), where Uy(s) is fs-open and V(s) is fs-regular closed;
(iv) an fs o-set if int clA((s) < clintA(s);

(v) fs S-preopen if A¢(s) is fs-preopen and A¢(s) = Us(s) A Vi(s), where Uy(s) is fs-open and
intVs(s) is fs-regular open.

We denote the collection of all fs a-open sets, fs-semiopen sets, fs-preopen sets, fs A-sets,
fs S-preopen sets, locally fs-closed sets and fs d-sets in an FSTS (X, d(s)), by a(X), F'SS O(X),
FSPO(X), A(X), FSS PO(X), FS LC(X) and 6(X) respectively.
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The relationships among different fs-sets defined above, are given by the following diagram:

fs S -preopen

A

locally fs-closed fs-open

fs-preopen

fs A-set
fs a-open

fs-semiopen

fs o-set

The implications in the above diagram are not reversible. To show this, here we give examples.
In (Tamang & Sarkar, 2016) and in Section 2 respectively, it is already shown that an fs-semiopen
and an fs-preopen set may not be fs-open.

Example 3.1. Example to show that an fs a-open set may not be fs-open.
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Consider the fs-sets Af(s), B¢(s), C¢(s) in a set X, defined as follows:

As(s) = {%,T,T, ....... }
1 _

Bf(S) = {5,0,0, ....... }

Ci(s) = {%,T,T, ....... }

Let 6(s) = {Af(s), Bs(s),Ar(s) A Bs(s),As(s) V Bf(s),XJ‘Z(s), X}(s)}. Then (X, 6(s)) is an FSTS,
where C4(s) is fs a-open but is not fs-open.

Example 3.2. Example to show that a locally fs-closed set may not be fs-open.
Consider the fs-sets Af(s), B¢(s) in a set X, defined as follows:

1313

As(s) = {Z’Z’Z’Z’ ......... }
1111

Bf(s) = {Z’Z, Z’Z’ ......... }

Let 6(s) = {Af(s), XJ(Z(S), X}(s)}. Then (X, 6(s)) is an FSTS, where B/(s) is locally fs-closed but not
fs-open.

Example 3.3. Example to show that an fs A-set may not be fs-open.
Consider the fs-sets Af(s), B¢(s), C¢(s), D¢(s) in a set X, defined as follows:

1 -1

Af(S) = {1,5,1,5, ....... }
1- 1=

Bf(S) = {5,0, 50, ....... }

111
Cf(S) = {E,E,E, ...... }
T-1-
Df(S) = {5,1,5,1, ....... }

Consider the fuzzy sequential topological space (X, 6(s)), where 6(s) = {A¢(s), Bs(s), X?(s), X}.(s)}.
Here, C¢(s) = A¢(s) A Ds(s), where A¢(s) is fs-open and D(s) is fs-regular closed. Hence C(s)
is an fs A-set but is not fs-open.
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Example 3.4. Example to show that a locally fs-closed set may not be an fs A-set.
Consider the FSTS (X, 6(s)), given in Example 3.2. Here, B/(s) is a locally fs-closed set but
not an fs A-set.

Example 3.5. Example to show that an fs-semiopen set may not be an fs A-set.
Consider the FSTS (X, 6(s)), given in Example 3.1.
The fs-set C(s) is an fs-semiopen set but not an fs A-set.

Example 3.6. Example to show that an fs-semiopen set may not be fs a@-open.
In the FSTS, given in Example 3.3, the fs-set C¢(s) is fs-semiopen but not fs a-open.

Example 3.7. Example to show that an fs-preopen set may not be fs a-open.
Consider the fs-sets Af(s), B¢(s) in a set X, defined as follows:

111
Af(s) = Za Z, Z, .........

111
Bf(s) = g,g,g, .......

Then 6(s) = {Af(s),X?.(s),X}(s)} is a fuzzy sequential topology on X. In this FSTS, B/(s) is
fs-preopen but not fs a-open.

Example 3.8. Example to show that an fs 6-set may not be fs-semiopen.
In the FSTS, given in Example 3.2, the fs-set B(s) is an fs J-set but is not fs-semiopen.

Example 3.9. Example to show that an fs-preopen set may not be an fs S -preopen set.
Consider the FSTS, given in Example 3.1, the fs-set C(s) is fs-preopen but not fs S -preopen.

Example 3.10. Example to show that an fs S -preopen set may not be an fs-open set.
Consider the FSTS, given in Example 3.7, the fs-set B(s) is fs S -preopen but not fs-open.

Definition 3.2. A mapping g : (X, d(s)) — (¥, n(s)) is called

(i) fs a-continuous if g‘l(Bf(s)) is fs @-open in X, for every fs-open set By(s) in Y.

(ii) fs lc-continuous if g! (B#(s)) is locally fs-closed in X, for every fs-open set By(s)in Y.
(iii) fs A-continuous if g‘l(Bf(s)) is an fs A-set in X, for every fs-open set B¢(s)in Y.

(iv) fs 6-continuous if g~'(B +(s5)) 1s an fs o-set in X, for every fs-open set B¢(s) in Y.

(v) fs S-precontinuous if g~'(B(s)) is fs S-preopen in X, for every fs-open set B;(s) in Y.

Theorem 3.1. An fs-set in an FSTS, is fs a-open if and only if it is fs-semiopen and fs-preopen.

Proof. Let As(s) be an fs a-open set, that is, A¢(s) < int cl intAs(s). Clearly, A((s) is fs-semiopen.
Also,

intAp(s) < clAi(s) = clintAs(s) < clAg(s)
= int clintAs(s) < int clA4(s)
= As(s) <int clAs(s)
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Thus, A¢(s) 1s fs-preopen.
Conversely, suppose A ¢(s) be fs-semiopen and fs-preopen, that is, A(s) < cl intAs(s), As(s) <
int clA(s). Then,
int clAs(s) < clAg(s) < clintAs(s)
= Af(s) <int clintAs(s)

Hence, Af(s) is fs a-open. O]

Corollary 3.1. A mapping g : (X, 6(s)) — (Y, n(s)) is fs a-continuous if and only it is fs-semicontinuous
and fs-precontinuous.

Definition 3.3. Let A/(s) be an fs-set in an FSTS (X, 6(s)). Then afs-closure ,clA;(s) and afs-
interior ,intA¢(s) of A(s) are defined by

«ClA£(5) ANV ¢(s); Ap(s) < Ve(s) and Vji'-(s) € a(X)}
ontAs(s) = V{U(s); Us(s) < Ag(s) and Us(s) € a(X)}

Complement of an fs a-open set is called an fs a-closed set. Hence, it is clear that ,cl(A ¢(s)) is
the smallest fs a-closed set containing A ¢(s) and ,int(A(s)) is the largest fs @-open set contained
in As(s). Further,

(@) Ap(s) £ ocl(Af(s)) < m and ;lf(s) < Gint(Af(s)) < Ag(s).

(i1) A¢(s) 1s fs a-open if and only if Af(s) = ,int(As(s))

(iii) As(s) 1s fs a-closed if and only if A ((s) = ,cl(Af(s))

(iv) Af(s) < By(s) = ,int(As(s)) < oint(By(s)) and ,cl(A¢(s)) < ocl(By(s)).

Theorem 3.2. Let A¢(s) be an fs-set in an FSTS (X, 6(s)). Then,

(1) ointAs(s) = As(s) Aint cl intA(s).

(ii) if A¢(s) is both fs-preopen and fs-preclosed, then As(s) = int clA;(s) A As(s) and thus A(s) is
fs S-preopen;

@i1) if Ap(s) = Ug(s) AN Vy(s), where U(s) is fs-open and intVy(s) is fs-regular open, then
oINtA4(s) = intA¢(s);

(@) if Af(s) is an fs 0-set, then ,intAs(s) = ,intAz(s).

Proof. (i) Easy to prove.
(i1) Given Af(s) < int clA¢(s) and cl intA¢(s) < A¢(s). Then,

As(s) = int clAs(s) N Ag(s).

Since intA((s) = int cl intA(s), hence A(s) is fs S-preopen.
(iii) We have int cl intA¢(s) < int cl intV(s) = intV(s). Therefore,

ontAs(s) = Af(s) Aint clintAs(s)
As(s) AN intVi(s)
il’llAf(S)

IA
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Also, intAs(s) < ,intAs(s). Hence intAs(s) = ,intAs(s).
(iv) Given int clAf(s) < clintA(s). Since ,intA(s) is an fs-preopen set contained in A(s),
we have

ontAp(s) < pintAs(s)
Now,
pintAs(s) < int clAy(s) < int cl intAs(s)
Thus, ,intA(s) < Ag(s) Aint clintAs(s) = ,intA(s). Hence the result. O

Lemma 3.1. An fs-set A¢(s) is locally fs-closed if and only if Ar(s) = U(s) A cl(As(s)), where
U¢(s) is an fs-open set.

Proof. Omitted. 0

Theorem 3.3. Let As(s) be an fs-set in an FSTS (X,0(s)). Then As(s) is an fs A-set if it is
fs-semiopen and locally fs-closed.

Proof. Suppose As(s) be fs-semiopen and locally fs-closed. Then, Af(s) < cl intA(s) and Af(s) =
Uy(s) A clAs(s), where U (s) 1s fs-open. Since clAf(s) = cl intA(s) is fs-regular closed, the result
follows. ]

Corollary 3.2. A mapping g : (X,0(s)) — (Y,n(s)) is fs A-continuous if it is fs-semicontinuous
and fs lc-continuous.

Remark. Unlike in a general topological space, the converse of Theorem 3.3 may not be true and
it has been shown by the next Example.

Example 3.11. Let X = {x,y}. Consider the fs-sets As(s), Bs(s), Cr(s), Ds(s) and E¢(s) in X,
where

A} =03, A}(x) = 1and A}(y) = O forall n # 1;

Bj(x) = 0.4, B(y) = 0.7, B}(x) = 0 and B}(y) = 1 for all
n+l;

C} :mandC; =1foralln # 1;

Dj(x) = 0.6, Dy(y) = 0.3, D}(x) = 1 and D/}(y) = 0 for all
n#+l1;

Ej(x) =04, Ej(y) =03 and E} = 0 for all n # 1.

Let 6(s) = {As(s), Bs(s), Cs(5), Ar(s) A Bf(5),As(s) V By(s), X?(s),X}(s)}. In the FSTS (X, 6(s)),
Dy () being an fs-regular closed set, the fs-set E((s) = B¢(s) A Dy(s) is an fs A-set but not fs-
semiopen.
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Theorem 3.4. Let (X, 6(s)) be an FSTS and A¢(s) be an fs-set in X. Then the following statements
are equivalent:

(i) As(s) is an fs-open set.

(i) Af(s) is fs a-open and locally fs-closed.

(iit) A¢(s) is fs-preopen and locally fs-closed.

(iv) Af(s) is fs-preopen and an fs A-set.

(v) A¢(s) is fs S-preopen and an fs 6-set.

Proof. (i) = (ii) and (ii) = (iii) are obvious.
(iit) = (iv) Let A4(s) be fs-preopen and locally fs-closed. Then,

As(s) <intclAp(s) and As(s) = Us(s) A clAs(s),

where U/(s) is fs-open. clA s(s) being fs-regular closed, the result follows.
(iv) = (i) Let A¢(s) be an fs-preopen and an fs A-set. Then,

As(s) <intclAg(s) and As(s) = Us(s) A clAs(s),

where U(s) is fs-open. Since intA¢(s) = Us(s) A int clAf(s), Af(s) is fs-open.
(i) = (v) Obvious.
(v) = (i) Let A¢(s) be an fs S-preopen and an fs 6-set. Using Theorem 3.2, (iii) and (iv),

intAs(s) = LintAs(s) = ,intAs(s) = As(s).
Hence, A (s) is fs-open. O]

By Theorems 3.1, 3.3 and 3.4, we have the following relationships among the different classes
of fs-sets of an FSTS (X, 6(s)):
(@) a(X) = FSPO(X) N FSS O(X).
(i) AX) 2 FSSO(X) N FSLC(X).
(@iM) 6(s) = a(X) N FSLC(X).
(iv) 8(s) = FSPO(X) N FSLC(X).
(v) 8(s) = FS PO(X) N AX).
(vi) (s) = FSS PO(X) N 6(X).

Theorem 3.5. In an FSTS (X, 6(s)), the following are equivalent:
(1) clAs(s) € 6(s) for every A(s) € 6(s).
W) AX) = 6(s).

Proof. (i) = (ii) It is obvious that 6(s) € A(X). For the reverse inclusion, let A((s) € A(X), then
Af(S) = Uf(S) A Vf(S),

where U(s) is fs-open and V/(s) is fs-regular closed. By (i), V¢(s) € 6(s) and hence A ((s) € 6(s).
(i1) = (i) Suppose A(X) = 6(s). Let Af(s) € 6(s), then clAf(s) is fs-regular closed and hence
belongs to A(X) = d(s). O
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We conclude the chapter by stating the following decompositions of fs-continuity:

Theorem 3.6. Let g : (X,0(s)) — (Y,n(s)) be a map. Then g is fs-continuous if and only if
(i) g is fs a-continuous and fs lc-continuous.

(ii) g is fs-precontinuous and fs lc-continuous.

(iii) g is fs-precontinuous and fs A-continuous.

(iv) g is fs S -continuous and fs 6-continuous.
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Abstract

To rigorously describe and study the living morphological computers, we develop a formal model of algorithms
and computations called a structural machine providing theoretical tools for exploration of possibilities of biological
computations and extension of their applications. We study properties of structural machines demonstrating how
they can model the most popular in computer science model of computation — Turing machine. We also prove that
structural machines can solve some problems more efficiently than Turing machines. We also show how structural
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1. Introduction

To better understand and further develop information processing, researchers created different
mathematical models of algorithms and computation building foundations of theoretical computer
science. After development and proliferation of digital computers, Turing machine became the
most popular of those models impersonating the paradigm of algorithmic computational devices
according to the Church-Turing Thesis. In spite of this, creation of new mathematical models
has continued. There were three reasons for this situation in theoretical computer science. First,
many researchers tried to build a model more powerful than Turing machine. Regardless of many
attempts, the first mathematical model of algorithms and computation, for which it was proved
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that it was really more powerful than Turing machine, was inductive Turing machine constructed
in (Burgin, 1983). Note that although Turing machines with an oracle are more powerful than
conventional Turing machines, a Turing machine with an oracle is not a constructive theoreti-
cal device, while inductive Turing machines are virtually as constructive as conventional Turing
machines. Second, by its construction, Turing machine is a very simple edifice well suited for
theoretical research but reflecting only some essential features of digital computers while ignor-
ing other features. At the same time, exactly these properties of a Turing machine made it very
inefficient as a computing device. Therefore, researchers thrived to build more efficient than Tur-
ing machines mathematical models, representing more key features of ever-developing computers.
Examples of such models are Kolmogorov algorithms (Kolmogorov, 1953), Random Access Ma-
chines (Shepherdson & Sturgis, 1963), Random Access Machines with the Stored Program (Elgot
& Robinson, 1964) and some others. The third incentive for the development of new models has
been necessity to address various kinds of computations that the conventional Turing machine was
not able to properly model. This intent brought forth many novel models such as:

e cellular automata (Von Neumann et al., 1966), Turing machines with many heads and tapes,
vector machines and systolic arrays (Kung & Leiserson, 1978) for modeling and exploration
of parallel computations;

e Petri nets (Petri, 1962) and grid automata (Burgin, 2003; Burgin & Eberbach, 2009a) for
modeling and exploration of concurrent computations;

e formal grammars (Chomsky, 1956) for modeling and exploration of linguistic transforma-
tions; and some others.

Discovery of unconventional types of computation and research in building unconventional com-
puters such as biological, chemical, or non-linear physical computers (Adamatzky, 2001; Adamatzky
et al., 2005; Calude & Dinneen, 2015; Adamatzky, 2016) demand innovative mathematical mod-
els of computation that reflect peculiarity of unconventional computations (Stepney et al., 2005;
Cooper, 2013; Kendon et al., 2015) and original models of algorithms that represent control in such
computations. This is the exact goal of the development and exploration of structural machines
in this paper. The paper is organized as follows. In the second section, we describe structural
machines and study their properties. In the third section, we study relations between structural ma-
chines and other popular computational models. In particular, we show how structural machines
model Turing machines (Theorem 1) and inductive Turing machines (Theorem 3) demonstrating
(Theorem 2) that structural machines are more efficient than Turing machines. In the fourth sec-
tion, we briefly describe Physarum machines, which perform biological computations, and show
how structural machines model Physarum machines. In the fifth section, we discuss the obtained
results and suggest future directions for research.

2. Structural machines

There are structural machines of different orders. Here we study structural machines of the first
order, which work with first-order structures, and structural machines of the second order, which
work with first-order and second-order structures.
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Definition 2.1. From (Burgin, 2012). A first-order structure is a triad of the form A = (A, r,R) In
this expression, we have:

e the set A, which is called the substance of the structure A and consists of elements of the
structure A, which are called structure elements of the structure A

e the set R, which is called the arrangement of the structure A and consists of relations in the
structure A, which are called structure relations of the structure A

e the incidence relation r, which connects groups of elements from A with relations from R.

For instance, if R is an n-ary relation from R and ay, a,, as, . . ., an are elements from A, then the
expression r(R;ay, ay,as, . .., a,) means that the elements ay, a,, as, .. .,a, belong to the relation
R with the name R, i.e., r connects the elements a;, a,, as, . . . , a, with the relation R.

Describing structures, it is significant to distinguish relations and their names because when a
structural machine functions, relations, as a rule, are changing, while their names can remain the
same. For instance, when a structure A on a set A has a ternary relation R with the name R and
in the process of computation, the machine additionally connects three elements from A by a link
assigning it to the relation R. As a result, R becomes larger but preserves the same name R.

However, it is also possible, that a structural machine changes names of the structure relations,
for example by splitting one relation into two new relations of the same arity.

Lists, queues, words, texts, graphs, directed graphs, labeled graphs, mathematical and chemical
formulas, tapes of Turing machines and Kolmogorov complexes are particular cases of structures
that have only unary and binary relations. Note that labels, names, types and properties are unary
relations.

In the case when the set R of relations consists of one binary and several unary relations,
then the first order structure is a labeled (named) graph. When R contains only binary and unary
relations, then the first order structure is a labeled (named) multigraph.

Example 2.1. Let us consider the first order structure A = (A, r, R) where A = {a,b,c,d, e, f, g, h}
and R consists of one binary relation P and one ternary relation Q, the graphical representation of
which is given in Figure 1.

In the case of a Physarum machine, we can interpret elements of the relation Q in Figure
1 as two clusters of nutrients, colonized by a single slime mould. There are higher degrees of
connections between growth zones and branches of the protoplasmic network inside clusters but
there are only few links bringing these two clusters together.

Another possibility is when a first order structure A = (A, r, R), in which the set R consists of
a single binary relation R can faithfully represent the structure of a living slime mould established
by blobs of slime mould and active zones. Namely, elements from the set A represent blobs of
slime mould and active zones, while elements from the relation R represent connecting tubes.

However, a slime mould often has a more sophisticated structure. The network of blobs, active
zones and protoplasmic tubes is not uniform but forms clusters. These clusters are also connected
by thick protoplasmic tubes, which represent the incidence relation that connects groups of ele-
ments from A. To model a slime mould with clusters, we need second-order structures.
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Definition 2.2. From (Burgin, 2012). A second-order structure is a triad of the form
A=(A,rR
Here

e the set A, which is called the substance of the structure A and consists of elements of the
structure A, which are called structure elements of the structure A

e the set R, which is called the arrangement of the structure A and consists of relations in the
structure A, which are called structure relations of the structure A

e ris the incidence relation that connects groups of elements from A with relations from R
e R= R] U Rz
e R, is the set of relations in the set A

e R, is the set of relations in the set R, , i.e., elements from R, are relations between relations
from R,

Second-order structures are used to represent data processed by structural machines of the
second order.

Relations from the set R determine the intrinsic structure of the structure A = (A, r, R). How-
ever, efficient operation with, utilization and modeling of first-order and higher-order structures
demands additional (extrinsic) structures (Burgin, 2012). One of these extrinsic structures is pre-
topology (ech, 1966) determined by neighborhoods in the set A.

Definition 2.3. If R is an n—ary relation from R, then:

1. the substantial R—neighborhood of a structure element «a in a structure A = (A, r,R) is a set
of the form

Orsa = {a}ul{d; i, kda,, ...,a, € A((1 <k <n)ANay,az,...,a;,=a,...,a,=4d,...,a,) € R)}

2. the link R—neighborhood of a structure element a in a structure A = (A, r, R) is a set of the
form
ORLa = {(a]7a2’ LRI ’al’l) € R;ahaz’- ..y € ORa}

3. the full R—neighborhood of a structure element a in a structure A = (A, r, R) is the set
ORFa = ORSG U ORLCl

Informally, the substantial R-neighborhood of a structure element a consists of all structure
elements connected to a by the relation R. The link R—neighborhood of a structure element a
consists of all elements from the relation R that contain a. The full R—neighborhood of a structure
element a is the union of the substantial R—neighborhood and link R—neighborhood of a.

Examples:
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Figure 1. The graphical representation of a first order structure.

1. Taking the structure presented in Fig. 1, we see that {a, b, c, f} is the substantial P—neighborhood
of the structure element a determined by the relation P from the structure in Fig. 1.

2. Taking the structure presented in Fig. 1, we see that {a, b, c} is the substantial Q—neighborhood
of the structure element a determined by the relation Q from the structure in Fig. 1.

3. Taking the structure presented in Fig. 1, we see that {e, g} is the substantial P-neighborhood
of the structure element e determined by the relation P from the structure in Fig. 1.

4. Taking the structure presented in Fig. 1, we see that { f, g, e} is the substantial Q—neighborhood
of the structure element f determined by the relation Q from the structure in Fig. 1.

5. Taking the structure presented in Fig. 1, we see that {(a, b), (a, ¢)} is the link P-neighborhood
of the structure element a determined by the relation Q from the structure in Fig. 1.

6. Taking the structure presented in Fig. 1, we see that {(a, b, ¢)} is the link Q—neighborhood
of the structure element a and of the structure element b where both neighborhoods are
determined by the relation Q from the structure in Fig. 1.

Definition 3 implies the following result.

Lemma 2.1. Each structure element a in a structure A = (A, r,R) has the uniquely defined sub-
stantial R—neighborhood.

Relations between relations from R imply relations between neighborhoods.

Proposition 2.1. For any structure element a, the inclusion R C Q of two relations R,Q € R
implies inclusions of neighborhoods
ORSCI C OQSG, ORLCI - OQLa and ORFa C OQFCl .

Neighborhoods of elements allow us to build neighborhoods of sets of elements.

Definition 2.4. If R is an n—ary relation from R and Z C A, then:
(@) the substantial R—neighborhood of the set Z in a structure A = (A, r, R) is the set

OrsZ = UuezOrsa

(B) the link R—neighborhood of the set Z in a structure A = (A, r, R) is a set of the form

OrrZ = UuezOpra
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(y) the full R—neighborhood of the set Z in a structure A = (A, r, R) is the set

ORFZ = ORSZ U ORLZ

Lemma 1 implies the following result.

Lemma 2.2. The substantial (link or full) R—neighborhood of any set Z of structure elements is
uniquely defined.

Proposition 1 implies the following result.

Proposition 2.2. For any set Z of structure elements, the inclusion R C Q of two relations R, Q € R
implies inclusions of neighborhoods OgrsZ C OgsZ, Or.Z € Og1Z and OgrpZ C OgrZ .

Substantial neighborhoods of sets of structure elements determine pretopology in the set A of
all structure elements. We remind that a pretopological space is defined as a set X with a preclosure
operator (ech closure operator) cl. Let 2X be the power set of X. A preclosure operator on a set X
is a mapping cl : 2% — 2% that satisfies the following axioms (ech, 1966):

o cl0)=10

e ZCcl(Z)foranyZ C X

e clZuY)CclZ)yUuclY)forany Z,Y C X

e Y C Zimplies c/(Y) C cl(Z) forany Z,Y C X

Properties of substantial R—neighborhoods allow us to prove the following result.
Proposition 2.3. Substantial R—neighborhoods define a pretopology in the set A.

Proof. Let us define the closure c/(Z) of a set Z C A equal to its substantial R—neighborhood Oggx
and check the axioms of pretopological spaces.

Axioms 1 and 2 are true by definition as c/(0) = 0 and Z C cl(Z) for any Z C A. In addition,

ciZUY) = Ops(ZUY) = UuezuyOrsa = (UpezOrsa@) U (UueyOpsa) = OpsZ U OgsY =
cl(Z)V cl(Y)

This gives us Axiom 3. Axiom 4 is implied by Proposition 2. [

Definition 2.5. e The substantial R—neighborhood of a structure element a in a structure A =
(A, r,R) is the set
Ogrsa = UrerOgsa
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e The link R—neighborhood of a structure element a in a structure A = (A, r, R) is a set of the
form

Ogra = UrerOgsa

e The full R—neighborhood of a structure element a in a structure A = (A, r, R) is the set
Ogryy = UrerOgra

Definition 5 implies the following result.

Lemma 2.3. The substantial (link or full) R—neighborhood of a structure element a in a structure
A = (A, r,R) is uniquely defined.

Properties of union and Definitions 4 and 5 imply the following result.

Lemma 2.4. Ogpa = Ogsa U Ogy.a.
Proposition 3 and Definition 4 imply the following result.

Corollary 2.1. Substantial R-neighborhoods define a pretopology in the set A.
Neighborhoods of elements allow us to build neighborhoods of sets of elements.

Definition 2.6. If Z C A, then:
a : the substantial R—neighborhood of the set Z in a structure A = (A, r, R) is the set

OrsZ = UuezOgsa
B: the link R—neighborhood of the set Z in a structure A = (A, r, R) is a set of the form
OrLZ = Uuez0gLa
v: the full R—neighborhood of the set Z in a structure A = (A, r, R) is the set
OrrZ = OgrsZ U OrLZ
Lemma 3 implies the following result.

Lemma 2.5. The substantial (link or full) R—-neighborhood of any set Z of structure elements is
uniquely defined.

Let us study properties of neighborhoods in structures.

Definition 2.7. If R is an n-ary relation from R, then the substantial R—neighborhood of a structure

element a in a structure A = (A, r, R) is symmetric if for any elements a,, a,, as, ..., a, from A and
any permutation iy, i, i3, . . . , i, of the numbers 1, 2,3, ..., n, we have

(a1,az,as,...,a,) €R
if and only if

(ail’ai27ai37 s 7ai,,) €R
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Lemma 2.6. If the substantial R—neighborhood Ogsa of a structure element a is symmetric, a
structure element b belongs to the R—neighborhood Ogsa if and only if a belongs to the substantial
R-neighborhood Ogsb of b.

Definition 2.8. If R is an n-ary relation from R, then the R—neighborhood of a structure element a

in a structure A = (A, r, R) is transitive if for any elements a,, a,, a3, ...,a,,d,,d>,ds, .. .,d, from
A and any numbers i and j from the set {1,2, 3, ...,n}, we have
If (ay,a5,a3,...,a,) € Rand (dy,...,aq,...,d,) € R, then there are elements by, b,, bs, ..., b,

from A such that (by,...,a;,...,dj,...,b,) €R

Proposition 2.4. If a relation R € R is symmetric and transitive, then substantial R—neighborhoods
of two structure elements either coincide or do not intersect.

Corollary 2.2. Ifall relations in R are symmetric and transitive, then substantial R—neighborhoods
of two structure elements either coincide or do not intersect.

Corollary 2.3. If R consists of one symmetric binary relation R, i.e., A is a graph and R is also
transitive, then any substantial R—neighborhood (R-neighborhood) is a complete graph

Proposition 2.5. If a relation R € R is symmetric and transitive, then the system of substantial
R-neighborhoods forms a base of a topology in A.

Corollary 2.4. If all relations in R are symmetric and transitive, then the system of substantial
R-neighborhoods forms a base of a topology in A.

Definition 2.9. The type T(A) of a first-order structure A = (A, r, R) is the set {(R, a(R)); R € R}
of pairs (R, @(R)); where a(R)) is the arity of the relation R with the name R.

f

We assume that two first-order structures A = (A,r,R) and B = (B, p, #) have the same type
if there is a one-to-one mapping f : T(A) — T(B) such that if f(R, (R)) = (P, a(P)), thena(R) =
a(P).

For instance, all binary relations have the same type.

A structural machine M works with structures of a given type and has three components:

e The control device C), regulates the state of the machine M

e The processor Py, performs transformation of the processed structures and its actions (oper-
ations) depend on the state of the machine M and the state of the processed structures

e The functional space S p), consists of three components:

— The input space In,, , which contains the input structure.
— The output space Out,, , which contains the output structure.

— The processing space PSj , in which the input structure(s) is transformed into the
output structure(s).
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We assume that all structures — the input structure, the output structure and the processed
structures — have the same type.

Computation of a structural machine M determines the trajectory of computation, which is a
tree in general case and a sequence in the deterministic case and a single processor unit.

There are two forms functional spaces S py, and US py, :

e Spu is the set of all structures that can be processed by the structural machine M and is
called a categorical functional space

e US py is a structure for which all structures that can be processed by the structural machine
M are substructures and is called a universal functional space

There are three basic types of control devices:

e A central control device controls all processors of the structural machine

e A cluster control device controls a cluster of processors in the structural machine
e An individual control device controls a single processor in the structural machine
There are two basic types of processors:

e A localized processor is a single abstract device

e A distributed processor, which is also called a total processor, consists of a system of unit
Processors or processor units

In turn, there are three basic types of distributed processors:

¢ A homogeneous distributed processor consists of a system of identical unit processors, i.e.,
all these unit processors are copies of one processor

¢ An almost homogeneous distributed processor consists of a system in which almost all unit
processors are identical

e A heterogeneous distributed processor consists of a system of different unit processors

As a result, we have three structural types of processors.
There are also three basic classes of distributed processors:

e In a synchronous distributed processor, all unit processors perform each operation at the
same time

e In an almost synchronous distributed processor, almost all unit processors perform each
operation at the same time

e In an asynchronous distributed processor, unit processors function independently
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A cellular automaton is a synchronous distributed processor, while a Petri net is an asyn-
chronous distributed processor.

It is natural to suppose that each unit processor performs only local operations. In a general
case, each unit processor moves from one structure element to another, performing operations in
their neighborhoods (Fig. 2). This makes it possible to consider a localized processor as a special
type of a distributed processor with one unit processor.

A standard example of a localized processor is the head of a Turing machine with one head or
a finite automaton. One head of TM correspond to one growth zone of the slime mould.

A standard example of a homogeneous distributed processor is the system of all heads of a
Turing machine with several heads. It is also possible to perceive a Physarum machine as multi-
processor structural machine.

Examples of heterogeneous distributed processors are processing devices in evolutionary au-
tomata such as evolutionary finite automata, evolutionary Turing machines or evolutionary induc-
tive Turing machines (Burgin & Eberbach, 2009b).

Note that not all heterogeneous distributed processors are the same and to discern their prop-
erties it is possible to use measures of homogeneity constructed in (Burgin & Bratalskii, 1986).

There are three types of localized processors:

e A processor localized to one structure element (e.g., a node)

e A processor localized to an R—neighborhood of one structure element (e.g., a node) where
R is a relation from R

e A processor localized to an R—neighborhood of one structure element (e.g., a node)

In what follows, localization of a processor is formalized by the concept of the processor topos.
There are three sorts of distributed processors:

e A constant distributed processor has a fixed number of localized unit processors.
e A variable distributed processor can change the number of localized unit processors.
e A growing distributed processor can increase the number of localized unit processors.

Growing distributed processors are special kinds of variable distributed processors.
There are three types of variable (growing) distributed processors:

¢ In a bounded variable (growing) distributed processor, the quantity of localized unit proces-
sors 1s always between two numbers, e.g., between 1 and 10, (is bounded by some number).

e An unbounded variable distributed processor can use any finite number of localized unit
processors in its functioning.

e An infinite distributed processor can use any (even infinite) number of localized unit proces-
SOrs.
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Cellular automata give examples of structural machines with infinite distributed processors.
One-dimensional cellular automata work with such structures as words. Two-dimensional cellular
automata work with such structures as two-dimensional arrays.

Now let us consider characteristics of unit processors in structural machines. Each unit pro-
cessor p of a structural machine M has its topos, observation zone and operation zone.

Definition 2.10. The topos T, of a unit processor p is the part of the structure occupied by this
processor. When we take into account time of processing, the topos T, of the processor p is
denoted by 7',(7).

This definition allows defining topoi for total processors of structural machines.

Definition 2.11. The topos T4 of a total (distributed) processor A is the union of the topoi of all
its unit processors. When we take into account time of processing, the topos T4 of the processor
A is denoted by Tx(1).

Note that in the general case, the topos of a processor can be infinite although the constructive
conditions on algorithms prohibit infinite topoi. Cellular automata give an example of a processor
with an infinite topos.

Axiom T. Topoi of different unit processors do not intersect.

Localization of unit processors implies restrictions on their topoi. Namely, the topos of a unit
processor localized to one structure element consists of this structure element, the topos of a unit
processor localized to an R—neighborhood of one structure element is a part of this neighborhood,
and the topos of a unit processor localized to an R—neighborhood of one structure element is a part
of that neighborhood.

Definition 2.12. The observation zone Ob,, of a unit processor p is the part of the structure S py
observed by this processor from its topos. When we take into account time of processing, the
observation zone Ob,, of the processor p is denoted by observation zone Ob,(1).

As in the case of topoi, we define observation zones for total processors.

Definition 2.13. The observation zone Ob,4 of a total (distributed) processor A is the union of the
observation zones of all its unit processors. When we take into account time of processing, the
observation zone Ob, of the processor A is denoted by observation zone Ob4(t).

It is natural to suppose that observation zones of processors impact their functioning.
Axiom Z. Operations performed by unit processors depend only on their observation zone.

Definition 2.14. The operation zone Op,, of a unit processor p is the part of the structure S p,, that
can be changed by this processor from its topos. When we take into account time of processing,
the operation zone Op,, of the processor p is denoted by observation zone Op,,(1).

For instance, the head of a Turing machine with one linear tape is unit processor. The topos of
the head is one cell in the tape. Its observation zone is the same cell and the symbol written in it.
Its operation zone is the symbol written in the cell occupied by the head.
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Usually, these parts of the functional space PS j, satisfy the following conditions:
T,< Op, < Ob,

and
T,(t) € Op,(t) € Ob,(1)

Informally, it means that the topos of a processor is inside its operation zone, while it is possible
to perform operations only inside the observation zone.

These conditions are true, for example, for Turing machines, but they are not satisfied for
pushdown automata (Hopcroft et al., 2001).

Often we have Op,, = Ob,, and T, consists of a single node (element from A).

As in the case of observation zones, we define operation zones for total processors.

Definition 2.15. The operation zone Op, of a total (distributed) processor A is the union of the
operation zones of all its unit processors.. When we take into account time of processing, the
operation zone Op, of the processor A is denoted by operation zone Opa(t).

Functioning of processors in structural machines includes not only structure transformations
but also transitions from one topos to another.

Definition 2.16. The transition zone T'r, of a unit processor p consists of all topoi where p can
move in one step from its present topos.

For instance, the transition zone T'r;, of the head & of a Turing machine with one linear tape
consists of three adjacent cells with h is situated in the middle cell.

In some cases, it is useful to assume that the transition zone of a unit processor is included in
its observation zone.

Definition 2.17. A processor unit p is called: ¢ topologically uniform if all its topoi are iso-
morphic ¢ operationally uniform if all its operation zones are isomorphic ¢ transitionally uni-
form if all its transition zones are isomorphic ¢ observationally uniform if all its observation
zones are isomorphic ¢ topologically standardized if all its topoi have the same type, e.g., are
R-neighborhoods ¢ operationally standardized if all its operation zones have the same type, e.g.,
are R—neighborhoods ¢ transitionally standardized if all its transition zones have the same type,
e.g., are R—neighborhoods ¢ observationally standardized if all its observation zones have the same
type, e.g., are R—neighborhoods

For instance, processor unit p is topologically uniform if all its topoi consist of a single node.

Lemma 2.7. Any topologically (operationally, transitionally or observationally) uniform proces-
sor unit p is topologically (correspondingly, operationally, transitionally or observationally) stan-

dardized.

Usually, processors of abstract and physical automata (machines) are topologically opera-
tionally, transitionally and observationally uniform. At the same time, processors in chemical
and biological automata (machines) can be non-uniform. An example of a non-uniform processor
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is a processor that can read from or write to up to five cells in the memory. Thus, when this pro-
cessor writes to one cell, its topos consists of one cell, while when this processor writes to three
cell, its topos consists of these three cells.

Topoi, observation zones and operation zones of unit processors allow us to define topoi, ob-
servation zones and operation zones of distributed processors.

There are different types of processor units. A processor unit can be:

e Controlled (by the central control device of the structural machine).
e Autonomous, when it has its own control device.

e Cooperative, when it has its own control device but the functioning of this processor unit
depends on the states both of its own control device and of the central control device of the
structural machine.

For instance, in a many-head Turing machine 7', all heads are controlled processor units. The
control device of T controls them. At the same time, all finite automata in a cellular automaton
are autonomous processor units.

We remind that a finite state machine also called a finite state automaton is an abstract system
that can be in a finite number of different finite states and functioning of which is described as
changes of its states.

Proposition 2.6. A structural machine M is a finite state machine if and only if:

o [ts structural space S py, is finite, i.e., in the case of universal structural space, it is a finite
structure, or in the case of categorical structural space, it consists of a finite number of finite
structures.

o The number of unit processors is finite and each of them can be in a finite number of different
finite states.

For instance, a finite automaton is a finite state machine, while a Turing machine is not a finite
state machine.

Definition 2.18. A temporally finite state machine is an abstract system that can be in a finite
number of different finite states at any moment of time and functioning of which is described as
changes of its states.

Proposition 2.7. A structural machine M is a temporally finite state machine if and only if:

o At any moment of time, its structural space S py, is finite, i.e., in the case of universal struc-
tural space, it is a finite structure, or in the case of categorical structural space, it consists
of a finite number of finite structures.

e At any moment of time, the number of unit processors is finite and each of them can be in a
finite number of different finite states.
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e Any operation of each unit processor involves only a finite number of structure elements and
relations

For instance, a Turing machine is a temporally finite state machine, while finite dimensional
and general machines of (Blum ez al., 1989) are not temporally finite state machines.

Definition 2.19. An operation of a processor is local or more exactly, unilocal if it is performed
with one structural element (e.g., node) and some (all) of its relations (a pointed operation), e.g.,
deleting a structural element (e.g., a node) and all its binary connections (links or edges), adding a
link to a structural element or changing a label of a structural element.

For instance, the head / of a Turing machine performs only local operations, while the head
of a pushdown automaton can perform nonlocal operations. Processors of automata that perform
operations of unrestricted formal grammars are mostly nonlocal.

Definition 2.20. An operation of a processor P is R-local if it is performed with elements (e.g.,
nodes) from the R—neighborhood of a definite element (e.g., node) and with some (all) of their
relations (a singularly local operation).

An operation of a processor P is topologically R-local if it is performed with elements (e.g.,
nodes) from the R—neighborhood of a topos of P (e.g., node) and with some (all) of their relations
(a topologically local operation).

Proposition 2.8. If (1) a structural machine M operates with structures in which R contains only
one binary relation, (2) a topos of a topologically uniform processor P of M is one structural
element, and (3) an operation O of P is topologically local, then O is singularly local.

Definition 2.21. a) An operation of a processor is R—local or totally local if it is performed with
elements (e.g., nodes) from the R—neighborhood of a definite element (e.g., node) and with some
(all) of their relations. b) An operation of a processor P is topologically R—local if it is performed
with elements (e.g., nodes) from the R—neighborhood of a topos of P (e.g., node) and with some
(all) of their relations (a wholly local operation).

Proposition 2.9. If a topos of a topologically uniform processor P is one structural element and
an operation O of P is wholly local, then O is totally local.

Definitions imply the following result.
Proposition 2.10. If R belongs to R, then any R—local operation is R—local.

Let us consider operations performed by processors of structural machines.
The first group of operations consists of the transition operations:

1. Moving the processor from one topos, e.g., a structure element, to another topos. This
operation is local when both elements belong to some relation from R.

2. Changing the operation zone of the processor
3. Changing the observation zone of the processor
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The second group of operations consists of the substantial transforming operations:

1. Adding a structure element, e.g., a node.

2. Deleting (removing) a structure element, e.g., a node, from a neighborhood of the element
where the processor is situated and all relations that include this element.

3. Deleting (removing) a link from a relation R that connects some structure elements with the
element where the processor is situated.

4. Adding a link to a relation R that connects some structure elements with the element where
the processor is situated.

5. Deleting (removing) a relation R from R.
6. Adding a new relation to R.

The third group of operations consists of the symbolic transforming operations:

Renaming a node

Naming a node

Denaming a node, i.e., deleting the name of a node
Renaming a link

Naming a link

Denaming a link, i.e., deleting the name of a link

AN

Example 2.2. Operation of deleting the element f from the first order structure A = (A, r, R) in
Fig. 2 where (A) shows the structure before operation and (B) shows the structure after operation.
Note that such operations often change relations in the processed structure. Besides, the processor
(processor unit) moves from the place (position) f to the place (position) g (see Fig. 2). This
operation is performed according to the instruction (q, f, f) — (¢, 8, ~ f), in which q is the state
of the processor (processor unit), f is the place (position) of the processor (processor unit) before
the operation, g is the place (position) of the processor (processor unit) after the operation and ~ f
means elimination of f.

Example 2.3. Operation of adding the relation P for elements g and f in the first order structure
A = (A,r,R) where (A) shows the structure before operation and (B) shows the structure after
operation (see Fig. 3). Besides, the processor (processor unit) moves from the place (position)
g to the place (position) e. This operation is performed according to the instruction (p, g, f) —
(p,e, P(g, f)), in which p is the state of the processor (processor unit), g is the place (position)
of the processor (processor unit) before the operation, e is the place (position) of the processor
(processor unit) after the operation, f is an observed element and means addition of the pair (g, f)
to the relation P.

Structural machines can simulate Turing machines, Kolmogorov algorithms (machines), stor-
age modification machines and cellular automata. We prove some of these results in the next
section.

Structural machines also can simulate processes generated by logical calculi (Schumann &
Adamatzky, 2011), A-calculus and formal grammars being able to perform operations used in
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(b)

Figure 2. The graphical representation of an operation on first order structures.
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Figure 3. The graphical representation of an operation on first order structures.
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various databases. Structural machines can also compute partial recursive functions and limit
partial recursive functions.

It is possible to build structural machines that can work not only with discrete but also with
continuous data because structures can be continuous and there are no restrictions on relations
in processed structures. This possibility turns artificial neural networks, Shannons differential
analyzer (Shannon, 1941), a finite dimensional and general machines of (Blum et al., 1989) and
Type 2 Turing machines (Weihrauch, 2000) into special cases of structural machines.

This shows that it is practical to discern discrete structural machines, which work with discrete
structures, have discrete systems of states and operations, and continuous structural machines. In
continuous structural machines one two or all three of the following components can be contin-
uous, i.e., continuous processed structures, continuous system of states and/or continuous opera-
tions.

Being able to construct various forms of structural machines and their flexibility show that
it is natural to use structural machines for a theoretical study of natural computations performed
by biological, chemical and physical systems. For instance, in Section 4, we show how to use
structural machines as abstract automata for simulation of such biological automata as Physarum
machines (Adamatzky, 2007) based on slime mold computations.

3. Structural machines, Turing machines and inductive Turing machines

In this section, we study relations between structural machines and other popular computa-
tional models.

Theorem 3.1. A structural machine with a centralized processor can simulate any Turing machine
with the linear time complexity.

It is sufficient to simulate a Turing machine with one linear tape and one head (cf., for example,
(Burgin, 2005; Hopcroft et al., 2001)).

When we want to model a Turing machine by a structural machine, it is easy to build a linear
structure of elements with sequential elements connected by a binary relation and this structure
will represent the linear tape of the Turing machine. However, the question is how the structural
machine will discern left from right simulating the moves of the Turing machine. Here we give
three solutions to this problem.

Let us consider a Turing machine T = (A, Q, qo, F, R). This formula shows that the Turing ma-
chine T is determined by the alphabet X = {a,, a, ..., a,}, the set of states Q = {q0, 91,92, --->qu},
the set of the final states F' = {py, p2, ..., pu} C O, the start state g, and the system of rules R, each
of which has the form

qna; — a;jqx
g\ — a;qx
qnai = Aqi
qnai = qiL

qna; = qicR
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Figure 4. The graphical representation of processed first-order structures.

where a;,a; € A, g, g € Q, R means that the head of 7 moves to the right, L means that the head
of T moves to the left and A is the empty symbol, which denotes empty cell of the memory.

Here we give a linear solution to the problem of simulation, i.e., we use only one-dimensional
first-order structures in the simulation.

Let us describe the structural machine My = (C, P, R) with the control device C, processor
P and processing space R, which coincides with the input space and output space, such that My
simulates the Turing machine 7.

Init, C is a finite automaton with the states Q° = {g5%, g9, 3%, . .., 2™, 5", ¢="", 5", . . ., ¢2'"
the final states F° = {p$®, p5®, ..., po®, p&e", ps, ..., p9"} € Q°, and the start state g5%.

The processor P is similar to the head of a Turing machine but it observes not only the content
of a cell but also its connections, and P can change not only the content of the observed cell but
also its connections.

R = {R, L,Z} where: R is a binary relation elements of which are denoted (named) by r; L is
a binary relation elements of which are denoted (named) by /; £ contains unary relations a where
acx.

Relations r and [ are also called connections or links. The unary relations a from X are used
for naming the structure elements by symbols from X.

The machine M7 processes first-order structures that have the form A = (N, z, R,) where N =
{-h,-h+1,...,-1,0,1,2,3,...,k;—h < k + 1}, the processing space R, contains two binary
relations R, € R and L, € L in which links r connect elements 2¢ and 2¢ + 1 for all integer
numbers ¢t with —h < 2t < k — —1, while links / connect elements 2t — —1 and 2¢ for all integer
numbers ¢t with —h + 1 < 2t < k; and m unary relations a;, ay, ..., a, and z is the assignment of
relations from R, (names from the alphabet X) to elements from N. Note that the number —/ can
be positive, e.g., when h = -3.

An arbitrary input structure has the form Ay = (Ny = {1,2,3,...,m},z9,Ro) where Ry =
contains two binary relations Ry € R and Ly C L in which links r connect elements 2¢ and 2¢ + 1
for all r with 1 < 2¢ < x——1, while links / connect elements 2t ——1 and 27 for all r with 1 <2¢ < x
; and m unary relations ay,as, ..., a, and zy is the assignment of relations from R, (names from
the alphabet X) to the elements from N, , of the relation r to the pairs of elements 2¢ and 2¢ + 1 for
all  with 1 < 27 < x — —1 and of the relation / to the pairs of elements 2¢ — —1 and 2t for all # with
1<2t<x

Expressions in the rules for the machine M7 have the following meanings:

a;(r, ) in the left part of a rule means that the processor observes three relations a;, r and [ at the
named element where the processor is situated.
a;(l) in the left part of a rule means that the processor observes only two relations @; and [ at the
named element where the processor is situated.



M. Burgin et al. / Theory and Applications of Mathematics & Computer Science 7 (2) (2017) 1-30 19

a;(r) in the left part of a rule means that the processor observes only two relations a; and r at the
named element where the processor is situated.

o(r, 1) in the left part of a rule means that the processor observes two relations (connections) r and
[ at the element where the processor is situated.

o(l) in the left part of a rule means that the processor observes only one relation (connection) / at
the element where the processor is situated.

o(r) in the left part of a rule means that the processor observes only one relation (connection) r at
the element where the processor is situated.

The symbol 0 means a structure element to which no unary relation a; is assigned, that is, an
empty or not named structure element.
The symbol q; in a rule means a structure element to which the unary relation (name) a; is
assigned.
We build rules of the in the machine My following way:
Renaming rules
Two rules ¢5%a;(r,]) — ;" and ¢¢**"a;(r,]) — a;q¢"" are assigned to the rule gxa; — a;qi
Two rules q"ddo(r, 1) = a;q?* and ¢""o(r, ) — a;q¢"" are assigned to the rule g,A — a;qi
Two rules q”d"a #(r, D) = 0g?™ and ¢¢""a;(r,1) — 0g"*" are assigned to the rule g,a; — Ag;
Transition rules
Two rules ¢?*a;(r,1) — ¢¢""r and ¢**"ai(r,1) — ¢?*I are assigned to the rule g,a; — gL
Two rules q"dda (r,1) = ¢¢""l and ¢¢"*"a;(r, 1) — gkoddr are assigned to the rule g,a; — q;R
Two rules g9 dd(r l) = ¢¢*"r and ¢¢""o(r, 1) — a;qroddl are assigned to the rule g,A — gL
Two rules ¢3%(r, 1) — ¢¢""l and ¢¢""o(r, 1) — gkoddr are assigned to the rule g,A — gR
Construction rules
¢7"aj(l) —» ¢¢*a;(D[o] [creation of a new structural element near the named (full) end-element
where the processor is situated],
Odda j(r) — qzdda j(r)lo] [creation of a new structural element near the named (full) end-element
where the processor is situated],
q;"aj) — qflve"[ o] [creation of a new structural element near the named (full) end-element where
the processor is situated],
q;""aj(r) — ¢;""[o] [creation of a new structural element near the named (full) end-element
Where the processor is situated],
"dda ji) — qzdda i(r, 1) [connecting a new structural element to the nearby (full) named end-
element where the processor is situated],
¢7"aj(r) — ¢2™a;(r,1) [connecting a new structural element to the nearby (full) named end-
element where the processor is situated],
q;""ajl) — q;""a;(r,I) [connecting a new structural element to the nearby (full) named end-
element where the processor is situated],
q;"aj) — ¢;""a;(r,]) [connecting a new structural element to the nearby (full) named end-
element where the processor is situated],
¢7"o(l) — ¢2*[o] [creation of a new structural element near the empty (not named) end-element

where the processor is situated],



20 M. Burgin et al. / Theory and Applications of Mathematics & Computer Science 7 (2) (2017) 1-30

¢7"o(r) = ¢¢"[o] [creation of a new structural element near the empty (not named) end-element

where the processor is situated],

q;""o(l) — ¢;"*"[o0] [creation of a new structural element near the empty (not named) end-element
where the processor is situated],

q;""o(r) — gq;""[0] [creation of a new structural element near the empty (not named) end-element
where the processor is situated],

¢;"o(l) = ¢?*o(r, 1) [connecting a new structural element to the nearby empty (not named) end-
element where the processor is situated],

q;"o(r) — gq;""o(r, 1) [connecting a new structural element to the nearby empty (not named) end-
element where the processor is situated],

q;""o(l) — ¢;""o(r, ) [connecting a new structural element to the nearby empty (not named) end-
element where the processor is situated],

q;""o(l) — ¢;""o(r,]) [connecting a new structural element to the nearby empty (not named)
end-element where the processor is situated].

Construction operations add new structural elements and lacking relations, allowing processor
to perform prescribed movements in all cases.

The structural machine M7 works following these rules. When it comes either to a state g;""
or qzd" with g;, from F, then the machine M7 stops and the created structure with filled structure
elements is the result of computation of the structural machine M.

When the processor of the structural machine M7 is at an odd structure element, then the state
of the machine is some qzdd , and when the processor is at an even structure element, then the state
of the machine is some g;"*". When the head of the Turing machine 7' comes to the end of the tape,
the processor of the structural machine My creates an empty structure element and the adequate
connection to this element. The goal is to allow the processor of My to go (by this connection) to
the empty structure element, simulating in such a way the move of the head of T to the empty cell.

As a result of these operations, the structural machine M7 simulates the Turing machine T,
while the number of performed operations is O(n) when T makes n operations.

Theorem is proved.

Being able to simulate Turing machines, structural machines can be more efficient than Turing
machines. To show this, we take some alphabet X and consider the following algorithmic problem.

The Word Symmetry Problem. Given an arbitrary word w in the alphabet X, find if w = uu*
for some word u where u* is the inverse of u.

A word w = uu* is called a palindrome because written backwards it coincides with itself.

Theorem 3.2. A structural machine with a centralized processor can solve the Word Symmetry
Problem with the linear time complexity, i.e., with time T (n) = O(n).

Let us describe the structural machine M = (C, P, R) with the control device C, processor P
and processing space R, which coincides with the input space and output space, such that M solves
the Word Symmetry Problem with the linear time complexity.

In it, the control device C is a finite automaton with the states Q = {qo, (qo, @), (q1,a), (g2, a),qr;a €
2}, the final states F' = {g} C Q, and the start state g .

The processor P is similar to the head of a Turing machine but it observes not only the content
of a cell but also its connections, and P can change not only the content of the observed cell but
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Figure S. The graphical representation of processed first order structures.

also its connections.
R={R,L,U, D, £} where:
R is a binary relation elements of which are denoted (named) by r;
U is a binary relation elements of which are denoted (named) by u;
DB is a binary relation elements of which are denoted (named) by db;
DE is a binary relation elements of which are denoted (named) by de;
L is a binary relation elements of which are denoted (named) by /;
¥ contains unary relations a where a € X.
Relations r, u, d and [ are also called connections or links. The unary relations a from X are used
for naming the structure elements by symbols from X.

The machine M processes first-order structures that have the form A = (N U {*}; z, Ra) where
N ={1,2,3,...,k}, Ra = { our binary relations D, € D, U, € U, R, € Rand L, C L in which
links r and / can connect elements r and ¢t + 1 for all r = 1,2,3,...,k — 1, while links u and d
can connect elements ¢ with the element *; and m unary relations a;, as, ..., a, € X } and z is the
assignment of relations from Ra (names from the alphabet X) to elements from N.

An arbitrary input structure has the form Ay = (Ny = {1,2,3,...,h},20,Rg) where Ry = { a
binary relation Ry € R and m unary relations a;,a,,...,a, € X} and links r from R, connect
elements fandr+ 1 forallt=1,2,3,...,h— 1.

The processor P of the machine M performs the following operation:

mv[c(a, b)] denotes the transition of P from its topos (the cell where it is situated) with the name
a to the cell with the name b by the link with the name ¢, which connects these two cells.

ch[g — p] denotes changing the state of M from ¢ to the name p.

rn[c(a, b) — k(a, b)] denotes renaming of the link with the name ¢ by giving it the new name k.
rn[a — b] denotes renaming of the cell where P is situated by changing its name a to the name b.
rn[c(a, e); e — b] denotes renaming of the cell that has the name e and is connected by a link with
the name c to the cell where P is situated by changing its name e to the name b.

bd[*] denotes building a new cell.

nm[*— b] denotes naming a new cell.

bd[c(a,* )] denotes building a link with the name ¢ from the cell where P is situated with the name
a to a new cell.

bd[c(a, b)] denotes building a link with the name ¢ from the cell where P is situated with the name
a to a cell with the name b.

Note that all these operations are local and R—local. There are five types of neighborhoods
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Figure 6. Types of neighborhoods of elements in processed first-order structures.

(Fig. 6) and all operations are performed only with parts (structure elements and links) of these
neighborhoods.

Now we describe the rules of the machine M. In the rules, the left side describes the observa-
tion/control zone, while the right side shows the performed operation. Symbols a; denote arbitrary
elements from the alphabet £. We build the rules of the machine M in following way:

[a1; go] — rn[a — NJ; chlgo — g;]

[a1; r(a1, a2); qo] — chlgo — (qo, a1)]l; mathb fmv[r(a;, a;)]

[az; r(ai, a2); (qo,a1)] — rnla, — NJ; ch[(qo,a1) — qf] for all a, # a; [ay; r(ai, a); (qo,a1)] —
rnf[a, — T]; ch[(go,a1) — g7l

lay; (a1, a2), r(az, a3); (qo,a1)] — bd[*]; nm[*— «a]; bd[db(a,,a)]; ch[(qo,a1) — (q1,a1)];
rn[r(a;, ay) — l(a1, a;)]; mv[r(ay, a3)]

las; r(az, a3), r(as, as), db(az, @); (g1, a1)] — bd[u(as, @)]; mv[r(as, as)]; chl(g1, a1) — (o, a1)]

las; r(as, as), r(as, as), u(az, @); (qo, a1)] — bd[u(as, @)]; mv[r(as, as)]; ch[(qo, a1) — (g1, a)]

lay; r(ax-1, a), u(ar_1, @); (qo, a1)] = rnlay — NJ; ch[(qo, a1) — qy] for all a; # a;

lag; r(a-1, ax), u(ar-1, @); (q1,a1)] — rnfay — N1; ch[(g1,a1) — gyl

lax = ar; r(ak-1, ar), u(ar-1, @); (qo, a1)] = chl(qo, a1) = q11; mv[r(ai-1, ar)] (the case a; = ap)
[ak-15 r(ax-1, a), u(ax-1, @); (qo,a)l — chl(qgo,a1) — (g2, ar-1)1; lr(ae-1,a) — Uak-1, an)l;
ro[r(ai-1, ax-2) = Nar-1, ax-2)1; rnluag-2, @) — de(ar-2, @)]; mv[u(a-1, @)]

[a; de(ay_, @), dD(az, @); (2, ar-1)] = mv[db(a,, @)]

laz; r(az, a3), db(ay, @), l(ay, az); (g2, ax-1)] — rnfa, — NJ; ch[gy — gf] forall iy # a>

[az; r(az, a3), db(az, @), (a1, a2); (g2, a2)] — rnldb(ay, @) — u(ay, @)]; mv[r(az, as)] (the case a;-; =
ay)

las; r(az, a3), r(as, as), u(as, @); (q2, a2)] — ch[(q2, a2) — (g2, a3)]; *[r(az, as) — lasz, a3)]; rn[r(as, as) —
(a3, ay)]; rnlulay, @) — db(ay, @)]; mv[u(as, @)]

[a; de(ay_2, @), dD(as, @); (q2, a3)] — mv[de(a;_o, @)] [ar-2; r(ar-2, ar-3), de(ar—2, @), l(ar—_1, ax2); (g2, a3)] —
rn[a,_, — NJ; ch[(g3,a3) — q] for all a;_, # a3

lak—2 = a3; r(ar-2, a3), de(ay, @), (a1, ar-2); (g2, az)] — rnlde(as, @) — u(ay, @)]; mv[r(a;2, a;-3)]
(the case ay_, = a3)

lar-2; r(ak-2, ax-3), de(ar-2, @), ar-1, ar-2); (g2, a3)] = rnlai_, — TT; ch[(g3, a3) — q;]

The result of computations is defined in the following way:

e When the machine M comes to the final state and the name of the processor topos is N, then
the result is negative, i.e., the input word is not symmetric.
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e When the machine M comes to the final state and the name of the processor topos is 7', then
the result is positive, i.e., the input word is symmetric.

Using these rules the machine M checks if the input word is symmetric or not. In the process
of computation, the processor P comes to each structure element (cell) not more than two times
and in each cell, the processor P performs not more than five operations. Assuming, as it is done
in the theory of algorithms and computation, that each operation takes one unit of time, we see
that the machine M can solve the Word Symmetry Problem with the time complexity 7'(n) = 10n.
Theorem is proved. At the same time, by Barzdins theorem, any deterministic Turing machine can
solve the Word Symmetry Problem only with time complexity O(n?) (cf. (Trahtenbrot, 1974)). It
means that computational complexity of structural machines is essentially less than computational
complexity of Turing machines for some problems.

Another problem with time complexity O(n?) for Turing machines and with time complexity
O(n) for structural machines is inversion of a given word.

Theorem 3.3. A structural machine with a centralized processor can simulate any simple induc-
tive Turing machine.

Proof. 1t is demonstrated how structural machine with a centralized processor can simulate any
Turing machine with one tape. In the theory of algorithms and computation, it is proved that a
Turing machine with one tape can simulate a Turing machine with any number of tapes. At the
same time, a simple inductive Turing machine has exactly the same structure and operations (in-
structions) as a Turing machine with three tapes. Consequently, working in the inductive mode,
a structural machine with a centralized processor can simulate any simple inductive Turing ma-
chine. []

It is also possible to simulate membrane computations (Pdun & Rozenberg, 2002) with struc-
tural machines, while some classes of structural machines work as neural Turing machines (Graves
et al., 2014). However, these results are presented in another work of the authors.

4. Modeling slime mold computations and Physarum machines by structural machines

Physarum polycephalum belongs to the species of order Physarales, subclass Myxogastromyceti-
dae, class Myxomycetes, division Myxostelida. It is commonly known as a true, acellular or multi-
headed slime mould, see introduction in (Stephenson et al., 1994). Plasmodium is a ‘vegetative’
phase, a single cell with a myriad of diploid nuclei. The plasmodium is visible to the naked eye.
The plasmodium looks like an amorphous yellowish mass with networks of protoplasmic tubes.

The plasmodium behaves and moves as a giant amoeba forming a network of biochemical
oscillators (Matsumoto et al., 1986; Nakagaki et al., 2000). The plasmodium’s behavior is deter-
mined by external stimuli and excitation waves travelling and interacting inside the plasmodium.
The plasmodium can be considered as a reaction-diffusion (Adamatzky, 2007) encapsulated in an
elastic growing membrane.

When plasmodium is placed on an appropriate substrate, the plasmodium propagates, searches
for sources of nutrients and follows gradients of chemo-attractants, humidity and illumination
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Figure 8. A spanning tree approximated by live Physarum. Planar data points are
represented by oat flakes (dark blobs), edges of the tree by protoplasmic
tubes; few duplicated tubes are considered as a single edge.

forming veins of protoplasm, or protoplasmic tubes (Fig. 7). The veins can branch, and eventually
the plasmodium spans the sources of nutrients with a dynamic proximity graph, resembling, but
not perfectly matching graphs from the family of k-skeletons (Kirkpatrick et al., 1985).

Due to its unique features and relative ease of experimentation with, the plasmodium has be-
come a test biological substrate for implementation of various computational tasks. The problems
solved by the plasmodium include maze-solving, spanning trees and proximity graphs (Fig. 8,
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calculation of efficient networks, construction of logical gates, sub-division of spatial configura-
tions of data points, and robot control (see overview in (Adamatzky, 2016)). A computation in
the plasmodium is implemented by interacting biochemical and excitation waves, redistribution of
electrical charges on plasmodiums membrane and spatiotemporal dynamics of mechanical waves.
Plasmodium of P. polycephalum performs complex computation by three general mechanisms:
morphological adaptation of its body plan and transport network, wave propagation of informa-
tion through its protoplasmic transport network, and competition and entrainment of oscillations
in partial bodies relatively small fragments of plasmodium connected via protoplasmic tubes.
All three mechanisms are closely associated with one another (for example, morphological adap-
tation is dependent on local oscillatory activity and protoplasmic flux). In (Adamatzky, 2007),
it is demonstrated how to simulate Kolmogorov algorithms (Kolmogorov, 1953; Kolmogorov &
Uspensky, 1958) with living slime mould in experimental laboratory conditions.

To model a Physarum machine by a structural machine, we have to interpret components of a
slime mould as components of a structural machine and behaviour of the slime mould as compu-
tations of the structural machine.

A Physarum machine PM is realized by a many-headed slime mould, which is a single cell
with a myriad of diploid nuclei. It is possible to treat this cell as a primitive object S M with a set
of inner states. Examples of such states are “to be alive or “not to be alive. In a context of physical
measurements it would be more correct to use.

In this context, we represent the object S M by the control device Cy, of the structural machine
M, which models the Physarum machine. The control device Cj; can be assigned to be an active
growing zone.

A many-headed slime mould has several active growth zones exploring concurrently the phys-
ical space around the slime mould (Fig. 9). Thus, it is natural to treat a Physarum machine as a
structural machine with a distributed processor P and to interpret each active growth zone as the
operation zone of a unit processor p.

As it was already demonstrated, a first-order structure A = (A, r, R), in which the set R consists
of a single binary relation R naturally represents the structure of a living slime mould established
by blobs of slime mould and active zones where structural elements (e.g., nodes) from the set
A represent blobs of slime mould and active zones, while elements from the relation R (e.g.,
edges) represent connecting tubes A Physarum machine has two types of nodes: stationary nodes
presented by sources of nutrient (oat flakes), and dynamic nodes, which are sites where two or
more protoplasmic tubes originate (Adamatzky, 2007).

However, a slime mould often has a more sophisticated structure. Despite being a single cell,
the slime mould can colonize substantial areas, up to hundreds of centimeters. The network of
blobs, active zones and protoplasmic tubes is not uniform but forms clusters. These clusters are
also connected by thick protoplasmic tubes, which represent the incidence relation that connects
groups of elements from A. Therefore, we use second-order structures to model a slime mould
with clusters. Thus, taking a second-order structure A = (A, r, R), in which the set R consists of
a binary relation R, a system of binary relations Cy, C,,C3,...,C,, and a binary relation Q, we
represent the structure of a living slime with clusters in the following way:

e clements from the set A represent blobs of slime mould and active zones,
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Figure 9. Physarum propagates in several directions simultaneously attracted by
sources of nutrients.

e clements from the relation R represent tubes connecting blobs of the slime mould and active
zones,

e cach relation C; represents one cluster of the slime mould, namely, if the cluster with the
number i consists of blobs and active zones a;, a», as, . . ., d,,, then C; = (a;,a,as,...,a,) C
Am

e clements from the relation Q represent tubes connecting clusters.

This allows us to consider the sensorial space of the slime mould as the input space Iny, of the
machine M because the slime mould sees the world as a configuration of gradient fields.

The output space Out, which contains the output structure. The output space is the morphology
of the slime mould, i.e., the configuration of growth zones, blobs occupying nutrients, and network
protoplasmic tubes connecting them, is moulded by the output space Out,, of the machine M.

In a similar way, the cyto-skeletal network inside the slime mould body forms the processing
space of the Physarum machine and is naturally modeled by the processing space PS, of the
structural machine M.

In slime mould, oscillatory patterns control the behaviors of the cell. In structural machines,
oscillatory patterns are represented by the names of the nodes (structural elements) and links be-
tween these elements.
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5. Conclusion

We determined and studied structural machines demonstrating that they can simulate Turing
machines (Theorem 1) and inductive Turing machines (Theorem 3). We also proved that structural
machines are more efficient than Turing machines (Theorem 2). In addition, we explained how
structural machines describe and model behavior biological computers such as Physarum machine,
which is based on slime mould P. polycephalum. This shows the big computational potential of
slime mould as a biological computer. Further work can go in two directions: implementation of
practical algorithms on structural machines and development of structural machines models for
ultra-cellular computing based on cytoskeleton. The development of practical algorithms is neces-
sary to allow the structural machines to ’enter the real world’ and not just remain one of the many
formal accomplishments of theoretical computer science. Physarum machines can solve dozens of
problems from computational geometry, graph optimization and control. They also can be used as
organic electronic elements (Erokhin et al., 2012; Gale et al., 2015; Adamatzky, 2014; Whiting et
al., 2015). The structural machine might form a platform for developing Physarum programming
languages, compilers and interface between human operators and the slime mould (Schumann &
Adamatzky, 2011; Schumann & Pancerz, 2014, 2015). The development of structural machine
models of ultra-cellular computing is necessary because the behavior of the slime mould, as of
most other cells, is governed by actin and tubuline networks inside the cells. Here we mention actin
because it is a dominating cytoskeleton protein in P. polycephalum. Actin is a filament-forming
protein forming a communication and information processing cytoskeletal network of eukaryotic
cells. Actin filaments play a key role in developing synaptic structure, memory and learning of ani-
mals and humans. This is why it is important to develop abstractions of the information processing
on the actin filaments. While designing experimental laboratory prototypes of computing devices
from living slime mould P. polycephalum (Adamatzky, 2016), we found that actin networks might
play a key role in distributed sensing, decentralized information processing and parallel decision
making in a living cell (Adamatzky & Mayne, 2015; Mayne et al., 2015). The actin-automata
exhibit a wide a range of mobile and stationary patterns, which were later used to design com-
putational models of quantum (Siccardi & Adamatzky, 2016) and Boolean (Siccardi et al., 2016)
gates implementable on actin fibre, as well as realization of universal computation with cyclic tag
systems (Martinez et al., 2017). The previously proposed model of an actin filament in a form of a
finite-state machine, or automaton network, (Adamatzky & Mayne, 2015) constitutes a very spe-
cial case of studied in this paper structural machines, which provide much more powerful tools for
exploration of possibilities of biologically based computation. Detailed formalization of the infor-
mation processing capabilities of the actin networks, including their polymerization and growths,
and interaction with other intra-cellular proteins would immensely advance nano-computing and
theoretical computer science making an imperative impact on development of future and emergent
computing architectures. Structural machines provide means for simulation of membrane compu-
tations (Paun, 2000; Pidun & Rozenberg, 2002), while some classes of structural machines work
as neural networks or neural Turing machines (Graves et al., 2014). Exposition of these results is
given in another work of the authors. It is necessary to remark that due to their flexibility, definite
classes of structural machines allow much better modeling of quantum computations than con-
ventional models. Now there are various theoretical models of quantum computation: quantum



28 M. Burgin et al. / Theory and Applications of Mathematics & Computer Science 7 (2) (2017) 1-30

Turing machines (Deutsch, 1985) and quantum circuits (Feynman, 1986) correspond to discrete
computing, while modular functors describe topological quantum computation (Freedman et al.,
2003), to mention but a few. It is interesting that while some theoretical models are recursive
algorithms, which are not more powerful than Turing machines (Deutsch, 1985), other theoretical
models are more powerful than Turing machines (Kieu, 2003). Structural machines provide a the-
oretical framework for unification of different models of quantum computation. This opportunity
brings us to the open problem of modeling of quantum computation by structural machines.
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In the present investigation, we introduce two new subclasses of the function class o of bi-univalent functions in
the open unit disc. Also we find coeflicient estimates on the coefficients |a;| and |a3| for functions in the function class
and several related classes are also considered and connections to earlier known results are made.

Keywords: Analytic functions, univalent functions, bi-univalent functions, coefficient bounds.
2010 MSC: 30C45.

1. Introduction

Let A denote the class of analytic functions in the unit disk
U={zeC:l7 <1}

that have the form

f@ =2+ Y adt. (1.1)
k=2

Further, the class of all functions in A which are univalent in U is denoted by the symbol .

The Koebe one-quarter theorem (Duren, 1983) states that the image of U under every function
f € S contains a disk of radius i. Thus every such univalent function has an inverse f~' which
satisfies

' f@)=z, (zeU)

and

FFm)=w. (|w| <) ro(f) 2% ,
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where
f_l (W) =w —Clzwz +(2Cl§ —a3)w3 - (Sag —5a2a3 +a4)w4 4.,

A function f(z) € A issaid to be bi-univalentin U ifboth f(z) and f~'(z) are univalentin U.

Let X denote the class of bi-univalent functions defined in the unit disk U. For a brief history
and interesting examples in the class X, see (Srivastava et al., 2010). The concept of bi-univalent
function class was firstly studied by Lewin (Lewin, 1967) and obtained that the bound 1.51 for
modulus of the second coefficient |a,|. Subsequently, Brannan and Clunie (Brannan & Clunie,
1980) conjectured that |a;| < V2 for f € Z. Netanyahu (Netanyahu, 1969) showed that max |a,| =
‘3—‘ if f(z) € X.

Brannan and Taha (Brannan & Taha, 1986) introduced certain subclasses of the bi-univalent
function class X similar to the familiar subclasses §* (@) and K (a) of starlike and convex function
of order @ (0 < @ < 1) respectively. The classes 65 (o) and Ks (@) of bi-starlike functions of order
a and bi-convex functions of order «, corresponding to the function classes 6* (@) and K (a) , were
also introduced similarly. For each of the function classes 65 (@) and Ks (@) , non-sharp estimates
on the initial coefficients were found by them. In recent years, bounds for various subclasses of
bi-univalent functions were investigated by many authors ((Frasin & Aouf, 2011), (Srivastava et
al., 2010), (Xu et al., 2012b)). For each of the following Taylor-Maclaurin coefficients |a,| for
n € N\ {1, 2}, the problem of determining coefficient estimate is still an open problem. In the year
2010, the following subclasses of the bi-univalent function class X was introduced by Srivastava
et al. (Srivastava et al., 2010) and non-sharp estimates on the first two coefficients |a;| and |a3| was
obtained.

Definition 1.1. (Srivastava et al., 2010) A function f(z) given by the TaylorMaclaurin series ex-
pansion (1.1) is said to be in the class H if the following conditions are satisfied:

fes, 'arg(f’(z))'< %T O<a<l,zel)

and an
|arg(g’ (w))‘ <5 O<a<lwel)

where the function g is given by
f_l (w) = g(W) =w —Cl2W2 + (261% —613)W3 - (Sag - Sara; +a4)w4 4+,

Theorem 1.1. (Srivastava et al., 2010) Let the function f(z) given by (1.1) be in the class
Hy (O <a<1).Then

aBa+2)
< —-
a+2 and lasl - < 3

Definition 1.2. (Srivastava et al., 2010) A function f (z) given by (1.1) is said to be in the class
H’g (0 < B < 1) if the following conditions are satisfied:

lay| <

fex [Re(f @) >p ©<p<1,zev)
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and
‘Re(g’ (w))‘ >B (0<B<1, wel)

where the function g is given by f~! (w) = g(w).
Theorem 1.2. (Srivastava et al., 2010) Let the function f (z) given by (1.1) be in the class Hg O<p<l).

Then
las] < \/—2(13_@ and las| < d _'B);S _ 3ﬁ).

Here, in our present sequel to some of the aforecited works (especially [15]), the following
subclass of the analytic function class A is introduced. Also, by using the method of (Srivastava et
al., 2010), (Frasin & Aouf, 2011), (Xu et al., 2012b) and (Xu et al., 2012a) different from that used
by other authors, we obtain bounds for the coefficients |a,| and |as| for the subclasses of bi-univalent
functions considered Porwal and Darus and get more accurate estimates than that given in (Porwal

& Darus, 2013). For the functions f € A given by (1.1) and g€ A, gz) =z + S bzt their
k=2

Hadamard product or convolution (Duren, 1983) is defined by the power series

(F+ @) =2+ ) aibid.
k=2

For f(z) € A, Al-Shagsi (AL-Shagsi, 2014) defined the following integral operator:

Lif(z) = (I+c)’®s(c;2) * £(2)
(I+c) (! -1 L5
- r6) J, t log(;) f(zt)dt (1.2)

(c>0,6>1,zeU)

where ' stands for the usual gamma function, ®s(c; z) is the well known generalization of the
Riemann-zeta and polylogarithm functions, or the 6th polylogarithm function, given by

SR
D;(c;2) =
° ; (k +c)

where any term without k+c = 0 (see (Lerch, 1887) and (Bateman, 1953)(sections 1.10 and 1.12)).
Also, ®_1(0;z) = a _ZZ)Z is Koebe function. One can find more details about polylogarithms in the-
ory of univalent functions in the study of Ponnusamy and Sabapathy (Ponnusamy & Sabapathy,

1996).

We also state that the operator £3f{z) given by the relation (1.2) can be expressed by the series

expansions as follows:
00 )
Lof(z)=z+ Z ( ) a7~
=2

First of all, we present the following lemma to prove our main result

1+c¢
k+c
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Lemma 1.1. (Pommerenke & Jensen, 1975) If h € P then | ¢, |< 2 for each k, where P is the family
of all functions h analytic in E for which Re(h(z)) > 0, then

h@) =1+cz+0+c8 +....

2. Coefficient Estimates for the class B‘;(B, A,¢)

Definition 2.1. The class 8° (8, 4, ¢) of the functions f(z) determined by the equality (1.1) consists
of those functions f(z) that satisfy the following conditions:
feo,

Re ((1 ~DLSf(2) + AL f(2)
K
where 0 << 1,4>1,¢>0,Re6 > 1,z € U and

Re ((1 — D) L2%gw) + AL g(w)

)>,8 2.1

w

) > B. (2.2)
where £27! stands for polylogarithm function introduced and studied by Al-Shagsi and the func-
tion g is given by g (w) = £~ (w).
Remark. If we let ¢ = 0 and 6 = —n, for n € N U {0}, then we obtain

Bg—(ﬂa /1’ C) = HZ (n’ﬁ’ /l)

studied by Porwal and Darus (Porwal & Darus, 2013). This class contains the function f € X
satisfying

((1 - DD f(2) + 1D f(2)
Re .

s

and

((1 — DD'g(w) + 1D g(w)
Re "

)

where 9" stands for Salagean derivative introduced by Salagean (Salagean, 1983).

The class B."(8, 4, 0) includes many earlier classes, which are mentioned below:

1. If we let n = 0, then we have
B,"(B,4,0) = HE (B)

studied by Frasin and Aouf (Frasin & Aouf, 2011). This class contains the functions f € X
satisfying

Re((l =R/ Mf,(z)) o5

and

Re (% + /lg’(w)) > .
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2. If weletn = 0and A = 1, then we have
B (B,1,0) = Hy (B)

studied by Srivastava et al.(Srivastava et al., 2010). This class contains the functions f € X
satisfying

Re(f'(2)) > p
and

Re(g'(w)) > B.

The next theorem gives the estimate on coefficient of the function in the class Bg(ﬂ, 4, c) given
in Definition 2.1.

Theorem 2.1. Let the function f (z) given by equation (1.1) be in the class B2(B, A, c). Then

las| < J( 20 -5 (2.3)

)
21 1+c
1+ m) (F)

and

4(1 - B)? N 2(1-p4)
(1422 (R) (1 &) (&)

las| < 2.4)

where 0 < S < 1and A > 1.

Proof. Let f € B°(B,4,¢),4 > 1 and 0 < B < 1. Using argument inequalities in (2.1) and (2.2),
we can state their forms as follows:

(1 -DLSf(2)+ 1L f(2)

s =B+ -P)pix) (zeU) (2.5)
nd (1= DLEW) + AL g(w)
— + -
S e B B+ (=P (we D) 2.6)
where p(z) and g(w) given by the equalities
p@=14piz+p+pd +-- (2.7)
and
q(z) = 1+q1w+q2w2+q3w3+--~ (2.8)

satisfy the inequalities Re(p(z)) > 0 and Re(q (w)) > O respectively. Equating coefficients (2.5)

and (2.6) yields
A \[1+c)
(153 c)(2 ; 2) @ =U=Fp (2.9)
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22 \(1+c\
(1+ 1+C)(3+c) az = (1 =pB)pa, (2.10)
and 5
A 1+c¢
20 \(1+c\
(1+1+c)(3+c) a3 - a3) = (1 - B)qy. (2.12)
From (2.9) and (2.11) , we have
P1 = —q (2.13)
and , s
A 1+c¢
21+ ) (2+C) @ = (1-BP( + ). (2.14)
Also, adding (2.10) to (2.12) , we get
220 \[1+c\
2(1 + 1+C)(3+C) a = (1-B)(p2 + q2). (2.15)

Applying Lemma 1.1 for equality (2.15), we have

» _ (1 =B)Ipa2| +1g2]) 20-p)
laal” < 2/11‘5S 21\ ( 1+c\°
+c +c
21+ F) (5] () ()
This gives the bound on |a,| as asserted in (2.3).
Next, to find the bound on |as|, by subtracting (2.12) from (2.10), we get

20 \(1+c\
2(1+ )( ”) (a3 —a2) = (1= B)(p2 — o) (2.16)

1+c/\3+c¢

which, upon substitution of value of a% from (2.14) yields

as =

(-ppi+a)  (A-Bp2—a)
21+ &) (57 20+ ) ()
Applying the lemma 1 for the coefficients py, g, p> and g,, we readily get

“1-p? . 21-B
(1+55) ()" (1 2) (&)

las| <

Remark. Choosing ¢ = 0 in Theorem 2.1, we have the following corollaries:
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1. If welet6 = —n, (n € N U {0}), then we obtain the following:

Corollary 2.1. (Porwal & Darus, 2013) Let the function f(z) given by (1.1) be in the class
HZ (n’ B’ /‘l) b

0<pB<1,2>1,neN,. Then,

2(1-p)
laa] < \/(1 )3+ A3

4(1 - By N 2(1 -p)
[(1-2)27+ 22+ (1 =2)3" + A3
2. Especially, choosing n = 0 in Corollary 2.1, we have the following result:

Corollary 2.2. (Frasin & Aouf, 2011) Let the function f (z) given by (1.1) be in the class H{ () ,0 <
B < 1. Then

and

las| <

20 -p)
1424

las| <
and
4(1 - B)? N 201-8)
(1+2?7  (1+20
Remark. The estimates for |a,| and |as| of Corollary 2.2 and Corollary 2.3 show that Theorem 2.1
coincides with the the estimates obtained by Frasin and Aouf (Frasin & Aouf, 2011).

las| <

3. If we choose n = 0 and A = 1, then we obtain the following corollary:

Corollary 2.3. (Srivastava et al., 2010) Let the function f(z) given by (1.1) be in the class
H; (8),0 < B <1.Then

and

|as]

LU=BE-3)

3. Coefficient Estimates for the class ?{g(a, A,¢)

Definition 3.1. A function f (z) given by (1.1) is said to be in the class H’(a, 4, c) if the following
conditions are satisfied:

_ 5 5-1
feo arg((l Mkf(z;“& f(Z))<% O<a<l,A>1,zeU) (.1

and | Jys
arg(( - )ch(wv)v+ L g(w)) T O<aslazlwel) 3.2)

where £ stands for polylogarithm function and the function (by Al-Shagsi) g(w) = f~' (w).
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Theorem 3.1. Let the function f (z) given by (1.1) be in the class H(a, A, c). Then

2a
las| < (3.3)

V(e 2 () o=@ ) (52)°
4a? . 2a
() (82)" (0 2) ()
Proof. Let f € H(a,4,¢), 1> 1and 0 < @ < 1. We can write the argument inequalities in (3.1)

and (3.2) as follows:

and

las] < ,whereO < 8 < landA > 1. (3.4)

(1-DLfR)+A1Lf@)

z =[p@]", zeU 3-3)
_ ) o—1
(1 A)ch(wv); AL gw) _ g, weU (3.6)

where p(z) and g(w) are given by (2.7) and (2.8) and satisfy the inequalities Re(p (z)) > 0 and
Re(q (w)) > 0 respectively. Now, equating the coefficients of (3.5) and (3.6), we have

A 1+c\’
(1+ 1+c)(2+c) @ =P, 37
22 \(1+c\ aa-1) ,
(1+ 1+c)(3+c) as = ap, + > D1 3.8)
A 1+c\
_(1+ 1+c)(2+c) a2 = G
and s
24 1+¢ 5 B a@-1) ,
(1+ 1+C)(3+C) (2a; —az) = agy + 7 q, (3.10)
From (3.7) and (3.9), we get
D1 = —qi (3.11)
and , ’s
A 1+c¢
2(1 n 1+C) (2+c) @2 =P+ ¢) (3.12)
Also from (3.8) and (3.10), we obtain
20 \(1+¢\ , aa-1), ,
2(1 + 1+c)(3+c) a, =a(py+qr)+ > (p1 + q7)- (3.13)

By using the relation (3.12) in (3.13), we find that

20 \(1+c\ A\ (1+c\”
201+ 2= + +(1+ ) 2.
( 1+c)(3+c) 4 = a(p2 +q2) I+c¢ (2+c) %2
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Thus we get

2
& = @ (p2 + q) (3.14)

214 2) (L) o — (@ - D1+ &) (k)

1+c¢ 3+c¢ 1+c 2+c¢

Then, applying Lemmal.l for the aforementioned equality, we get desired estimate on |a| as
asserted in (3.3). Next, in order to find the bound on |as|, by subtracting (3.10) from (3.8), we get

220 \(1+cY 1
2(1 YTy c)(3 - E) (05— ) = a2 - 4 + X - . (3.15)

Also from (3.11) , (3.12) and (3.15) we find that
a(pr—q) a*(py +q7)
NG 2 1he\2
20+ 2) () 2(1+ %) (&)

By applying the Lemmal for the equality (3.16), we obtain desired estimate and this complats the
proof of the theorem. O

(3.16)

as =

Remark. If we let ¢ = 0 in Theorem 3.1 and
1. 6 = —n, we obtain the following corollary:

Corollary 3.1. (Porwal & Darus, 2013) Let the function f (z) given by (1.1) be in the class
By (n,a,1),0<a<1,4>1,n€ Ny. Then,

2a
VA A+ D2+ @ (2.37 (1 +22) — 474 + 1)?)

las| <

and
4a? 2a

+ .
[(1-2)20+ 221 (1= A)3" + A3

laz| <

2. Choosing 6 = 0, we obtain the following corollary:

Corollary 3.2. (Frasin & Aouf, 2011). Let the function f(z) given by (1.1) be in the class
By (1,8),0<a < 1,42 1. Then

< 2a
Va2 ra(l+22-2)

|a,

and
4a° 2a

< + :
23] < A+1)? 24+1

3. Also, if we choose 4 = 1, we have the following corollary:
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Corollary 3.3. (Srivastava et al., 2010). Let the function f (z) given by (1.1) be in the class
HS,0 <a < 1. Then

<
@] < @ 2+«
and 3 ’)
aGa +
las| < —
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Abstract

In this article, we define in terms of Berezin symbols, reproducing kernels and statistical radial convergence the
notion of generalized Engli§ algebra, which is a C*-operator algebra on the Hardy space H? (D), and study its some
properties.
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1. Introduction

This article is mainly motivated with the papers by Englis (Englis, 1995), Karaev (Karaev,
2002, 2004, 2010) and Pehlivan and Karaev (Pehlivan & Karaev, 2004), where the authors system-
atically applied the Berezin symbols method in summability theory; and conversely, the summa-
bility methods are used in investigation of some important problems for C*-operator algebras on
the Hardy space and also on the Bergman space. In particular, Pehlivan and Karaev investigated
in (Pehlivan & Karaev, 2004) compactness of the weak limit of the sequence of compact operators
on a Hilbert space by using the notion of so-called statistical convergence.

In this article, we use statistical radial limits for the study of some special C*-operator algebras
on the classical Hardy space H? (D) over the unit disc ID of the complex plane C. These results
generalize some results in the paper (Englis, 1995).

The Hardy space H*> = H? (D) is the Hilbert space consisting of the analytic functions on the
unit disc D ={z € C : |z] < 1} satisfying

21

f (re"’)'2 dt < +co.

1

2
= Sup —
8= 98 o7,
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Alternately, H? consists of all functions in L? (T) whose negative Fourier coefficients vanish; here
T = 0D is the unit circle in C. The orthogonal projection from L? (T) onto H* will be denoted P,
and P_ : I — P,. For ¢ € L* (T) the Toeplitz operator T, and Hankel operator H, with symbol ¢
are defined by T,,f = P,¢f and H,f = P_¢f and are bounded linear operators from H? into H>
(i.e., T,eB (H 2)) and L? (T)© H?, respectively. For A € I, the reproducing kernel (Szegd kernel)
of H? is the function k, € H? such that

F D) =f k)
for every f € H?. The normalized reproducmg kernel k, is the function £L ”k ;- It is well-known
(and can be easily shown) that k,(z) := —. The algebra of all bounded linear operators on the

Hilbert space H is denoted by B (H) . For T € B(H), where H = H (Q) be a reproducing kernel
Hilbert space over some set  with the reproducing kernel k4, € H, its Berezin symbol T is the
complex-valued function on Q defined by

T () = (Tkpakpa) (A€ Q).

It is well-known that ip (1) = ¢ (A1), where ¢ denotes the harmonic extension of ¢ into the unit
disc D (see Engli$ (Englis, 1995), Zhu (Zhu, 1990) and Karaev (Karaev, 2002)).

Engli§ determined in (Engli§, 1995) in terms of nontangential and radial convergences some
C*-operator algebras on the Hardy space H? (D), which is defined by the boundary behavior of
HT/k\) Tk “ and |T(/l)| . Let 7 be the C*-algebra generated by {T‘p pel” (']I‘)} . The following
celebrated result due to Douglas (Douglas, 1972) (see also in (Nikolski, 1986)).

Theorem D (Douglas). There is a C*-homomorphism
o:T - L7 (T)

of T onto L™ (T) which satisfies U(T¢) = ¢ (Vo € L*(T)). The kernel of o coincides with the
commutator ideal of T, i.e., the ideal in T generated by all commutators

[R,S]:=RS -SR (R,S€T).

o is sometimes called the symbol map.

Note that the major goal of the Engli§’s paper (Englis, 1995) is to develop an alternative ap-
proach for proving results akin to the Douglas theorem. The symbol of an operator T € 7 is then
obtained in (Englis, 1995) as the nontangential boundary value of a certain function on D associ-
ated with T (called the Berezin symbol (transform), T of T to be defined above). Following by
(Englis, 1995), remark that Engli§’s method also works for some operator algebras larger than the
Toeplitz algebra, thereby yielding a number of interesting generalizations of the classical Toeplitz
symbol calculus. This method is also applicable to the Bergman space, where the resulting symbol
calculus is related to the one obtained by Berger and Coburn in (Berger & Coburn, 1986, 1987),
Giirdal and Sohret in (Gurdal & Sohret, 2011) and Zhu in (Zhu, 1987).

In the present article, we replace nontangential and radial limits by so-called statistical nontan-
gential and statistical radial limits (which are weaker than the usual one) and define generalizations
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of some Engli§’s algebras. It turns out that the same results are true for these generalized Engli§’s
algebras. Before giving our results, let us recall the definition of the statistical convergence of real
or complex numbers sequence.

If K is a subset of the positive integers N, the K, denotes the set {k € K : k < n} and |K,,|
denotes the number of elements in K,,. The natural density of K (see ((Niven & Zuckerman, 1980),
Chapter 11) is given by 6 (K) = lim,_,« 'Ii”l. A sequence (x; : k=1,2,...) of (real or complex)
numbers is said to be statistically convergent to some number L if for each £ > 0 the set K, =
{k € N : |x; — L| > &} has natural density zero; in this case we write st — limy x; = L. In what
follows statistical convergence studied in many further papers (see, for instance, (Braha et al.,
2014), (Mursaleen et al., 2014)).

The following notion is due to Fridy (Fridy, 1985). A sequence (x;) is said to be statistically
Cauchy if for each € > 0 there exists a number N = N (¢) such that

1
Iim —|{k<n:|x—xn| =€} =0.
n—oo N
We recall that (see (Fridy, 1985)) for two sequences x = (x;) and y = (y,) the notion ”x; = y for
almost all £ means that 6 ({k : x; # y¢}) = 0. Fridy proved the following main result of this theory
(Fridy, 1985).

Theorem F (Fridy). The following statements are equivalent:

(1) (xp) is a statistically convergent sequence;

(2) (xx) is a statistically Cauchy sequence;

(3) (xx) is a sequence for which there is a convergent sequence (yy) such that x; = yy for almost
all k.

The following result is immediate from Theorem F.

Corollary 1.1. If (x;) is a sequence such that st-lim; x;, = L, then (x;) has a subsequence (y;) such
that limy y;, = L (in the usual sense).

2. On some properties of Berezin Symbols

In this section, we prove some results concerning to Berezin symbols.

2.1. Approach Regions

For 0 < a < 1, following by Rudin (Rudin, 1974), pp. 240-241, let us define Q, to be the
union of the disc D(0; @) := {z € C : |z] < a} and the line segments from z = 1 to points of D(0; ).
In other words, €, is the smallest convex open set that contains D(0; @) and has the point 1 in its
boundary. Near z = 1, Q, is an angle, bisected by the radius of D that terminates at 1, of opening
26, where a = sin6. Curves that approach 1 within €, cannot be tangent to T. Therefore Q, is
called a nontangential approach region, with vertex 1. The regions 2, expand when « increases.
The union is D, their intersection is the radius [0, 1) . Rotated copies of Q, , with vertex at e, will
be denoted by €"Q,, .
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2.2. Statistical Nontangential and Radial Limits.

A function F, defined in I, is said to have statistical nontangential limit A at ¢ € T if, for each
a<l,
St — limF(zj) =A

Jj—ooo

for every sequence {z j} that statistically converges to ¢ and that lies in Q, . If F is a function
on D, and f a function on T, we say that F tends to f statistically radially, written

st—limF (z,) = f (¢")
whenever (z,) — e statistically radially (i.e., if st-lim,_, |z,| ? = ) for almost all 8 € [0, 27) .

2.3. Some Properties of Berezin Symbols of Operators.

For any two functions ¢, € L* (T), let us denote [Tw, Tw) := Tyy — T,Ty, which is called
their semicommutator.

Theorem 2.1. For ¢ € L™ (T), ‘Hw/k}” — 0 statistically radially. Consequently, for any ¢, €
L*(T), [Tw, TL,,)~ (A1) — 0 statistically radially.

Proof. Following the method of the paper (Englis, 1995), let y := P_¢. By considering that ky =

ke H® we may write
llkall 2

H.k, = P_(gk)) = P_((Pr@)ka) + P_(yky) = P_(yky) = H,k,,

and hence
e T o S e e R e
Then, for any 8 € D, we have
(Tykas k) = (K, Fks) = 3 () (k. k)
since  is the boundary value of an analytic function. It follows that T, k, = 3 (1) k, and
[ = bP ) - .

By Fatou’s theorem, both |y|* and [ji'l2 tend radially to [y|*, which implies that they tend statistically
radially to [y]*, and so their difference statistically tends to zero and we are done.
Observe that, [Tw Tw) = H%Hl,,, and therefore we obtain that

(70 7) | = [(HzH K K| = [(Hoks, HoE)| <
<[] et — o

statistically radially, and the second assertion follows. The theorem is proved. O]
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Let us call the closed ideal in 7, generated by all semicommutators [Tw, Tw) ;o0 € L>(T),
the semicommutator ideal. The following strengthens Theorem 2.1.

Theorem 2.2. If T € B (Hz) belongs to the semicommutator ideal of T, then T->0 statistically
radially.

Proof. Since the linear combinations of Toeplitz operators of the form
TcplT(pZ---Tgpn [Taa Tb) T{//l Tt//2---T¢/m (1)

form a dense subset of the semicommutator ideal (and therefore it is a statistically dense subset of
the ideal in question), it suffices to prove the assertion when 7 is of the form (1). So, we obtain
(see also (Englis, 1995))

T, [Taa Th) =TTy —-T.T,T)
= (TcTab - Tcab) + (Tcab - TcaTb) + (TcaTb - TcTaTb)
= - [ch Tab) + [Tcav Tb) + [Tca Ta) Tb-

It follows that we may even assume 7 to be of the form

T =T, T,)A=HH,A AeT,pyeL(T).
Now by using that [Tw Tw) = H%Hw, we have

T | = [(Th K| = [(HeH, Ak, )
= |(H, Ak, K )|
< [|HA|| |[Hzki| (Cauchy-Schwarz inequality)
and by considering that HHEEH — 0 statistically radially (see Theorem 2.1), we obtain that T -0
statistically radially, as desired. ]

Now we prove more general theorem which improves Engli§’s result (see [4, Theorem 2]) and
implies the theorem of Douglas (Theorem D) as an easy corollary.

Theorem 2.3. Forany T in T, T — @ statistically radially for some function ¢ € L (T). The
mapping
oc: T ->L"(MT), T -y

is a C*-algebra morphism, its kernel is precisely the commutator ideal of T, and o (Tw) =y for
any Toeplitz operator T,,. Thus, o coincides with the symbol map from Theorem D.

Proof. Let J be the semicommutator ideal in 7. As in (Berger & Coburn, 1987), by repeated ap-
plications of the identity AT, T, B—AT,B = —A[T,,T;,) B, we have that T i Tys...Tpy—Tp1 Tpo...on €
Y forany ¢y, ¢, ...,, € L” (T) . By considering that linear combinations of operators of the form

T=T,+S, ¢ L”(T),S €Y, (2)
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form a statistically dense subset of 7. According to the fact that i, = ¢ and Theorem 2.2, T > @
statistically radially, and thus we have ||¢||,, < ||T||oo <||IT||. It follows that the mapping

oc:Ty+S — ¢

is well defined and extends continuously to the whole of 7, so that, in particular, every operator
in 7 is of the form (2), because a statistical limit of Toeplitz operators is again a Toeplitz operator.
Indeed, if

st = lim |7, - X|| = 0

forsome X € B (H 2), then by Corollary 1, the sequence (”T% -X )n>1 has a subsequence (”T%k -X ||)k

such that limy ”ka -X || = 0 in the usual sense, which easily implies that X is a Toeplitz operator,
and so 7 is statistically closed.

This mapping is clearly linear, preserves conjugation and, owing to Theorem 2.2, is also mul-
tiplicative. It is clear that its kernel is precisely the semicommutator ideal J of 7. Now it remains
only to show that J coincides with the commutator ideal G. Since [Tw Tw] = [Tw, T¢) - [Tw T¢,),
the inclusion G C 7 is trivial. The reverse inclusion J C G is proved in (Engli§, 1995), and
therefore we omit it. The theorem is proved. ]

Corollary 2.1. If A € T, then [A*,A]” — 0 statistically radially.

3. Generalized Englis algebras and extending the Toeplitz calculus

In the present section , we introduce the concept of generalized Engli§ algebra of operators,
study some properties and exhibit a family of generalized Engli§ C*- algebras containing 7 for
which analogs of Theorem 2.3 still hold.

For this reason, let us define the following generalized EngliS algebra:

&= {H € B(Hz) : HHBH and HH*’k\AH — 0 statistically radially}.

In other words, we demand that
st — lim HHkre"" =0
r/'1

for all 6 € [0,27) \ E, where E is a set (depending on H) of zero Lebesgue measure; similarly for
H*. Note that in case of usual radial limits, this algebra is the usual Englis algebra (Englis, 1995).
In the following theorem we give some important properties of algebra &.

Theorem 3.1. We have:

(a) Eis a C*—algebra ;

b) IfT, € &, then ¢ = 0;

(c) For ¢,y € L>(T), [T,, T,) € &;

(d) & is an "ideal with respect to Toeplitz operators”, that is, H € & and ¢ € L*(T) implies that
HT,T,H € &.
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Proof. (a) Everything is trivial, except may be for the implication A,B € & = AB € &. But,
0< ”ABIQH < 1Al HBkA” — 0 statistically radially, and similarly for B*A*,

(b) Indeed, HT{]{}“ — 0 statistically radially implies that
T, 0] = (10 )| < k] — 0

statistically radially, and hence i;(/l) — 0 statistically radially. But, we know that i, —
statistically radially, so ¢ = 0.

(c) The proof is immediate from Theorem 2.1 and the equality [T, T;) = H%Hw.

(d) Indeed, we have that

0 < |1, 1| < || | K| — 0

statistically radially, and similarly for T¢H*’IEA. So, the corresponding assertions for H TS,,’IEA are
immediate from the following fact. ]

Proposition 1. Let ¢ € L*(T), and denote, as before, by ¢ its harmonic extension (by the Poisson
formula) into D. Then T ky — p(Dk, — O statistically radially, i.e.,

=0

. - —_— 6/\
st — lim HTg,k o —pre”)k ,
r/|1 re re

for almost all t € [0, 2r).

The proof of this proposition is immediate from Theorem 6 in [4] and Corollary 1.1 in Section

Denote
Ay :={T,+H: e L(T), He &},

The following theorem, which generalizes the Douglas theorem, can be proved by using Corol-
lary 1.1 and the method of the proof of Theorem 7 in (Engli§, 1995) and therefore its proof is
omitted.

Theorem 3.2. We have,
(i)A, is a C*-algebra. .
(it) For any T € Ay, there exists a statistical radial limit , denoted o(T), of T(A) :

T — o, (T) € L*(T) statistically radially.
(iii) oy : Ay —> L¥(T) induces a C*-isomorphism of A,/&E onto L¥(T) which maps T, into ¢,

for any ¢ € L>(T).

The following result shows that Theorem 3.2 can also be used for the characterization of the
class 7.
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Proposition 2. Let A € B (HZ) be an operator. If A € T, then
(@) A has statistical radial limit : A — @ statistically radially for some ¢ € L*(T); and
(i) HAkA - z,b'(a)kﬂn and | Ak - ’QE(A)IQH — 0 statistically radially.

Proof. LetA € T C A,. Then clearly A = T, + H for some ¢ € L*(T) and H € &. Hence A— @
statistically radially, which proves (i), and HA’k} - T{k}“ - HHEH — 0 statistically radially. By

virtue of Proposition 1, this is equivalent to HAE - Z)E(/I)EH — (0 statistically radially, because
4%, - Bk | < |4k, - Tk | + |7 - 20K
< ||| + ||k - k| — 0

Ak, - gz;u)kAH — 0 statistically radially,
which completes the proof of (ii). So, the proposition is proved. [l

statistically radially. Similarly, it can be proved that ‘

Below we give some results further extending the result of Engli§ from (Englis, 1995) by means
of statistical Banach limits. The proofs of them are slight modification of analogous results of the
paper (EngliS, 1995), and therefore omitted.

Following by (Engli§, 1995) , recall that if BC[O0, 1) is the C*-algebra of all bounded continuous
functions on the half-open interval [0, 1). It is known by Gelfand theory that BC[0, 1) ~ C(M),
where M is the maximal ideal space of BC[O0, 1). M consist of a homeomorphic copy of [0, 1) plus
a certain fiber, denoted M, over the point 1. Each multiplicative linear functional Lim € M, will
be called a Banach limit. For f € L*(D) and ¢ € L*(T), we say that f tends to ¢ statistically

radially with respect to Lim, written f L  statistically radially, when
: st i0 i0
Lim(r = f(re"™)) = ¢(e"”)

for all 6 € [0, 27) except for a set of measure zero. Define

Sst—Lim = {H S B(Hz) . HH’EAH and |
that all of assertions in Theorem 3.1 remain in force when & is replaced by &gy, and thus we
obtain the following analogs of Theorem 3.2 and Proposition 2.

H *EH L) statistically radially}. It can be easily shown

Theorem 3.3. Let Ay := {T¢ +H:@eL>T),He ss,_L,-m}. Then

(i) Ag_rim is a C*—algebra;

@) VT € Ay_1im Ao € L>(T) such that T L @ statistically radially;

(iii) The mapping T + ¢ is a C* morphism of Ag_pim/Esi-rim onto L= (T) which maps T, onto ¢.

Proposition 3. Let A be an operator on H*. A necessary and sufficient condition for A € Ag_1im
is that L
(i) there is ¢ € L*(T) such that A = @ statistically radially;,

(ii) HAE - E(/l)/k\ln ) statistically radially and | Ak, — E(/l)kﬁH RSl statistically radially.




M. Giirdal et al. / Theory and Applications of Mathematics & Computer Science 7 (2) (2017) 41-50 49

In conclusion we define one more generalized EngliS algebra (which in case of usual radial
limits is defined by EngliS (Engli§, 1995)) and study its some properties.
Define

Ay = {1 e 8(12): |1 - (15[ and
|

2 =
T]QH - |T(/l)|2 —> 0 statistically radially and similarly for 7*. Following by

—~ 112 —_ —\ |2
T*kAH —‘(de,/g)‘ — 0 statistically radially} 3)

or, in other words ,

the arguments of the paper (EngliS, 1995), if we decompose T/k\ﬁ as
Thky = c;ky+dy, ¢y € C, diLk, (4)
then T (1) = (T, k) = ¢, and ”T’k}”2 = leaP? + ldal, so the first condition in (3) reads just
d, — 0 statistically radially 5

Proposition 4. A, is a C*-algebra.

Proof. In fact, it follows from (4) and (5) that A, is linear, and from (3) /Ehat (see (Englis, 1995))
it is self-adjoint and statistically norm closed. If 7,7" € A and Tk, = cky +d,, T'ky = c’ky + d,
are the decomposition (4), then

TTFI-C\A = Td/,l + C:lc/{lg/l + C:ld/l.
Let TT’/k\A = c';k; + d'/ be the decomposition (4) for TT’. Then
(chen— cky = (d) - cidy) - Td),,. (6)

Since d, L k, and d} L K, taking the inner product with k, on both sides gives

|c;cd - c:l| = ’(Td',)/k\ﬁ‘

<|ITl||d3|| - statistically radially (by (5)). (7)

Now putting this back into (6) shows that
d| — (c)dy + Td)) — O statistically radially.
Now |c/1| < ||T"|], so by (5) and the boundedness of T'and 7" it follows that
c\d, + Td, — 0 statistically radially.

Consequently, d| — O statistically radially. By a similar arguments for 7T it can be easily
proved that TT" € A, that is Ay, is also closed under multiplication. So, Ay, is a C*-algebra, as
desired. O
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Proposition 5. For ¢ € L™ (T), T, € Aj.
Proof. Immediate from Proposition 1 and the fact that 7’; = Q. O

Proposition 6. If H € &, then H € Aj,.

Proof. The assertion that H/k} — 0 statistically radially implies that H/k\ﬁ,/k\d — 0 statisticall
y y imp y

radially (because KHE’EM < HHE“) and hence HH/k\A“z - KHE’EM — 0 statistically radially
as well; similarly for H*, and thus & C A, as desired. ]
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Abstract

In this paper, we introduce a new class of harmonic univalent functions defined by subordination with a linear
operator. Certain properties of this class are discussed.
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1. Introduction

Let H denote the family of continuous complex valued harmonic functions which are harmonic
in the open unit disk U = {z:z€ Cand |z] < 1} and let A be the subclass of H consisting of
functions which are analytic in U. A function harmonic in U may be written as f = h + g, where
h and g are members of A. We call & the analytic part and g co-analytic part of f. A necessary and
sufficient condition for f to be locally univalent and sense-preserving in U is that |’ (2)| > |g'(2)|
(see Clunie and Sheil-Small (Clunie & Sheil-Small, 1984)). To this end, without loss of generality,
we may write

) =z+ ) aand g) = ) bid. (1.1)
k=2 k=2

Let S H denote the family of functions f = h + g which are harmonic, univalent, and sense-
preserving in U for which f(0) = £.(0) — 1 = 0. The subclass S H of S H consists of all functions
in § H which have the additional property f:(0) = 0.

*Corresponding author
Email addresses: serkan.cakmak64@gmail.com (Serkan Cakmak), syalcin@uludag.edu. tr (Sibel
Yal¢in), sahsene@uludag. edu. tr (Sahsene Altinkaya)
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In 1984 Clunie and Sheil-Small (Clunie & Sheil-Small, 1984) investigated the class S H as
well as its geometric subclasses and obtained some coefficient bounds. Since then, there have
been several related papers on S H and its subclasses. Also note that S H reduces to the class S of
normalized analytic univalent functions in U, if the co-analytic part of f is identically zero.

For f € §, the differential operator D" (n € Ny = N U {0}) of f was introduced by Sdldgean
(Salagean, 1983). For f = h + g given by (1.1), Jahangiri et al. (Jahangiri et al., 2002) defined the
modified Sdldgean operator of f as

D"f(z) = D"h(z) + (-1)"D"g(2),
where N .
D'h(z) = z+ Z K'aZr, D"g(z) = Z K'b.7".
k=2 =2

Next, for functions f € A, Al-Oboudi (Al-Oboudi, 2004) defined multiplier transformations.
Forn € Ny, > 1 and f € S H° of the form (1.1), Yasar and Yal¢in (Yasar & Yalcin, 2012) defined
the modified Al-Oboudi operator D : SH° — S H° by

DSf(z) = D°f(2) = h(z) + g(2),
Df@) =(1-)D°f(2) + AD' f(z), A>1, (1.2)

Df() = D} (D' f(2). (1.3)
If f is given by (1.1), then from (1.2) and (1.3) we see that (see (Yasar & Yalcin, 2012))

Dih@) =2+ ) [Ak=1+11"a,
k=2

D} @) = ) [+ 1) = 11" b,
k=2

Dif(2) = D} h(2) + (1D} g

or
Dif@ =2+ ) [Ak=D+ 11" ad + (=1 Y [+ 1) = 11" b (1.4)

=2 =2
When A = 1, we get modified Salagean differential operator (Jahangiri ez al., 2002). If we take

the co-analytic part of f = h+ g of the form (1.1) is identically zero, D', f reduces to the Al-Oboudi
operator (Al-Oboudi, 2004).

The Hadamard product (or convolution) of functions fjand f; of the form

fi@ =2+ aud+ ) byt (@eUi={1,2)
k=2 k=2
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is defined by
k
(A )@ =2+ ) anand + ) biubyud (z€U)
k=2 k=2

Also if f is given by (1.1), then we have
Dif@) i =f@)*(012) + @) % ..+ ($12) + h:2),

n times

= h(2) * ¢1(2) * oo % $1(2) + 8(2) * $2(2) * .. % Pa(2).

n times n times

where
A-D2+z A-DZ2+(1 -2z
TS () = - .
(1-2) (1-2)
We say that a function f : U — C is subordinate to a function g : U — C, and write
f(2) < g(2), if there exists a complex valued function w which maps U into itself with w(0) = 0,

such that

(/’1(2) =

f(@) =gw(@) (zel).

Furthermore, if the function g is univalent in U, then we have the following equivalence:

@) <g @) < f(0) = g(0) and f(U) C g(U).

Denote by S H(4,n, A, B) the subclass of S H° consisting of functions f of the form (1.1) that
satisfy the condition
D" f(2) PR
D'f(z) 1+BZ

where D} f () is defined by (1.4).

By suitably specializing the parameters, the classes S H’(1, n, A, B) reduces to the various sub-
classes of harmonic univalent functions. Such as,

(i) SH°(1,4,A,B) = Hy(A, B), 1 € Ny = N U {0} (Dziok et al. (2016)),

(i) SH°(1,1,A, B) = S3,(A, B) N S H® ((Dziok, 2015a)),

(i) SH(A4,n,2a — 1,1) = SH(A,n,) N S H (Yasar & Yalcin, 2012),

(iv) SH°(1,n,2a — 1,1) = H%(n, @) (Jahangiri et al., 2002),

(v) SH°(1,0,2a - 1,1) = S 1o(@) ((Jahangiri, 1999), (Silverman, 1998), (Silverman & Silvia,
1999)),

(vi) SH(1,1,2a - 1,1) = S0 (@) ((Jahangiri, 1999)),

(vii) SH(A,n,2a — 1,1) = SH(A, 1 — A, n, @) ((Bayram & Yalcin, 2017)).

Making use of the techniques and methodology used by Dziok (see (Dziok, 2015a), (Dziok,
2015b)), Dziok et al. (Dziok et al., 2016), in this paper we find necessary and sufficient conditions,
distortion bounds, radii of starlikeness and convexity, compactness and extreme points for the
above defined class S H%(1, n, A, B).

_B<A<B<I (1.5)
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2. Main Results

First, we provides a necessary and sufficient convolution condition for the harmonic functions
in S H°(A,n, A, B).

Theorem 2.1. For z € U\{O},let f € SH®. Then f € SH(A,n, A, B) if and only if

Dif@*¢ez)#0 (€Cli=1),
where
[(A-B)+A(1+B)]|>+(B-A){z
(1-2)?
[-A(1+B)+B-A) )7 +[220(1 + B + (A - B) ]z
(1-73)> '

Proof. Let f € SH°. Then f € SH(A,n, A, B) if and only if the condition (1.5) holds or equiva-
lently

¢z =

—-(=1"

DTVQ)¢1+A§
D! f(z) ~ 1+B¢

leCll=1. 2.1

Now for

Dif(2) =D3f(z)*( S i)

1-z 1-%

and

D" f(2) = Dif 2+ (1) + 9:))
the inequality (2.1) yields

(1+ B D' f(z) — (1 + AD) D' f(2)

(1+BD[A-D2+z] (1+B)|A-DZ+1-207]
= D'f(2)* - + —
(1-2) (1-32)
_HUQH{U;ADZ+U+A?Z}
-z -z
A-B A(1+B +(B-A
_ Dﬁf(z)*{[( )+ ((1+_Z§))2]z +( )z
_[2—/1(1+B§)+(B+A)§]Zz+[—2+2/l(1+B§)+(B—A){]Z}
(1-32)

= Dif@* @) #0.
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A sufficient coefficient for the functions in f € S H %A, n,A, B)is provided in the following.

Theorem 2.2. Let f = h+ g be so that h and g are given by (1.1).Then f € SH’(A,n, A, B), if

D (Milal + Nilbi) < B - A (2.2)
k=2
where
My=[(k=1)A+1]"[A(k—=1)(B+ 1)+ B—A] (2.3)
and
Ny=[k+1)A-1]"[Ak+1)(B+1)+A - B]. 2.4)

Proof. 1t is easy to see that the theorem is true for f(z) = z. So, we assume that a; # 0 or by # 0
for k > 2. Since My > k(B — A) and N, > k(B — A) by (2.2), we obtain

H@I-1g @ = 1= ) kladle™ = > kibel I
k=2 k=2
> 1=z ) (klal + klby)
k=2
<
> 1- M Ny |b
> B_Akzz;( k lar| + Ni |bil)
> 1—|z/>0.

Therefore f is sense preserving and locally univalent in U. For the univalence condition, consider
71,22 € U so that z; # z». Then

4-%

k
< > g <k k=2,

m=1

21 — 22

k

—1 _k—
D, aa”
m=1

Hence

5 k _ k
f@) = /@) 2ol -3)

|- [8G@) ~ 8)
h(z1) — W(z2)

B h(zy) — h(z2)

o0
(21 —22) + X a (Z’f - Z'ﬁ)
(=2

> kbl Y 2 by
e I [ L)
1= 3 klal 1- 3 2 gy
k=2 k=2

which proves univalence.
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On the other hand, f € SH %A, n, A, B)if and only if there exists a complex valued function w;
w(0) = 0, [w(z)| < 1 (z € U) such that

D''f(2)  1+4Aw(@)
D) f(z) 1+ Bw()

or equivalently

n+1 —_ D"
' l)A f(Z) l)ﬁf(z) <1, (Z c l]). (2.5)

BDY f(z) — AD/ f(2)
The above inequality (2.5) holds, since for |z| = r (0 < r < 1) we obtain

D} f(z) - Dif(2)| - |BD, f(z) - AD£(2)|

Z(k— DA[k=1D A+ 1]”akzk—(—1)"Z(k+ DAL+ 1D A= 17" bzt
k=2 k=2

(B—A)z+Z[(k— DAB+B—Al[(k— DA+ 11" az"
k=2

—(—1)"2[(k+ DAB+A — Bl [(k+ 1) A= 11" bz
k=2

IA

Dk=D ALk = DA+ 1" gl * + " (k+ D ALK+ D A= 11" bl * = (B = Ayr
k=2 k=2

+Z[(k— DAB+B-A][(k-=1)A+ 1]"|ak|rk+Z[(k+ DAB+A—Bl[(k+1)A— 17" |b r*

k=2 k=2

IA

r {Z (M lay] + N lbid) ™" = (B - A)} <0,

k=2
therefore f € S H%(A,n, A, B), and so the proof is complete. ]

Next we show that the condition (2.2) is also necessary for the functions f € H to be in the
class SHY(4,n,A, B) = T" N S H°(4,n, A, B) where T" is the class of functions f = h+g € SH°
so that

[oe)

f=h+g=2-) lalZ+ (D" ) IlZ e ). 26)
k=2

k=2

Theorem 2.3. Let f = h + g be defined by (2.6). Then f € SHYA,n,A,B) if and only if the
condition (2.2) holds.
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Proof. The ”if” part follows from Theorem 2.2. For the ”only-if” part, assume that f € § Hg(/l, n,A,B),
then by (2.5) we have

Dzo] (k=D)AL(k—1)A+ 171" |ag|* +(k+ 1) ALk+ 1D A- 11" by |2
k=2

= < 1.
(B-A)z— 3, [(k=1)AB+B-A][(k—1)A+1]"|ag|* +[(k+1)AB+A—B][(k+1)A—11"|b; [2*
k=2
For z = r < 1 we obtain
(k= DAL= DA+ 1| agl+ =+ DAL+ DA= 1] el
— = < 1.
B-A- ¥ {[(k=1)AB+B—A[(k=1)A+11"|a|+[(k+ 1) AB+A-B][(k+ 1)A—11"|by [k~
k=2
Thus, for M) and N; as defined by (2.3) and (2.4), we have
(o8]
D IMilad + Nelbdll *H < B=A (0 <7< 1), 2.7)

k=2

Let {0} be the sequence of partial sums of the series

D My lagl + Nelbil]
k=2

Then {0} is a nondecreasing sequence and by (2.7) it is bounded above by B — A. Thus, it is
convergent and

[e9)

D" IMilayl + Ne i) = lim o7, < B~ A.
k=2
This gives the condition (2.2). O

In the following we show that the class of functions of the form (2.6) is convex and compact.
Theorem 2.4. The class S H‘%(/l, n,A, B) is a convex and compact subset of S H.
Proof. Let f; € SH)(A,n, A, B), where

f@) =2= ) la &+ (D" Y ] e U, reN). (2.8)
k=2 k=2

ThenO<np<1,let fi, > € SH%(/L n,A, B) be defined by (2.8). Then

k() nfi@) + A =mf2)

(o)

- Z (77 |a1,k| +(1—-n) |az,k|) 2

k=2

=0 ([pra] + (1= m) bas]) F
k=2
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and

Me

{Mk [77 |al,k| +(1-n |a2,k|] + Ny [7] |b1,k| +(1-n) |b2’k|]}

>~
I

2
= 772 {Mk |aie| + N |b1,k|} +(1-n Z {Mk |azs| + Ne |b2,k|}
k=2 k=2
< nB-A)+(1-nB-A)=B-A.
Thus, the function k = nf; + (1 — 1) f> belongs to the class S H?(/l, n,A, B). This means that the

class S H)(A,n, A, B) is convex.
On the other hand, for f; € SH(A,n,A,B), 1 € Nand |z < r(0 < r < 1), we get

@l <+ fla] + [pul)
k=2
< r+ Z {Mk |at,k| + Ny |bt,k|} rt
k=2
< r+(B-Ar.

Therefore, S H).(1, n, A, B) is locally uniformly bounded. Let

fl@)=z- Z |at,k|zk +(-1)" Z |b,,k|z_" (zeU, teN)
k=2 k=2

and let f = h + g be so that & and g are given by (1.1). Using Theorem 2.3 we obtain

D Melais] + Nelbial} < B - 4). (2.9)

k=2

If we assume that f; — f, then we conclude that |a,,k| — |ai| and |b,,k| — |blas k — oo (t €
N). Let {o} be the sequence of partial sums of the series ), {My |ai| + Ny |bi|}. Then {0} is a

k=2
nondecreasing sequence and by (2.9) it is bounded above by B — A. Thus, it is convergent and

3 Ml + Nelbuly = Jim o < B— A,
k=2

Therefore f € S H'}(/l, n,A, B) and therefore the class S Hg(/l, n,A, B) is closed. In consequence,
the class S H(;(/l, n, A, B) is compact subset of S H, which completes the proof. ]

We continue with the following lemma due to Jahangiri (Jahangiri, 1999).
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Lemma 2.1. Let f = h + g be so that h and g are given by (1.1). Furthermore, let

o [k - k +
Z{ %y + “|bk|}sl (e U)
l-a -«

k=2

where 0 < a < 1. Then f is harmonic, orientation preserving, univalent in U and f is starlike of
order a.

In the following theorems we obtain the radii of starlikeness and convexity for functions in the
class S H3(1,n, A, B).

Theorem 2.5. Let 0 < @ < 1, My and N, be defined by (2.3) and (2.4). Then

1

l -« M, N, T
* 0 _ : k k
ro(S Hy(A,n. A, B)) = inf [—B — min {k — a} (2.10)
Proof. Let f € SH?(/l, n,A, B) be of the form (2.6). Then, for |z] = r < 1, we get
Dif(z) - (1 +)f(2)
Dif(x)+ (1 -a)f(2)
—az- 3 (k=1-a)lad? = (-1)" T (k+ 1+ )bl
_ k=2 k=2
Q-a)z- Y k+1-a)lalzk - (-1 3 (k- 1+ ) bl T
k=2 k=2
@+ 3 k= 1—a)lad + (k+ 1+ )b}~
< k=2 '
2—a—- Y {k+1—a)|a]+ k—=1+a)|b} r*!
k=2
Note (see Lemma 2.1) that f is starlike of order « in U, if and only if
‘le(z) - (1+a)f(2) <l zeU.
Dif@+ 1 -a)f(2)
or N
Z{k_a|ak|+k+a|bk|}rk_l <1. @.11)
= -« 1-«a

Moreover, by Theorem 2.2, we have

M, N _
b }r’”sl.
{2l + == b

2,

k

=2
The condition (2.11) is true if

k—ark_l < Mk rk_l,
l-a B-A
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k+«a N
el Ik el =03
o k=23,

l1-« -

or if 1
1 -« . Mk Nk k-1

< k=2,3,..).

r_B—AIm {k—a’k+a} ( 3500)

It follows that the function f is starlike of order a in the disk U, where

. . 1l=a . {Mk Ny }
r: = inf min ,
¢ 2|B-A k—a k+a

1

k-1

The function

— B-A B-A
=h + — - k +(=1 n_ -k
Ji(@) = h(2) + 81(2) = z M- (-1 N ©
proves that the radius 7}, cannot be any larger. Thus we have (2.10). ]

Using a similar argument as above we obtain the following.

Theorem 2.6. Let 0 < @ < 1 and M, and N, be defined by (2.3) and (2.4). Then

. L l-a M N =
“(SHY(,n,A, B)) = inf : :
"o(SHr(4,n, 4, B)) }flz[B—Amm{k(k—a) k(k+a)}]

Our next theorem is on the extreme points of § H?(/l, n,A, B).

Theorem 2.7. Extreme points of the class S HX(A,n, A, B) are the functions f of the form (1.1)
where h = h; and g = g, are of the form

h(z) =2z, h((z)=z- %Zk,
_ 2.12)
gr(z) = (-D"%z" (zeU, k=>2).

Proof. Letgy =nfi+ (1 —n)fa where0 <n < 1land fi, f; € SH?(/L n,A, B) are functions of the
form

f@ == Jaw #+ 00 Y. bl F e U re1.2).
k=2 k=2

Then, by (2.12), we have

o1a] = [bas] = 22
and therefore a,, = a,, = 0forr € {2,3,...}and by, = b, = Ofort € {2,3,...}\ {k} . It follows that
g1(2) = f1(2) = f2(z) and g are in the class of extreme points of the function class S H?(/l, n,A, B).
Similarly, we can verify that the functions /,(z) are the extreme points of the class S H(;(/l, n,A, B).
Now, suppose that a function f of the form (1.1) is in the family of extreme points of the class

SH?(/L n,A, B) and f is not of the form (2.12). Then there exists m € {2, 3, ...} such that

B-A

O <lanl < o T D AT T A= DB+ D+ B=A]
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or

0 < |bl < B-4 .
[(m+DA-1]"[A(m+1)(B+1)+A - B]
If
B-A
0<la, < )
[(m-DA+1]"[A(m—-1)(B+ 1)+ B-A]
then putting
_Iaml[(m—1)/l+1]"[/l(m—1)(B+1)+B—A]
= B-A
and F—nh
¢=—",
-n

wehave 0 <np < 1, h, # ¢.
Therefore, f is not in the family of extreme points of the class S H?(/l, n,A, B). Similarly, if

B-A

O <l < DA T A+ DB D+ A—BI’

then putting
byl [m+1)A=1]"[A(m+1)(B+1)+A - B]
)7 =

B-A

and !
— N8m
="
-n
wehave 0 <n <1, g, # ¢.
It follows that f is not in the family of extreme points of the class S H(4,n, A, B) and so the
proof is completed. ]

Therefore, by Theorem 2.7, we have the following corollary.
Corollary 2.1. Let f € SH?(/L n,A,B)and |zl = r < 1. Then

B-A ,
AT D B Dra—B SW@l=r

. B—A )
A+ 1) AB+1)+A-B] "

The following covering result follows from Corollary 2.1.
Corollary 2.2. If f € SHY(A,n,A, B) then U, C f(U) where

B B-A
A+D'"[A(B+1)+A-B]

r=1
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Abstract

One of the most important achievements of the last century is the knowledge of the existence of non-countable
sets. The proof by Cantor’s diagonal method requires the assumption of actual infinity. By two paradoxes we show that
this method sometimes proves nothing because of it can involve self-referential definitions. To avoid this inconvenient,
we introduce another proving method based upon the information in the involved object definitions. We also introduce
the concepts of indiscernible mathematical construction and sub-cardinal. In addition, we show that the existence of
indiscernible mathematical constructions is an unavoidable consequence of uncountability.
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1. Introduction and preliminaries

In this article that two sets X and Y have different cardinalities only means that it is impossible
to define one bijection between them. The existence of a bijection between two sets leads to size
equality, but the converse implication need not be true, at least, with respect to infinite sets. The
term “size” is ambiguous when applied to infinite sets. Recall that there is always a bijection
between every infinite set and some proper subset of it. Bijections not only compare set-sizes but
information and complexity in the definitions of their members. In particular, we consider those
mathematical constructions that cannot be defined or determined by any finite expression. We say
these objects to be indiscernible.

If f: X — Y is abijection, the expression y = f(x) specifies the object y uniquely. Thus, we
can consider y = f(x) as a definition for y, whenever both f and x are definable. As a consequence,
if the information lying in any definition for y is always greater than the one in both definitions of
f and x, we cannot assume the local equality y = f(x) at x. We can find this situation when y is
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an indiscernible object. This method leads to non-existence of a bijection f : X — Y when there
is, at least, one indiscernible object in Y. Even singletons can satisfy this condition. However, it
is trivial to define a bijection between two singletons, what suggests that this proving method is
wrong. Fortunately, in Theorem 2.2 we show that, if a set £ contains one indiscernible object, then
E must be infinite, and satisfies the following relation.

“E contains an indiscernible object” = (“E is infinite” A “E is uncountable.”)

Analogously, by virtue of Theorem 2.1,

“E is uncountable” =

“E contains an infinite subset each member of which is indiscernible.”

We can find similar facts using complexity instead of information. For instance, let Q denote
the Chaitin’s constant (Chaitin, 2012). If f : N — E C R is a bijection, being computable by a
Turing machine 7', then E cannot contain Q; otherwise, 7' could compute €2, simply, as the value
of f at some positive integer n € N. Accordingly, if Q € E, then there is no bijection between
N and E, being computable by any Turing machine. Nevertheless, depending on their nature, we
could define a non-computable bijection F between N and E. This fact allows us to define the
concept of sub-cardinal. Thus, comparing sets by computable bijections, we define sub-cardinals
as sub-equivalences of those that we can state by definable one-to-one maps.

1.1. Preliminaries

To avoid any ambiguity, we use the concepts of “extensible language,” “identifier” and “dis-
cernible mathematical construction” with particular meanings that we explain below.

Let A be a finite alphabet. We term “vocabulary generated by A” every nonempty subset of the
class Voc(A) of all finite and infinite sequences of symbols in A. Likewise, we term “language”
every partial (syntactic) free-monoid £(Voc(A)), generated by Voc(A), provided that we assign a
meaning to each of its members. Thus, £(Voc(A)) consists of sentences. Two sentences s, and s,
are equivalent when both denote the same concept.

Definition 1.1. We say that a language £(Voc(A)) is “extensible” when it satisfies the following
conditions.

1. If there is a set E of sentences in some language £ that have no equivalent in £(Voc(A)), we
can add sentences and symbols to £(Voc(A)) denoting all members of E.

2. When we extend L(Voc(A)) with a set W of new symbols and sentences, the way that we
assign meanings and interpret each member of W can be described by “finite” sentences in

L(Voc(A)).

The second condition is important for our purposes. For instance, consider the sentence:
S = “We can compute the area of a polygon of three angles.” Using the word “triangle” we can
transform § into the shorter sentence: “We can compute the area of a triangle.” Since we can
describe the meaning of the term “triangle” by a finite expression, this substitution satisfies the
former definition.
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Definition 1.2. We say that a sentence S in an extensible language is an “identifier” for a math-
ematical construction X, provided that S specifies X uniquely. Thus, S can denote a definition, a
predicate, or any procedure that can be associated with X in an ambiguity-free way.

Identifiers can be infinite, for instance, the binary expansion 0.d d,d; . .. of an irrational num-
ber consists of an infinite symbol sequence.

Definition 1.3. We say that a mathematical construction X is discernible when there is, at least,
one finite identifier for it; otherwise, we say that X is indiscernible.

To illustrate the concept in the former definition, consider the real number 7. There are endless
expressions that identify . For instance, the infinite digit sequence 3.14159... of its decimal
expansion. In spite of being an endless symbol sequence, the number 7 is discernible because it
can be specified by finite sentences. For instance,

S = “the ratio of a circle’s circumference to its diameter.”

Although the symbol 7 denotes the infinite expression 3.141592 ..., the language extension ob-
tained adding r satisfies the second condition in Definition 1.1 because its meaning can be de-
scribed by the finite sentence S. Likewise, every algebraic number is discernible by any equation
that it satisfies. Every computable mathematical construction X is discernible because any algo-
rithm (finite) that calculates X also identifies it.

A noticeable property related with indiscernible mathematical constructions is the impossi-
bility of handling them individually. We show this topic in Theorem 2.2. There are sets of in-
discernible objects that can be denoted by finite expressions. For instance, “the subset K of all
indiscernible members of [0, 1]” is a finite definition; hence K is discernible, but each of its mem-
bers is not. Likewise, we show in Theorem 3.1 that, if there is one non-computable number in
[0, 1], there is also an infinite subset no member of which is computable.

From now on, we frequently use the term “infinite,” that can be regarded either as potential
or actual. By potential infinity, we understand the concept stated by Poincaré (1854-1912) in the
following quotation.

Actual infinity does not exist. What we call infinite is only the endless possibility
of creating new objects no matter how many exist already.

When we do not state the concept of infinity as “potential,” we implicitly mean that it is actual.

2. Discernible mathematical constructions

In this section, we show that every uncountable set contains an infinite subset no member of
which is discernible. In addition, indiscernible mathematical constructions cannot be identified
and compared to each other by finite procedures. This property gives rise to some undecidable
statements together with the impossibility of proving that a map satisfies the one-to-one property.
By undecidable, we mean that either its truthfulness or falsehood cannot be proved by some finite
procedure. Thus, if we assume any undecidable statement, there is no finite procedure to reject or
confirm our assumption.
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Lemma 2.1. Every computable mathematical construction is discernible.

Proof. Let O be a mathematical construction that is computable by a Turing machine 7. The
transition map of 7 is determined by a finite matrix 7. We can denote 7, by a finite sym-
bol sequence in any extensible language £(Voc(A)), simply, adding some end-row symbol to A,
whenever it does not contain one.

Now, suppose that there is no Turing machine computing O, but we can compute it by some
more complex algorithm Alg, for instance, a super-recursive one. In this case, we need a finite
definition Def for Alg. Accordingly, in some extensible language there is a finite symbol sequence
S that denotes Def. Thus, S determines Def; this denotes Alg; the later determines O. As a
consequence, O is discernible through S . O

The concept of discernibility stated in Definition 1.3 can be either intrinsic or circumstantial.
For instance, the expression E = “the positive solution of the equation x> — 2 = 0” determines
V2. Since E is finite, V2 is discernible. Likewise, every algebraic number is discernible. The
discernibility of V2 is intrinsic because arises from an intrinsic property of V2. By contrast, the
expression

E = “the second object in the sequence S = [, \5, 6,y”

determines V2 by a circumstance (position) that can be satisfied by any object O, simply, substi-
tuting V2 by O in S. This is a positional determination in the scenario denoted by S. If § can be
defined by a finite symbol sequence, then this description together with the expression S is also an
identifier for V2.

Theorem 2.1. Every uncountable set X contains an uncountable subset each member of which is
indiscernible. In addition, the subset of all discernible members of X is countable.

Proof. Let X be a nonempty set each member of which is discernible, hence, for every x € X, there
is a finite expression S, = @z ... ax, in some extensible language L(Voc(A)) that determines x.
Let 8 : A — N be an injective map and {p1, p», p3 ...} the set of all positive prime integers. We
can define a numbering function y that sends each symbol sequence a@; . .. @, in L(Voc(A)) into

the positive integer
kx

Y ...a) = | [P eN 2.1)
i=1

By construction, vy is injective. Since, by definition, there is a finite expression determining each
discernible object x, the set X is countable because its image under 7y is a subset of N. As a
consequence, to be uncountable, X must contain a nonempty set U of indiscernible objects. Since
each member of X \ U is discernible, as we have just seen, it is a countable subset of X. If U were
also countable, X = (X \ U) U U would be the union of two countable sets. Consequently, U must
be uncountable. O

A straightforward consequence of the former theorem is the existence of indiscernible real
numbers in the unit interval [0, 1] because it is uncountable. This is an example of discernible set
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that contains indiscernible members. The set [0, 1] is discernible because it can be defined by a
finite sequence of finite expressions in any extensible language. For instance, “the set of limits of
all convergent sequences of rational numbers that are greater than or equal to 0 and less than or
equal to 1.”

Axiom 2.1. Let O, and O, be two mathematical constructions. If Oy # O,, there is, at least, one
finitely representable predicate p(x), in some extensible language, that O, satisfies and O, does
not.

The former axiom is widely satisfied. As the lemma below shows, the real number set satisfies
it.

Lemma 2.2. The real number set R satisfies Axiom 2.1.

Proof. Let r| and r, be two real numbers. If

ry =¢Ci1Cy " Cr « Cr41Ck42Ck43 " *

and
rh=dd,-- ‘dj . dj+1dj+2dj+3 T

are their decimal expansions and r; # r,, for some n € N, the inequality ¢, # d, holds. Thus, ry is
the only of them that satisfies the following predicate:

p(x)="“The n-th digit of the decimal expansion of x is c,.”
O]

Lemma 2.3. Let E = {0, | n € {0, 1,...k}} be a finite subset of N. If the members of E satisfy
Axiom 2.1 pairwisely, for every positive integer n < k, there is a predicate q,(x) that O, satisfies
and any other member of E does not.

Proof. By Axiom 2.1, for every positive integer m < k, if m # n, there is a predicate p,,(x) that
0, satisfies and O,, does not. Thus, O, is the only member of E that satisfies the conjunction

G0 = [\ Pan(® (2.2)
me?(q);,tl’?..k}
[

Now, we show that every finitely representable predicate that is satisfied by one indiscernible
member of a finitely definable set K, it is also satisfied by every member of an infinite subset U of
K; therefore K must be infinite.

Theorem 2.2. Let X be a set the members of which satisfy Axiom 2.1 pairwisely. If X is finitely
definable in an extensible language L(Voc(A)), and the subset U of all indiscernible members of
X is nonempty, the following statements are true.
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1. Let p(x) be a finitely representable predicate in L(Voc(A)). If a member Oy of U satisfies
p(x), then there is an infinite subset Uy of U each member of which satisfies p(x) too;
therefore U must be infinite.

2. With the same assumptions as in the preceding statement, there is no finitely definable bijec-
tive map from any nonempty subset K of N onto U,,.

Proof.

1. Suppose that Oy is the only member of U that satisfies p(x). In this case, p(x) determines
Oy uniquely. Since, by assumption, p(x) can be represented by a finite expression E; in
L(Voc(A)), then O, is discernible and belongs to X \ U; which contradicts our assumption.
Thus, Oy cannot be the only object that satisfies p(x). Since we assume that X is finitely de-
finable in £(Voc(A)) by a finite expression E, the subset U of X is also finitely representable
in £(Voc(A)) by the expression

E, = “The subset of all indiscernible members of the set denoted by E,.”

If U does not contain any other member of the set {O € X | p(O)}, both finite expressions
“x belongs to the set denoted by E,” and “x satisfies the predicate denoted by E;” form
a finite expression that determines Oy, and both expressions E; and E, consist of finite
symbol sequences in A. As in the previous case, Oy would be discernible. Accordingly,
there is at least one O, € U that satisfies p(x) too. By Axiom 2.1 and taking into account
Lemma 2.3, there is a finitely representable predicate p;(x) that O, satisfies and O, does not.
The conjunction of both predicates p(x) A p;(x) determines Oy, unless there is O, € U that
also satisfies this conjunction. Iterating the procedure, we obtain an infinite subset U, of U
each member of which satisfies p(x).

2. If there is a bijection f : N — U that can be defined by a finite expression E; in L(Voc(A)),
for every n € K, the expression

“f(n) is the image of the integer n under the map f defined by E;”

determines f(n) € U, uniquely. Since, by hypothesis, £, can be denoted by a finite symbol
sequence, the former expression is finite, and f(n) is discernible, for every n € N. Thus, f
cannot be surjective. Accordingly, the existence of any finitely definable bijection f is not
compatible with the indiscernibility of the members of U,.

[]

Corollary 2.1. With the same assumptions as in the preceding theorem, if a discernible set E
contains one indiscernible member O, then there is an infinite subset U of E each member of
which is also indiscernible; hence E must be infinite. In addition, if E is uncountable, so is U.

Proof. 1If E is discernible, there is at least one identifier Q for E that can be described by a finite
symbol sequence in some extensible language. Now, let P(x) denote the predicate:

P(x) = “x is a member of the set that Q specifies.”
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It is straightforward that an object O satisfies P(x) if and only if it is a member of E. Since P(x)
can be denoted by a finite expression, by virtue of the preceding theorem, there is an infinite set U
each of its members satisfies also P(x); hence U C E. Thus, E must be also infinite.

Finally, if E is uncountable, by virtue of Theorem 2.1, the subset V C FE of all discernible
members of E is countable. As a consequence, U must be uncountable; otherwise E = V U U is
the union of two countable sets, which contradicts our assumption of the uncountability of £. [

Remark. As a consequence of Statement 1 in the former theorem, we can only handle infinite
sets of indiscernible objects. Procedures involving indiscernible singletons require endless ex-
pressions. For instance, the short sentence

S = “the subset of all undiscernible real numbers,”

denotes a subset K of R. In spite of being discernible, because we can denote K by the short
sentence §, each of its members requires an endless expression to be handled or identified. As
a consequence, when K belongs to the image of a map f, by no finite method or procedure is
possible to discern whether f is a one-to-one map because of the indiscernibility of the members
of K.

Each non-finitely definable map f : X — Y between infinite sets can be stated through a two
column table, each of its rows consists of a member of X in the first column followed by its image
under f in the second one. Its indiscernibility can be a consequence of its infinite size whenever by
no predictable pattern we can determine its values. If for every finite subset K of X the restriction
of f to K is finitely representable, we say f to be “first-kind indiscernible”. In this case, each
restriction of f to any finite subset of its domain is discernible. By contrast, if for some x; € X the
image f(xy) can only be denoted by an infinite symbol sequence in any language, then we say that
f 1s “second-kind indiscernible”.

Theorem 2.3. Let X be a set that contains a nonempty subset of indiscernible objects. If the
members of X satisfy Axiom 2.1 pairwisely, for every one-to-one map f : N — X, the following
statements are true.

1. If f is a finitely definable map in some language L(Voc(A)), VK € N, there is no positive
integer n < K such that its image y = f(n) is indiscernible.

2. If f is a first-kind indiscernible map, the image of f does not contain any indiscernible
member of X consequently f cannot be surjective.

Proof.

1. By hypothesis, the map f is finitely definable. Thus, the predicate p(n,y) denoted by the
expression
p(n,y) = “yis the image of n under f,”

satisfies Definition 1.1; therefore it is also finitely definable, for every n € N. As a conse-
quence of Statement (1) in Theorem 2.2, there is an infinite subset of indiscernible members
of X each member of which satisfies p(n,y) too, which contradicts our hypothesis because
f would be a relation, but not a map.
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2. Let T be a table that describes f, and M any positive integer. The restriction of f to the finite
set {1,2,3 ... M} consists of a finite sub-table T, of T'. Since, by hypothesis, f is first-kind
indiscernible, the finite sub-table T, can be described by a finite sequence S ,; of symbols in
an extensible language £(Voc(A)). The result of substituting S 5, by the corresponding finite
symbol sequence in the expression

E =“x is the member of X denoted by the expression lying in the second
column and the n-th row of the table denoted by S ;"

is also finite and determines the image of f at n, for each n < M. Thus, the image of every
positive integer n under f is discernible. As a consequence, f cannot be surjective, whenever
its codomain contains some nonempty subset of indiscernible members. By hypothesis, X
satisfies this condition.

]

It is worth pointing out that Theorem 2.3 is very similar to the well-known Cantor’s Theorem.
However, the non-existence of a first-kind indiscernible bijection is a consequence of indiscernible
members of X, which is a local property. By contrast, the diagonal proof is built under the assump-
tion of actual infinity and depends on the complete bijection domain. In the proof of Cantor’s
Theorem, there is no mention of the nature of the table denoting the map f : N — [0,1]. We
suppose that, at most, f must be a first-kind indiscernible map; otherwise, assuming that f cannot
be injective, to reject this claim we need an endless procedure.

To proceed more accurately, we say that a set X is w-countable to denote the cardinality equiv-
alence between X and N is based on the existence of a first-kind indiscernible bijection f : N — X.

Theorem 2.3 is built by a pointwise method, which does not depend on the set sizes. We are
aware that this method can seem dark because, in finite sets, cardinality strongly depends on size.
This is why, in the section below, we show similar results from another viewpoint. In any case, it
is worth mentioning that, by virtue of Corollary 2.1, every finitely definable set that contains some
indiscernible member must be infinite. The following result shows the existence of indiscernible
numbers in the unit interval [0, 1].

Theorem 2.4. If there is one non-computable number @ in the unit interval [0, 1], there is also an
infinite subset U C [0, 1], each member of which is indiscernible.

Proof. For each n € N, let p,(x,d,) denote the predicate
pn(x,d,) = “The n-th digit of the decimal mantissa of x is d,.”

It is straightforward that, for each map 1 : N — {0, 1,2, 3,4,5, 6,7, 8, 9}, the conjunction

N\ atx, Am)

neN

together with the predicate Q(x) = “x belongs to [0, 1]” define a unique member of [0, 1].

Now, for each r € [0, 1], let V'(n, r, A\ ,.ey Pm(X, ¢1n)) be the conjunction obtained by substituting
pn(x,cy) by pu(x,d,) in A\, ey (X, ), Wwhere the members of {d, | n € N} are the digits of the
decimal expansion of r.
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Let r; = O.cicocs -+ € [0, 1] be a number the figures of which are chosen at random. Taking
into account Theorem 2.2, if r is indiscernible the theorem is true. If it is not, consider the number
r, defined by the conjunction P(x) = Y (2, @, A\ ,.eny Pm(X, c)). If there is no finitely representable
predicate being equivalent to P;(x), then the number r, that it defines is indiscernible; otherwise,
let P,>(x) be the conjunction Y (4, @, P1(x)). Once again, if there is no finitely representable pred-
icate being equivalent to P,(x), the number r; that it defines is indiscernible, and the theorem is
true. Iterating the process, we obtain a sequence S = P;(x), P>(x), P3(x) ... defined recursively as
follows.

Pi(x) =712, w, /\meN pm(x’ Cm))
2.3)
{Pn+1 =T (20", @, P, (x))

The process stops when, for some n € N, the predicate P,(x) defines an indiscernible number, and
the theorem is true. Otherwise, the process becomes infinite. In this case, if the infinite sequence
S defines a member r of [0, 1], since this is an endless definition, r is indiscernible. Notice, that
by no finite method is possible to build the sequence S because it involves the digits of @ and, by
hypothesis, this is not computable. Now, we show that S defines a real number in [0, 1].

LetS = r,r, ;... be the sequence that the members of S define. As a consequence of (2.3),
for every positive integer m > 0, and each pair (i, j)) € N X N, if i, j > 2", the 2"-th first digits of
the mantissas of both r; and r; are the same. Accordingly, for each couple r; and r; in [0, 1], the
relation i, j > 2™ leads to

1
Iri—rjl < H)W (24)

Thus, S is a Cauchy sequence and converges to some r € R. Since [0, 1] is closed, r € [0, 1].
Taking into account Theorem 2.2, the subset U of indiscernible members of [0, 1] is infinite. [

It is worth pointing out, that the information in the sequence S is infinite. No finite expres-
sion can contain the same information as S. Since the definition of S involves figures obtained
at random, in each instance determines different numbers. As a consequence, S defines a class
of indiscernible objects. Recall that, by finite methods, we only can handle infinite sets of indis-
cernible objects (Theorem 2.2). Finally, by virtue of Theorem 2.3, the former result leads to the
w-uncountability of [0, 1].

2.1. Remote-cardinals and identifier supports

Let R be a class of discernible maps and relations, and X the union of all domains and pa-
rameter sets of all members of YR. We assume that X can contain hidden parameters too (Palo-
mar Tarancén, 2016). From now on, we denote by E[X, R] the class of all mathematical con-
structions such that, for each of which, we can build an identifier consisting of “finite composi-
tions” of maps and relations in fR. Likewise, for each mathematical construction K, we say each
class €[X, 9R] that contains K, to be an identifier support for it, provided that R is finite and X is
nonempty.
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Nortation. For every mathematical construction K, we denote by Supp(K) the class of all identifier
supports for K.

Definition 2.1. We say that E[X, R] € Supp(K) is a basic identifier support for K provided that X
satisfies the relation
VEY,S) € Supp(K) :  #(X) < #(Y) (2.5)

In this case, we also say that #(X) is the remote-cardinal of K, that we denote by the symbol b. In
this case, b(K) = #(X).

Lemma 2.4. The remote-cardinal of the set 7. of all integers and the one of every of its members
is 1.

Proof. We can build every positive integer n in Z iterating n-times the map suc : m — (m + 1)
with the only argument 0. Likewise, we can build each negative integer iterating the inverse map
suc™!. To obtain 0 we can apply the identity map. Thus, if X = {0} and R = {suc, suc™!, id}, then
E[X, R] is an identifier support for Z, and so is also for every of its members. Since #({0}) = 1
is the smallest possible cardinal of any nonempty set, b(Z) = #({0}) = 1. Analogously, Vn € Z :
b(n) = #({0}) = 1. O

Theorem 2.5. If f : X — Y is a discernible bijection, and for every x € X there are both remote-
cardinals b(x) and b (f(x)), then

VxeX: bx)=b(f(x)). (2.6)

Proof. First, we show that b (f(x)) < b(x). Let (Ao, Ro) be a basic identifier support for x, and
&(A1, M) abasic one for f(x); hence b(x) = #(Ap), and b (f(x)) = #(A). Since we can obtain f(x),
simply, applying the map f to x, and by assumption f is discernible, the expression E(Ay, RoU{f})
is also an identifier support for f(x). Now, taking into account (2.5), the following relation holds.

b (f(x)) = #(A)) < #(Ao) = b(x). (2.7)

Likewise, because of f is a bijection there is the inverse f~'; therefore we can also show that
#(Ao) = b(x) = b (/7 (f(x)) < b (F(x)) = #(A)) 2.8)
Both equations (2.7) and (2.8) lead to (2.6). O

ny n

Definition 2.2. We say that a prime factorization p; p,> - pzj’ of an integer N is exhaustive if it
contains every prime smaller than p; ., perhaps with exponent 0.

For instance, 20 = 22 - 5', but the exhaustive factorization is 20 = 2% - 3% - 5!, which contains
every prime smaller than 5.

Corollary 2.2. The remote-cardinal of every discernible mathematical construction is 1.
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Proof. If X is a discernible mathematical construction, the map y defined in (2.1) specifies X by
an integer M =[], plB @) because we can obtain the parameters @@; . . . @,,, simply, through the
prime factorization of M as follows.

Let @ denote the map that sends each integer M into the m-tuple of its factors

<p/1<1,p/£2’ y _pi,ln) _ (pf(“‘), e, _pﬁl(am))

in its exhaustive prime factorization, and w the map

(P2, 5 - ) 1> v

Accordingly, E[{M},{D,w}] is an identifier support for X. Since {M} is a singleton, b(X) =
#(M}) = 1.

We can also show this result as a corollary of Theorem 2.5. By Theorem 2.1 we know that, for
every nonempty set E, if every of its members is discernible, the discernible injective map y sends
E into a subset K of N. Since the restriction of y to its image is bijective, by virtue of Theorem 2.5,
for each X in E, b(X) = 1. ]

Lemma 2.5. The remote-cardinal of every indiscernible real number is N,.

Proof. On the one hand, a real number r is defined as the limit of a sequence (a,),cy Of rationals.
On the other hand, since R with the standard topology 7 is a Hausdorff space, the binary relation
Limy between each converging sequence and its limit is a map. If f : N — Q is the map n — a,,
then & [img(f), {Limz, f}] is an identifier support for r. Now, we show that, for every indiscernible
real number, this support is basic.

If r is indiscernible, every of its identifiers must be infinite. By definition, for every E[A,R] €
Supp(r), each identifier E for r, associated with €[A, PR], must be built by finite compositions of
members of ‘R, and each of which is discernible. Under this condition, E can only be infinite if
so is A. Accordingly, #(N) = 8y < #(A). Since img(f) is countable, then #(img(f)) = Ny, and
¢ [img(f), {Limz, f}] is basic. Thus, b(r) = # (img(f)) = #(N) = N,. [

Corollary 2.3. If the set [0, 1] contains any indiscernible number, there is no discernible bijection
between N and [0, 1].

Proof. Let f : N — E C [0, 1] be a bijection. As a consequence of Theorem 2.5 and Lemma 2.5,
for every nin N, b(n) = 1 and b (f(n)) = 1; hence img(f) does not contain any indiscernible real
number. Consequently, E = img(f) is a proper subset of [0, 1] and f cannot be surjective. ]

3. Non-computable real numbers

In this section, we say that a real number r is non-computable, whenever there is no Turing
machine computing r. We show that the existence of any non-computable number in [0, 1] leads to
an infinite set of them. To this end, we assign an automaton to each positive integer, which accepts
every binary representation of integers. We simplify their structures using one-way automaton
classes. Consider the equivalence between two-way and one-way finite automata (Hulden, 2015).
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Definition 3.1. Let Aut(N) be the class of all automata each of its members is a 7-tuple A, =
(O, T, 9,%,0, qo, F); where

e O, =1{p1,p2,...pn} U{HALT} is the set of states, for some positive integer n; where each
member is associated with a prime integer py, and gy = p; is the initial state.

o I'={0, 1, &} is the tape alphabet, and & is the blank symbol.
e ¥ c I'is the set {0, 1} of input symbols.

e 5:(0,\ F)xI' = O, xT" X {R} is the transition map, the codomain of which only contains
the move R (right).

o FF={HALT} C Q, is the subset of final states.
From now one, we assume that each member of Aut(N) satisfies the following conditions.

1. For every k € N, p; denotes the k-th prime integer. Thus, the initial state is gy = p; = 2.
Likewise, p, = 3, p3 = 5 and so on.
2. For every state s € (Q, \ F): d(s,) = (HALT, 1,R).
3. The image (p;,y,R) = 8(px, x) under 6 of every pair (pr, x) € (Q, \ F) X I satisfies the
following conditions.
Pis1 ifk <nand x # @,
pj=pnifk=nand x # &, (3.1
HALT if x = @.

Now, we assign a Turing machine to each non-negative integer through the map ¥ : N —
Aut(N) defined as follows.

o If n <2, then ®(n) is the Turing-machine in Aut(N) with the only states p; and HALT, and
with the transition map

(p1,x,R) if x € {0, 1}

3.2
(HALT, 1, R) otherwise. (3-2)

o(p1,x) = {

e Ifn>2and p'f’ . pgz .- pkm = n is its exhaustive factorization into prime integers, then ®(n)
is the member of Aut(N) with the transition map ¢ defined in the following table.

X state p; state p, o state p,,
0 (2 f OB (03, OB o (s fi () (3.3)
1 (p27ﬁ<1(1)’R) (p3’ﬁ<2(1)’R) (pm’.ﬁcm(l))

@ (HALT,1,R) (HALT,1,R) ... (HALT,1,R)
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where for each k € N, f; : {0, 1} — {0, 1} is the function defined as follows.

Oifm=0 mod (4)

xifm=1 mod (4)

Jm(x)=3lifx=0andm =2 mod (4) 3.4)
Oifx=1landm=2 mod (4)

liftm=3 mod (4).

Notation. For every positive integer n and each finite tape-symbol sequence cic...cj, we
denote by ®(n)[cic;...c;] the output that ®(n) carries out from the initial tape configuration
C1Cy ... Cj.

Lemma 3.1. For every n € N, the Turing machine ®(n) accepts every finite tape-symbol sequence.

Proof. Let sy, 52, 53... s, be any finite symbol sequence in the tape of ®(n). Since the only move
is R, after a finite step sequence the focused cell is the one containing the symbol s,,. In the
following step, the head reads the (m + 1)-th cell that must contain the blank symbol &. According
to (3.3), @ is substituted by 1, and the process gets the final state HALT. ]

Theorem 3.1. The set [0, 1] C R contains an infinite subset of non-computable discernible num-
bers.

Proof. We show that if there is one non-computable number in [0, 1], it also contains an infinite
subset K C [0, 1] of them. Let r = 0.did>d5...d;... a non-computable real number in [0, 1]
written in the binary numeration system. For each integer k > 0, let n; be the positive one the
binary figures of which are

diok+1d10k+2 - - - d(10k+10) (3.5)
Likewise, let ¢ jcz - . . ¢ j, be the result of the computation
O(n)ldioks1di0k+2 - - - diok+10)] = CriCrp -+ - Crj, (3.6)
The real number
r"=0.c11C12...€1j,C21€C22 ... Cojy vkl Chk2 -+ Chijy - - 3.7)

1s non-computable because its binary figures depend on the ones of r, and by hypothesis so is r. In
addition, the set of Turing machines

(D)), D(ny) ... Omy) ... )

by which we compute r*, is infinite and requires to know previously the binary expansion of r.
Iterating the process over r*, we obtain an infinite sequence of non-computable real numbers
in [0, 1]. Although in (3.5) we take sequences of ten binary figures, with figure sequences of other
length we can also build infinite sets of non-computable real numbers.
Finally, the non-computable numbers involved in this proof can be determined by the finite
expressions (3.5), (3.6) and (3.7); hence each of them is discernible. O
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4. Sub-cardinals

From now on, we denote by Dsc the subset of all discernible members of [0, 1]. Likewise, by
Cmp we denote the subset of all computable members of Dsc. As we have just seen in Theo-
rem 3.1, there exist non-computable numbers that are discernible; hence, Cmp is a proper subset
of Dsc.

Lemma 4.1. There is no computable bijective map between any nonempty subset K of N and
B[O l]Cmp.

Proof. Suppose that there is a computable bijection f : K — Gy ;;Cmp. For every positive integer
ny in K, f(ny) would be computable, which contradicts f(n) € E[Q”Cmp. L]

Both results, Statement (2) in Theorem 2.2 and the former lemma, allow us to compare infinite
sets through several criteria based upon the nature of the comparing bijections. According to
Theorem 2.1 and Lemma 2.1, both sets Dsc [0, 1] and Cmp c [0, 1] are countable. However,
there is no “computable” bijection between these subsets of [0, 1]. This peculiarity allows us to
state the following definitions.

Definition 4.1. Two sets X and Y are of the same A-cardinality if there is, at least, one “com-
putable” bijection between them (Rado, 1962). Likewise, we say X and Y to have the same
o-cardinal whenever there is a “discernible” bijection f : X — Y.

Remark. The set Cmp of all computable real numbers in [0, 1] is a proper subset of the set Dsc of
all finitely definable members of [0, 1]. As we have seen in Lemma 2.1 and Theorem 2.1, both are
countable subsets of [0, 1], hence there is, at least, one finitely definable bijection f : Cmp — Dsc.
However, as a consequence of Lemma 4.1, there is no computable bijection k : Cmp — Dsc. In
other words, although both sets have the same cardinal N, they are not of the same A-cardinality.
That is a consequence of the information that each member of Cmp and Dsc contains. Both,
the information and complexity of non-computable numbers are greater than that lying in any
computable one (Li & Vitanyi, 2008).

Taking into account these properties, we can consider the A-cardinal of Cmp as a sub-cardinal
of Ny = #(N), which we denote by N_,. Since N_, # N, then N_, is a “proper” sub-cardinal of .
By sub-cardinal we do not mean “smaller than.” According to both Theorem 2.2 and Lemma 4.1,
cardinalities are, simply, equivalence relations based on the comparing bijection nature. This
viewpoint needs some explanation. The existence of an isomorphism between structured sets leads
to size equality (Hume’s principle). The converse statement need not be true. The size equality
between structured sets need not lead to the existence of isomorphisms. Nevertheless, we can
define bijections between the underlying sets, which are structure-free constructions. However, we
cannot always forget the structure of any mathematical construction. For instance, real numbers
are defined as limits of rational sequences. If we forget the topology of R, the concept of limit
vanishes, and we lose the real number definition. Indiscernibility is also an unforgettable structure
property because it is an intrinsic object-definition attribute.

We denote by the expression N_; the cardinal of Dsc. Since Cmp is a proper subset of Dsc,
N_ is a sub-cardinal of 8y; and N_; is a sub-cardinal of §_;. Finally, we denote by N, the cardinal
of each set E such that there is a first-kind indiscernible bijection between N and E.
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Conjecture 4.1. Each of the following incompatible statements is undecidable.

1) N, is a proper sub-cardinal of NRy.
2) N, =N

In the former conjecture, by undecidable we mean the impossibility of rejecting or proving any
of these statements by finite procedures. Take into account that, in general, by no finite procedure
we can discern the equality or inequality of two indiscernible objects. Discerning the equality is
necessary to know whether any map is a one-to-one correspondence. This is a consequence of
Theorem 2.2.

5. Some paradoxes arising from Cantor’s method

In this section, we introduce three paradoxes to show that Cantor’s methods can involve inad-
equate self-referential definitions. The first paradox is built through an instance of the diagonal
method, which leads to a contradiction. This situation occurs if the method involves any self-
referential definition that fits into the following pattern.

X = “Expression that contains X" (5.1)

The former expression is an abstract equation. Since there are unsolvable equations, it is possible
that some self-referential definitions define nothing. Self-referential definitions can be implicitly
stated as in the following pattern.

X = “Expression that contains a class E containing X implicitly.” 5.2)

This is the case of Cantor’s diagonal method under the assumption of actual infinity. For instance,
let the following table denote a bijection f : N — X C [0, 1].

f() =0dndids. ..
f2) = 0.dydndss . ..
..................... (5.3)

By the diagonal method we define a member r = O.cjcyc3 ... of [0, 1] that satisfies the condi-
tion
YneN: c¢,#d, 5.4)

If » ¢ X the statement above is an adequate definition, but if » € X, is implicitly self-referential.

Paradox 5.1. According to Theorem 2.1, the subset Dsc of all discernible members or [0, 1] is
countable. Let y : Ds¢c — N be the injective map finitely defined in (2.1), and y, : Dse — img(y)
the restriction to its image, which is bijective; hence there exists its inverse

751 :img(y) € N — Dsec.
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Since 7 is finitely defined in (2.1), so are both y, and y; I consequently, the three maps are dis-
cernible.

Now, for every positive integer n, let 0.c,icu2¢p3 ... be the decimal mantissa of v, '(n). By
Cantor’s diagonal method we can build a real number r = 0.d,d>d5 . .. in [0, 1] as follows.

VneN: d,= (5.5

cm +1ifc,, <9
0 otherwise.

The former equation is a finite expression that determines r uniquely; hence it is discernible, and
the relation
r € Dsc. (5.6)

is true. Nevertheless, equation (5.5) leads to ¥n € N @ r # vy I(n), because Vn € N : ¢, # dy;
consequently
r ¢ Dsc, 5.7

which contradicts (5.6).

We can solve the former paradox easily. Recall that, in the scope of actual infinity, every
infinite set is a construction that can be completed. In this case, when the image of an indiscernible
bijection f : N — E contains every number r that can be obtained by Cantor’s diagonal method,
this method involves a self-referential definition for ry. This is the case in the former paradox. To
better understand this topic, we state the paradox below by the inverse method. We choose the
number ry € [0, 1] and build a bijection that does not contain it.

Paradox 5.2. Let f : N — M C [0, 1] be a bijection that satisfies the following conditions.

1. Let [E denote the set {2 -n | n € N} of all positive even integers. The restriction flg : E - M
of f to E is the subset Q N [0, 1] of all rationals in [0, 1]. Recall that both E and Q are
countable; so then we can build the map f under the condition img(f|g) = Q N [0, 1].

2. The image f(n) of each odd integer n is an irrational member of M. Thus, img(f) contains
every rational in [0, 1] and an infinite and countable subset of irrationals.

Let r € QN [0, 1] c img(f) be a rational number and 0.d,d,d5 ... the figures of its decimal
expansion. Suppose that, for every n € N, the expansion of f(n) is 0.c,1c2¢p3 - . . . Now, we define
a new bijection f; as follows. If d; # ¢y, then f; = f; otherwise, if n; is the smallest integer such
that ¢,; # di, then

f(m)ifn=1
fim) =< f)ifn=mn (5.8)

f(n) otherwise;

We obtain the bijection f;, simply, by the transposition of f(1) and f(n;) in the image of f, hence
img(f) = img(f}), besides, the first figure in the mantissa of fi(1) differs from d,.
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Now, we define another bijection f, by a similar procedure. If the second figure in the mantissa
of f1(2) is not equal to d5, then f, = f;; otherwise, if n, is the smallest integer such that n, > 2 and
Ccpn * do, then

f(mp)ifn=2

Hm) =3f@)ifn=n, (5.9)

f(n) otherwise;

As in the preceding case, the bijection f, is obtained, simply, by the transposition of f(2) and
f(ny); hence img(f) = img(f;) = img(f>), besides, the second figure in the mantissa of f;(2)
differs from d,.

Iterating the procedure m-times, we obtain a bijection f,, : N — M such that img(f,,) = img(f),
and Yn < m: r # f,(n). Under the scope of potential infinity, the iteration never ends. By
contrast, assuming infinity as an actual entity, the iteration can be completed obtaining a bijection
fo : N = M with img(f,) = img(f) = M, and Vn € N : r # f.(n), hence r ¢ M; which
contradicts that r € Q N [0, 1] € M, that we assume implicitly in statement (1), and f satisfies this
condition.

Paradox 5.3. Let ¥ (N) C $(N) be the subset of all finitely definable subsets of N. Since we can
denote every member of ¥ (N) by a finite symbol sequence in some extensible language, we can
also define a map ¢ : ¥ (N) — N similar to the one y defined in (2.1). Let {, : ¥ (N) — img({) be
the restriction of { to its image, which is a bijection.

Now, we define the subset K of N by the finite expression

K={neimgQ)) cN|n¢' () (5.10)

If £(K) € K, by virtue of (5.10), this relation leads to {(K) ¢ K, and vice versa. We can solve this
contradiction supposing that £ is not defined at K. In other words: K ¢ ¥ (N). However, K is a
subset of N finitely defined in (5.10); hence K € ¥ (N).

It is worth pointing out that, as in both paradoxes 5.1 and 5.2, the former one requires the
assumption of actual infinity. Thus, if we assume that every infinity is potential, these paradoxes
vanish.

6. Conclusion

On the one hand, we should not ignore the existence of indiscernible mathematical construc-
tions, unless we reject the existence of uncountable sets. Unfortunately, as a consequence of
Theorem 2.2, we can only handle infinite sets of indiscernible objects. Thus, when working with
real world problems, we never can be involved with any “finite” set of indiscernible numbers.

On the other hand, in the scope of actual infinity, Cantor’s diagonal method sometimes proves
nothing. Fortunately, taking into account Corollary 2.1 and Theorem 2.3, we can deduce the
existence of uncountable sets from indiscernible mathematical constructions. In addition, if Con-
jecture 4.1 is true, a set theory including it becomes incomplete, and we can apply Godel’s incom-
pleteness theorems to it.
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1. Introduction

Understanding of shapes of objects in images is an impoatgpect of artificial intelligence,
with numerous applications. Some of the applications diete®f specific patterns in images
(Hettiarachchet al,, 2014), quantifying information content of images using Vorartessellations
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as its contour (as used in the prevalent literature) to aeline interior as well. For this purpose
we will combine the notions of topology and geometry with)pnoity spaces.

E. Cech introducedCech complexes during a seminar at Brno(1936-8&8ch) 1966 S§A.5).
Recent works define theéech complexes as collections of intersecting closed getoetlls of a
radius ofr (Edelsbrunner & Harg2010); (Peters2017a). In this study we focus on approximating
shapes of objects in planar digital images. This leads todseiction of theCech complexes to
a finite bounded region of the Euclidean Plane. In a recentyssome open problems regarding
planar shapes(shapes of objects in Euclidean plane) hangosediReters2017a) . The viability
of Cech complexes as a method to approximate image object shapdseen shown irPeters
2017M).

A previous study formulates the notion of an object in thetdlgmage as a topological space
(Ahmad & Peters2017a). The notion of a nerve introduced by Alexanffr@Alexandrdt, 1965
has been generalized to the notion of spoke complexes. Hie talding blocks of the topology
are assumed to be curvilinear triangulations. Anotheryshudlds on this notion and studies the
covering properties of the curvilinear triangulation @gsthe notion of area and geodesic diameter
(Ahmad & Peters2017). Moreover, a notion of the frequency of nerves dfelient order as a
possible signature of the image objects was also introdudé®e@ notion of proximity was also
defined on triangulated spaceshnad & Peters2017a) andCech nervesReters201 7).

The subject of the current study is to extend the topolodreahework for object spaces for-
mulated in Ahmad & Peters2017a) to Cech complexes. In addition to this the framework of
assessing the covering properties of nerves and objectsganilar to Ahmad & Peters201D)
is also developed. A notion of proximity will be introduced the resulting object spaces. This
yields a relator space of objects in the digital images.

2. Basic Definitions

In this section, we will present some basic definitions. XetR? be the Euclidean plane then
K € 2% is a finite bounded region iX. The basic building block oEech complex is the closed
geometric balB, (x), with centerx ¢ X and radiug > 0 defined a$3;(x) = {y e X: [x-y|| <r}.

In this paper, we will study the topology of the objects in anar digital image. Let us first
defineabstract simplicial complex

Definition 1. (Ghrist, 2014 82.1) Let S be a discrete set. Then the collection of finibsets of
S represented by X is called an abstract simplicial complesyided for eachr € X, all subsets
of o~ are also in X. This means that X is closed under this restmicti

Example 1. Consider a geometric realization of an abstract simpli@amplex in form of collec-
tions of triangles. Let us first look at the setXa, b, c}, representing the vertices of a triangle as
shown in Fig.1.1 Then the powerset of all the subsets of the set X is,

2% = {{a}.{b}.{c}. {a b}.{a.c}.{b.c}.{a b.c}}.
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K K

1.1: Collections of triangles ~ 1.2: Collections of Geometric Balls

Figure 1. This figure shows the geometric realizations of abstracpkoml com-
plexes as collections of connected triangles and intérgeclosed geomet-
ric balls

It can be seen that the s2t is closed under restriction as per D&f.The singleton elements of
the seX, i.e. {a}, {b} and{c} represent each of the vertices or txsimplices. These are shown
in blue on the isolated triangle. The elemefigsb}, {b,c} and{a,c} represent the edges or the
1-simplices. These are shown in green on the isolated trean§he elementa, b, c} represents
the filled triangle or the2-simplex. This is shown with brown color on the isolatedrigke. One
can easily verify that the connected triangles in Figl, also form a simplicial complex. This
follows from the fact that each of the triangles in itself isimplicial complex determined by the
power set of the set of its vertices. The whole collectiohefttiangles is represented by the set
Y, which is the union of their respective power sets. Evesgibte subset of the elements in set Y
is contained in itself. Thus set Y is also a simplicial comple per Defl. [ |

Keeping in view the previous example it can be seen that theotion of geometric ball€; (x)
for x e K) with a finite number of intersections can be seen as a réializaf the abstract simpli-
cial complex. For the purpose of visualization considerRlge 1.2 The individual balls are the
0-simplices. The pairs of balls with non-empty intersatt@oe the 1-simplices. The examples are
the blue and the violet ball, green and the blue ball etc. ré¢hoalls have a common intersec-
tion, they lead to a 2-simplex. The yellow, green and bludéshalFig. 1.2 are an example of a
2-simplex. It can be seen that every pair of balls includetth@2-simplex form a 1-simplex and
each constituent ball of this resulting 1-simplex is a Ogar. Hence, the collection of closed
geometric ballsB, (x), x € K) is also a geometric realization of an abstract simplicaahplex.
The 1-simplex which is a line segment in the simplicial coexplis analogous to tw8ech balls
having common intersection. The 2-simplex is a trianglé@dimplicial complex and thre&ech
balls with a common intersection, in tlkch complex.

Moreover, it can be seen from Fif).2 that one can draw analogs between the simplicial com-
plex (generalization of a triangle to arbitrary dimensjoausd the simplices in &ech complex. It
can be seen that each ball irCach complex is a 0-simplex and hence similar to the vertex in a
simplicial complex. Let us define the notion o€ach nerve.
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Simplicial .
Complex

D X
X 9
N (Cech,(A))
Cech
Complex O

0-smplr 1-smplx 2 — smplx

2.1: Comparison of corresponding simplices in a simpli@a2: Nucleus of aCech
complex andCech complex nerve

Figure 2. This figure explains the notion ofGech complex(Def3) and compares it
with the simplicial complex. Moreover, the notion of the vie(Def.11) of
aCech complex is illustrated.

Definition 2. A Cech nerve, is a collection of sets having a non-empty intersectionottesh by
(Cech(K)) i.e.,

Cech(K) = Nrv{B,(x) : xe K} = {B/(X) : (B (x) = &}.

Then, we can define the notion of theder of a nerve. It is denoted bizech(K)|, and is
defined as the number of balls in the nerve. We define a set witton-empty intersections as
being a nerve of order 1. Using this notion, we can formuladefaition of theCech complex in
a spaceX.

Definition 3. Let X be a finite, bounded planar region &RR? and let Ke X be a nonempty
collection of points. ACech complex is a collection @fech nerves. Th€ech nervesCech(x ¢
K) of order k, form the k 1-simplices. Th&€ech complex is denoted by cxkeCech(K) K ¢ 28,

The basic building block of &ech complex is a closed geometric b&l(x). The view of a
digital image as a topological space has been detaile@ete(s2014. In current work we extend
the conventional notion of @ech nerve as follows.

Definition 4. A strong Cech nerve, denoted byCectf(K), is a collection of sets whose interiors
have a non-empty intersection i.e.,

Cechl(K) = Nrv3{B,(x)"x € K} = {B(X) : []int(B,(x)) # }.

In doing so we have also extended the classical notionrarae to strong nerve. A strong
nerve is a collection of sets, whose interiors have a nontemgersection. The notion afrder
remains unchanged. Similar to the notion of @ech complex, we define the concept afteong
Cech complex on a space


Figure5.eps
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Definition 5. Let X be a finite, bounded planar region &XR? and let K ¢ X be a nonempty
collection of points. A stronGech complex is a collection of strofigch nerves. The strottdech
nervesCecl(x € K) of order k form the k- 1-simplices. The stronGech complex is denoted by
CxeK = 2Cectf(K) K ¢ 2F?,

In this paper we want to approximate the objects in the digitages as topological spaces.
This will allow us to talk about shap&égal & Dydak 1978 and define invariant signatures for
classification Carlssoret al,, 2009; (Chazalet al, 2009. The classical notion of a topology is
defined using the notion of open sets.

Definition 6. (Edelsbrunnei Harer, 2010 Topology is an ordered paifX, ), where X is a set
andr is the collection of subsets of X satisfying the followinigpens:

1° The empty seys, and X belong tar

2° Union of sets irr is also int

3° Intersection of finite number of membersa$ also int

We call this classical notion of topology apen topology Using the De Morgan’s laws, we
can convert the notion of an open set topology to a closedpetdgy. Let us define the notion
of a complement with respect to a $&tFor a sefA c X, the complement of & denoted byA is
defined asA = X\A. The laws state that for two sefsB:

AuB-=
AnB-=

> >
wl ol

N
U

A setAis closed in a topology, if its complementA is in 7. Using these notions we can extend
the definition of a topology with open set as a primitive tawgsihe closed set as the basis. Let us
define the notion of topology using closed sets as primiffeedifferentiate this we call it elosed
topology.

Definition 7. Topology is an ordered pairX,n), where X is a set anglis the collection of subsets
of X satisfying the following axioms:

1° The empty seg;, and X are closed and belong#o

20 The intersection of any collection of setsjiis closed

3% The union of a collection of finite number of setgiis closed

Example 2. Let us examine the equivalence of the two definitions of égyobased on open
sets(Def6) and closed sets(DeT). It must be noted that as we have defined the set to be closed
under the topology if its complement is in the topology. Taldsh the equivalence of the notions

of open and closed topology we define the collections of tipde contain the complement of
each subset in the collectian This complement is taken with respect to the set X. Let us beg
with the first axiom in Def6. It states that both thes and X are inr. Thus, both are open sets. It
can be seen that = X e T and X = @ € 7. Which means that both, X are closed and are in.
Thus, this statement is equivalent to the first axiom statéef. 7.
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The second axiom in the Défcan be stated a§ U A : A € 7} € 7, where.# is an index set
ies

which can be infinite and ;A4 7. This means tha{ U A} is an open set. Which is equivalent
ies

to U A € n being a closed set. Using De Morgan’s law we can write thigag\, whereA «
ies ies
n and .# is an index set which can be infinite. Since the complemenh ajpan set must be

closedn A must be closed. We have the second axiom of Dai/hich states that intersection

s
of anylcollection of sets inis closed.
The third axiom in Def6 is { m A : A et} er, where# is a finite index set. This means

that ﬂ A is an open set and |ts complement is closed. TnuA. {U A A € n} (using De

Morgan s law), is a closed set. This statement is equwaiemhe thlrd axiom of Def7, which
states that the union of a collection of finite number of setgis closed. Hence, the De&j.and
Def. 7 are equivalent. The former uses the open sets as the prnaitid the later uses the notion
ofaclosedset. N

Let us define a topology on the Euclidean pl&r(using the closed geometric ballB,,(x).

Definition 8. Let U be a closed subset Bf and rq be a family of closed subsetsgf. Then,
U € 74qif and only if for all pe U, there exists a positive real number r such tha¢® c U.

Now, let us verify tha{R?, 74y4) is a closed topological space.
Lemma 1. The pair(IR?, 7«yq) is a closed toplogical space.

Proof. Let us verify that the family of subsetgy satisfies the axioms stated in D&f.
1°: Let us verify thatz € 744 From Def.8, if @ € 144, then the following condition must be
satisfied.

Vpea = Ire R*st.B/(p) c

It is evident from the definition of implicatior¢), thatA = B is always true ifA is false.
Since,p € g is always false,thus the statement

Ire R*st.B(p) €@

is true. From this it follows thaty € 754 Let us now verify that there exists a positive
real number such thatB,(x) ¢ R?, for all x ¢ R?. It can be seen from the definition of
B (x) = {yeR?: | x-y| <r} thatB;(x) c R? independent ok andr. ThusR? € 7qg.

20: Let{C;}; be afamily of sets such th&i, C; € 7. Then, ifp e N C; then there exists a positive
real number; for eachC;, such thaB,, (p) c C;. It can be stated that,

B, (p) SCiA--AB(p)cC
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Let us defing = min(r;). Then it can be seen that,
|

B(P) € Br,(pP) S Cin-AB(p) < By(p) cCi.

From this we can conclude thBt(p) € N C;. ThereforeNC; € 1.
3°: Let {C;}i be a finite collection of sets such théit,C; € 75 andp € UC;. Thenp € G, for
somei. Since,C; € Tsyq:

IreR*st.BipcUc|JC.

From this we can conclude thghC; € t4g.
Thus, it can be concluded th@R?, 74y). O

Remark 1. The notion of a closed standard topology is important astihésclosed set analouge
of the standard topology, used for analysis and the conwratisignal and image processing.

Moving on, we define the notion of the closed subset topology.

Definition 9. Let (X, 1) be a closed topological space, and S be a closed subset @&.)S 4. X.
Let us defines = {Sn U st.U e r}. Then the pair(S,rs) is a topological space whers; is the
subset topology.

Let us verify that(S, rs) is indeed a topological space.

Lemma 2. Let (X,7) be a topological space and let S be a closed subset of X. Tleepatih
(S,7s), wherers = {SnU st.U e 7}, is a closed topological space.

Proof. To prove that the paiS, rs) is a closed topological space it must satisfy the axioms de-

tailed in Def.9.

1°: It can be verified from the definition af, thatSn (o € ) = @ is inrs. Moreover, it can also
be verified from definition ofs, thatSn (X € ) = Sis also inrs. Thus, bothz andS are in
Ts.

2°: Let {C;}i be a collection of sets, such thék, C; € 7s. Then from definition ofrs it can be
inferred that, for eaclt; € r5 there exists a sdd; in , such that for all, S n D; = C;. Since
7 is a closed topology over the ¢fthen by Def9 the sefn\ D; is also int. This leads to the
conclusion thaf D;) n S is in 75 by definition. We can see thgf) D;) n'S can be written as
N(Din'S). As, we defined in this argument thaf n' S = C; we can conclude tha C; is in
Ts.

3°: Let {Ci}; be a finite collection of sets, such that for &ll; € 7s. Then from the definition of
75, we can infer that for eact; € r5 there exists a sdd; € r, such thaD; n S = C;. Since,
7 is a closed topology then by definition it satisfies the caadithat| J D; is in . From the
definition of rs we can conclude the& n (UD;) is in rs. From the distributive laws of set
algebra we can rewrite this a4 D; n S) is in 7s. We know thatD; n S = C;, henceJC; is in
Ts.
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Since the pai(S, 75) satisfies all the axioms it is a closed topological space Syavith a subset
topologyrs. O

Now, let us talk about thEech complex as a closed topological space.

Theorem 1. Let (R?,7), be a closed topological space and let cxK béech complex. Then the
pair (cxK tcecn) iS a closed topological subspace, whetg. is the subset topology, defined as
{cxKnU st.U e 7}.

Proof. Let us first ascertain thatxK is a subset oR?. This follows from definition axxK is

the union ofCech nervesfech(K)) as defined in Def3. Moreover, theCech(K) is a union

of closed geometric balls as per D&f. Next, we can see that the closed geometric balls are
in standard closed topology by definition as there exists a positive real numbasuch that
B:(p) c B(x) for all pin B;(x). Since, the closed geometric balls aredg, thus by the definition

of a closed topology, the union of a finite number of closedngetnic balls must also be ifyy

i.e. closed. ThugsxK is closed and by the definition it is a subsef8f From this and Lemma3,

it can be concluded that given a closed topological sg@er), the pair(cxK, rcecn), Where
Tcech= {CXKN U st.U € 7}, is a topological space, whetgecis the subset topology. 0

Now that we have a notion dfech nerves as a topological space, we have to draw a corre-
spondence to the objects in digital images. For this purpeseise specific points from the image
called keypoints. There are several algorithms for selguch points based on their strength in
an appropriate feature spacés\e, 1999; (Bronstein & Kokkinos2010; (Aubry et al., 2011);
(Bruna & Mallat 2013; (Alahi et al, 2012. We construc€ech nerves with these keypoints as
the centers of the geometric closed balls. We assume thatbjeet under consideration, is the
most important part of an image in the feature space. Let wsdafine the topological structures
in the strongCech nerves, that we are going to use as approximations obieets in an image.
We have used the notion of stro@gch nerves because they allow a more rich set of proximity
relations, that we will define later on. The same can be donghé&Cech nerves.

The first structure that we are going to define is the notiontal pe

Definition 10. LetCecl(K) be a strongCech nerve,then each closed geometric ball in the nerve
Ceclf(K) is called a petal and is denoted pyl.

Now, we define the notion of a nucleus.

Definition 11. LetCeclf(K) be a strongCech nerve. Then, the nucleus of the nerve is the common
intersection of the constituent sets of the nerve. Itis defas./"(CectA) = {N By (X) : Bi(x) €
CeclfA}, whereCeclfA is a strongCech nerve.

Example 3. Let us explain the concept of a stroBgch nerve. For this consider Fig.2 K is a
set of points in the finite, bounded regionR#, shown as red points in the figure. TBect(K)

in this illustration is the union of the three geometric Isélilue, green and yellow) centered at the
points represented as red dots. Each of the individual ballse petalptl) of theéeckf(K). This

is represented agtl (Cect#(K)). The common intersection of the nerve is called the nuclEhis.

is represented ast’ (Cect(K)). ]
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We now generalize the concept of a petal to the notionlopatal, defined using a recursive
definition.

Definition 12. Let cX¥A be a strongCech complex on a finite, bounded region of the Euclidean
planeR2,CeclfA is a strongCech nerve,and k 0, k € Z. Then k-petal is defined as the closed
geometric ball B(x) that has a nonempty intersection with(- 1)-petal. TheO-petal is the
nucleus. This can be formally written as:

ptly = {Br (%) € CA{Uptl 1} : B (x) 0 {Uptl ) # @, ptlg = 4 (CecHA) ).

Here, it is important to mention that the nerve of the higleger in the image is very im-
portant for object extraction in digital imageBdters &Inan 201§. Such a nerve is called the
maximal strong Cech nerveand is denoted asaxCect(K ). The nucleus of the maximal strong
Cech nerve is called theaximal nucleusand is denoted amax.#". It must be noted that there
can be multiple maximal stror@ech nerves in a digital image. In this case therttexCect$(k) is
a set of each of the maximal stro@gch nerves, and theax.# is the set of the nuclei associated
with the maximal nerves.

Next, we consider the analogue of a corolla, from Botany. folta is a cluster of petals of
a flower, typically forming a whorl within the sepals and ersthg the reproductive organs. This
construct works well in analyzing the interior6&ch complexes that cover an image object shape.

Definition 13. Let cxA be a stron@ech complex on a finite, bounded region of the Euclidean
planeR?. Then the k-corolla, denoted ad is defined ascrly = Uptl,.

Another notion that we will define using the notion okgetal is thek-petal chain. Itis a
sequence of petals, one for each valu&.dtach petal has a nonempty intersection with adjacent
petals in the chain. This notion is formalized as follows.

Definition 14. Let c¥A be a strongCech complex on a finite, bounded region of Euclidean plane
R?. Then the k-petal chain denotedgtichain, is defined as:

k>1: ptichain, = (UA A ccrli, AnA1#0,.7 =1,k
5
k=0: ptichain, = A (CechA)

Example 4. Let us explain the topological structures that we have ddfimaove. Let us first
explain the notion of a k-petad(,) defined in Def12, using Fig.3.1 Theptl,(0O-petal) has not
been explicitly marked on the figure. Itis the intersectibtime yellow balls and is also the nucleus
of the strongCech nerve,# (Cect#(K)). Each of the yellow balls is thail, (1-petal). It is evident
form the illustration that each of the green balls has a nampgy intersection with the yellow balls
(ptl,) and no intersection with the nuclept(). Thus each of the green balls ipt,(2-petal) as
per Def.12. Each of the blue balls has a non-empty intersection withgtieen ballsgtl,), while
has no intersection with the yellow bali$i;) and as per Defl2 are thepitl.
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X
X
crl;
crl, ptlchain, A e ptlchain,C
ecrl; ptlchain, B e ptlchain, D
3.1: Collections of triangles 3.2: Collections of Geometric Balls

Figure 3. This figure displays the geometric realizations of thecorolla,
crly(Def. 13), andk-petal chairptichain, (Def. 14).

Let us now use the notion of a k-petal to define the notion otar&Ha(crly). We are still
using the Fig3.1 The union of all thedtl, in the image are therl,. Since, there is one nucleus in
the image and it has not been marked, hencecthghas not been marked. The union of all the
yellow balls 6tl,) is thecrl;(1-corolla). The union of all the green ballg(,) is thecrl,(2-corolla)
and the union of all the blue ballst(,) is thecrl,(3-corolla) as per Def13.

Now using Figs3.1and 3.2in conjunction, we will explain the idea ofglchain, (Def. 14).

It must be noted that, similar to each of the structures erpl@d in this example, each of the
structures has the nucleus of the neMé(Cecf‘f)) as its generating point. Thgtlchain, is the
nucleus of the nerve which is the intersection of the yellalglin Fig. 3.1 Itis not labeled in this
image. Itis important to note here that each of the yellowsdaltheptichain,, from Def.14. This

is because it contains the nucleus and piig(the yellow ball). Thus thptlchain, is the same as
theptl,. There are four possiblgtl, and similarly four possiblgtichain,. Now, by adding to this
construction a ball fronerl,, that has a non-empty intersection with tht€, € ptlchain,, we can
construct gotlchain, as per Defl14. In a similar fashion we can construptichain, by adding to
this construction a ball fronarls, having non-empty intersection with th#, € ptlchain,. It can
be seen that we can have four possitilehain, as illustrated in Fig.3.2 [ |

Using the above definitions we will now define the notion of hjeot space in the strorigech
complex.

Definition 15. Let cXA be a strongCech complex in a finite, bounded region of an Euclidean
planeR?,and letk € Z* such thatcrl; = . Then, the object spad@§e", for each pe max./" is
defined as:

O(g,ech: {UCHk . Cr|o =D, k= O,"',R— 1}
k

We define the notion of a boundary petbalypt.


Figure3.eps
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Definition 16. Let ﬁgeChA be an object space over a finite, bounded region of the Eeafighlane,
R2. Then the boundary petal of the object spduigt( &5e") is defined as:

bdypt(ﬁgecr‘) = {x:Vkxecrlgand xncrlg,, = o}
Now, we introduce a bounding corolla in the object spaceptihasdycrl (ﬁSeCh).

Definition 17. Let ﬁSeChA be an object space over a finite, bounded region of the Eeafighlane,
R2. Then the bounding corolla of the object spatnnb,lcrl(ﬁgeCh) is defined as:

bdycrl (ﬁse"h) = |J bdypt( ﬁge‘:h)
Let us define the notion of a maximal petal chains.

Definition 18. Let cX¥A be a strongCech complex, and lgitlchain A be a petal chain in cxA.
Then,ptlchain,A is called a maximal chain tichain,Ancrly,; = @. The k for which a petal
chain becomes maximal is called tleagth of the chain.

Remark 2. Each maximal petal chainfaxptichain, contains a boundary petdddpt). This fol-
lows directly from Defl6 and Def.18.

Using this notion of dength of petal chain, we define the regularity of an object s;ﬁg@h.

Definition 19. Let ﬁge‘:h be an object space and A be the set of all the maximal petahshiaithe
object spaceﬁgeCh is calledregular, provided the length of all the maximal petal chains in A is
the same. The object space is calieckgular otherwise.

Example 5. Two types of object spaces are shown in Big.and4.2. According to Defl6, in
Fig. 4.1 each of the blue balls(inorls) is the boundary petal as it has a non-empty intersection
with the previous corolla(irerl,) but has no intersection with the with next corotidg). This is
due to the fact that the next corolletl,, is @. In Fig. 4.2 each of the blue balls(iorly) is the
boundary petal as it has an intersection with the previousktacrlc_;), but has no intersection
with the next corollagrly,1). In contrast to the Fig4.1the Fig.4.2has boundary petals in glerent
corolla(crly). As per Defl7 the collection of all the blue balls is the bounding corolidycrl).
From Def. 18 we see that both the figures have three maximal petal chmaaxgtichain). In
Fig. 4.1 all the maximal chains are of equal lengBnthus from Defl19, the object space in this
figure is regular. In Fig.4.2 the maximal chainsfaxptlchain) have diferent length, two chains
having lengths 08 and one chain of lengtB. Thus, according to Defl9 the object space in the
figure is an irregular object. W

Let us consider the order of a nerve as a signature foﬁﬁ?@‘. Based on this notion we define
theCech spectrum.
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4.1: Aregular object spacet.2: An irregular object
space

Figure 4. This figure illustrates the bounding petadfpt) defined in Def.16 and the
bounding corolla l§dycrl) of an object space defined in Deff7. More-
over, all the maximal petal chaimeéxptichain,) can be identified using
the Def.18 and the accompanying remark. The regularity of an object can
be determined using the D&f

Definition 20. Let c¥A be aCech complex over a finite, bounded regiorR3f Then theCech
spectrum is defined as:

F(cxA) = {IN¥|: V k,N¥ = {CectF(cx?A) : |Cectf(cx*A)| = k}}.

It is important to be noted that we count only the unique nerve. the nerves that are not
completely included in a nerve of higher order.

In this paper we study thgroximity relations defined over the topological structures defined
above.Proximity is a measure of nearness between non-empty sets, and a poysetrendowed
with a proximity is known as g@roximity space. The proximity space is represented as a pair
(X,6), whereX is a non-empty set and tlédgs an arbitrary proximity relation on the s¥t In this

paper we will use the concept of spatial Lodato proxindityétrong proximityg) and descriptive
proximity(de). Let us list the axioms of of each of the proximities. We tstath the spatial Lodato
proximity(6).

Definition 21. Let X be a non-empty set andB\C c X be the subsets of X. Then the spatial
Lodato proximityg) is a binary relation on the set X, that satisfies the follaywxioms:

(P1) @ § A VAC X.

(P2) ASB < BA.

(P3) An B# = ASB.

(P4) AS(BUC) < AsBorAsC.
(P5) AéBandv be B{b}6C = AsC.
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Now we move on to the definition of strong proximigy(

Definition 22. Let X be a non-empty set andB\C c X be the subsets of X. Then the strong
proximity(g) is a binary relation on the set X, that satisfies the follaywxioms:

(snN1) o ¢ A, VAc X, and Xg A VAc X.
(SNN2) A6 B < B 5 A.
(SNN3) AS B = ANB # o.

(snN4) If {B;}ic is an arbitrary family of subsets of X and QAB“ for some i ¢ | such that
int(Bi-) + @, then Ag(uiel Bi).

(snN5) intAN intB+ & = A § B.
(SNN6) x € int(B) = x5 A.

(sNN7) {x} g{y} < X=VY.

Moving on to the notion of a descriptive proximiby), we first define the notion of probe
function. For a setA, the functiong maps a feature vector to each of the elementé.oft is
defined asp(A) = {#(X) € R": x ¢ A}. Based on this let us define the concept of a descriptive
intersection rQ). It is defined asAQB = {xe AUB : ¢(x) € ¢(A)and¢(x) € ¢(B)}. These

concepts were introduced and formalizedre{ers2007a),(Peters2007). Let us now formalize
the notion of a descriptive proximitgs).

Definition 23. Let X be a non-empty set andB\C c X be the subsets of the set X. Then the
descriptive proximityfp) is a binary relation on the set X, that follows the followiagoms:

(dP1) @dop A, VAC X.

(dP2) Ay B < BdgsA.

(dP3) ANB# @ = Ady B.
()

(dP4) M@Band{b} 00 C, Vbe B> Adbg C.

Let us build upon the notion a strong proxim@y( It is a boolean valued relation i.e. it either

N
tells whether two set8, B are strongly neag() or strongly far§). Next, consider an extension of
the Smirnov degree-of-closeness meas@mi(noy, 1952. We define a gradation of the strong
proximity to make it a continuous valued function. This thggmes a notion of the degree of
nearness rather than just an indication of being near or not.



94 M.Z. Ahmad, J. PeteysTheory and Applications of Mathemati&sComputer Science 7 (2) (2017) 8123
X
@ X
g

C):) 0<A§B<1 @OE @
g9
O A%(\BZO m M M
9 A1 g Az 6 Ak

5.1: Gradation of a Strong Proximity  5.2: A sequence in a proximal space

Figure 5. This figure illustrates the gradation of proximity relatioft generalizes
the usual binary proximity to a continuous valued relafiboreover, the
concept of a sequence in the procimity space is also illiestra

Definition 24. Let X be a non-empty set andB\e X be two subsets of X, then we can define a
graded strong proximity as a functidi: X x X — [0,1].
g

B - |An B|
g min(]Al,|B|)’

3

A

where mirga, b) returns the smaller of the two numbers.
Remark 3. It can be seen from the Dét4, that if Aﬁsg B = 0 then then this means thatAB = &,
or A= g or B =@. Any of these conclusions leads t% B. Moreover, if Aﬂé B = 1 then either
Ac B or Bc A. Thus the graded strong proximity ranges frg(for § = 0) to c(for %:1).

Let us now talk about a sequence in a proximity space).

Example 6. The notion of proximity as defined in the D22.is a boolean function. This tells us

whether two sets are strongly neg)(or not(g). In Def.24, we define a notion of a continuous val-
ued proximity relation. An illustration of the graded stgpproximity is presented in the Fif.1 It

can be seen that for the case when B = &, the strong graded proximity is,ﬁ?\B = m =0.
9 ,

The other extreme of the proximity is where B\, then AS B= I_B} 1. All the other cases are in
¢}

between the two extreméss A(S B<1,as0< |AnB| < |B|. Thus, the graded strong proxm@(
gives us a more detailed view of the nearness or proximitydset two sets. M
Definition 25. Let X be a non-empty set aadoe an arbitrary proximity relation on the set X.

Then(X,6) is a proximity space. Let;& X fori e I, where | is an index set. Thedasequence x
in the proximity spacéX, ) is defined as:


Figure9.eps
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X = {A : AdA; for|j—i|<Ll i,jel}
whereé represents the proximity relation.
Let us explain the idea of a sequence in a proximal space.

Example 7. Let (X,6) be a proximity space equipped with an arbitrary proximitiaten. We
define the idea of a sequence which establishes an arrangefrgibsets of X. For an illustration
of this concept, let us consider Fi§.2. It shows a sequence of setscAX, where ie I, and | is
an index set. An important point to note in this definition seguence is that a sef & proximal
only to adjacent sets(A, A1) in the sequence and far(not proximal) from all other setshie

sequence. The idea ofdasequence can be extended to other proximites such af% amel 5.
|

Till now, we have been discussing the notion of proximity &sary mapping on a set, of the
form¢§ : XxX — {0, 1}. Now, let us extend this notion to a mappingxafets, wherais an arbitrary
number. This mapping is termed as a proximity of ordedenoted ag". It is non-continuous
surjective map of the forma" : X" - {0,1}. This generalized notion of a proximity is referred
to ashyper-connectedness Let us first define the axioms oflaodato hyper-connectedness
We have used the notatid®B to denote thaf, B are proximal, andA § B to denote otherwise.
Let us introduce a new notation that will come in handy in theecof hyper-connectedness. If
6(A,B,C) =1, thenA, B are hyper-connected, andsifA, B,C) = 0 then the opposite is true.

Definition 26. Let X be a non-empty set aféy c X :i € |}, where | is an index set, and 8 be

the non-empty subsets of X. L&tCH be the set of n-permutations of the elements of the set D, for
2 < n<|l]. Then the spatial Lodato hyper-connectedn#$s¢ a mapping on k subsets of the set
X, that satisfies the following axioms fopK.:

(hP1L) VA« c X, 0%(Ar,+, A) =0, ifany A, -, Ac = @.
(hP2) %(Ar, - A) =1 % (Y) =1, VY e S({A,~ A}).

k
(hP3) NA & = (A A = 1.

i=1
(hP4) 5k(A1, -, Aq, Bu C) =l 5k(A1, e A, B) = 10r5k(A1, "',Ak_l,C) =1.
(hP5) 5k(A1,"',Ak_1, B) =landVbe B, 52({b},C) =1=> 5k(A1,"',An_1,C) =1.
(hP6) YA c X, 6*(A) = 1, a constant map.

Now, we use an example to better understand the spatial b bgaer-connectedness denoted
by 6.
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6.1: Lodato Proximity 6.2: Lodato hyper-connectedness

Figure 6. This figure illustrates the spatial Lodato proximity in tharh of conver-
gence of exponential to the x-axis. It then generalizes phisimity to
a hyper proximity, by considering two exponentials conirgggo x-axis.
Further generalization to n such functions follow natytall

X

X
5(A,B.C) @C%)&(A,B,C)
fam | |CHC) aan

7.1: Strong hyper-connectedness 7.2: Descriptive  hyper-
connectedness

ol

Figure 7. The Fig.7.1lillustrates the extension of the classical binary relattbspa-
tial Lodato proximity to three sets. Such a relation can beegaized ton
sets. Fig.7.2displays the same for the strong proximity.

Example 8. Let us consider the idea of a spatial Lodato hyper-connewtss{Def26) as illus-
trated in Fig6.1 This figure uses two sets-A(y(t) =0: Vte R} and B= {y(t) = e': Vte R}. It
can be observed that these two sets are proximal in the sbasad t approaches, the function
et approache®. Thus An B # @ in the limit sense. This spatial Lodato hyper-proxinatyfor

k = 2 is the classical notion of spatial Lodato proximity definedief.21. Let us extend this idea
to arbitrary values of k i.e. to the proximity of k non-empipsets of a set X. Fork 1, the notion
of a proximity is trivial.6*(C) = 1VC c X as every set is proximal to itself. It does not make sense
to talk about k= 0 as there is nothing to quantify the nearness of. Now movirtg && 3 as shown
in Fig. 6.2 The sets used in this illustration areA{y(t) =0:te R}, B= {y(t) = et':t ¢ R}
and C= {y(t) =e 2 :t e R}. Itis obvious that all the three sets are proximal in the tisgnse as
the functions € and e approachO as t approachedo. ThusN (A, B,C) # @, which implies that
5%(A,B,C) = 1. Using a similar approach we can generalize this notion for&k

We generalize the notion of strong proximﬁy(defined in Def.21 to the notion of strong
hyper-connectedness.

Definition 27. Let X be a non-empty set ang B,C c X be subsets of X, where 1,I is an index
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set. Let §D) be the set of n-permutations of set D, wh&rg n < |I|.Then the strong hyper-
N

connectedness) is a mapping on k subsets of the set X, that satisfies theMalipaxioms for
k> 1:

(SNhN1) VA c X, § (A, - A = 0if any Ay, -+, Ac = & and 65(X, Aq, -, Ac 1) = L VA € X.
(SNhN2) 6K(Ag, -+ Ad) = 1< 6K(Y) = 1, VY € S({Ap, - A).

(ShNB) S5(As, - A) = 1= N A + 2.
i=1

(snhN4) If {B;}i is an arbitrary family of subsets of X anti( Ay, -+, Ac_1, Bj+) = 1 for some1 ¢ |
such thatin(B;.) = @, thens"(Ay, -, Ac_1, (Ui Bi)) = 1.

(snhN5) rk] intA + @ = ﬁ‘(Al,---,Ak) =1
i-1
(SNhNB) x € kﬁlint(Ai) = ﬁ‘(x, A, Acr) =1
i1

(snhN7) 6mk({x1},---,{xk}) =le X=X ==X,

I
(snhN8) VA e X, 61 (A) = 1is a constant map.

To explain the notion of strong hyper-connectedness weeptes example.

N
Example 9. Let us consider the illustration of strong hyper-connentstg, in the Fig.7.1 First
we consider the case ofk2. The two geometric balls (red and green) have a non-empgy-int

N
section and thug?(red ball, green bal) = 1. Let us now generalize this notion to arbitrary values
of k. We consider the case oK., which is a trivial case. It can be seen that each ball is sfign
near it self. The case ofk0 does not make any sense as the notion of proximity requires@ s
an object for definition. Let us now consider the case ef&k We can see that three geometric
balls(red, blue and green) have a non-empty intersegtiored ball, green ballblue ball) + & ,
N

and thus are strongly proximal. Thus we can write thdred ball, green bal) blue ball). Using a

similar argument we can extend this notion of strong hymemectednessy) to the case of k 3.
|

Now, we extend the notion of a descriptive proximity to dgstore hyper-connectedness, de-
noted byss .

Definition 28. Let X be a non-empty set an¢gl B,C c X be the subsets of the set X, whetd,il

is an index set. Let @) be the set of all the n-permutations of set D, whren < |I|. Then the
descriptive hyper-connectedne®g(is a mapping on the set X, that satisfies the following axioms
fork > 1:
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@ §%(A,B,C) =1
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@ 2 - simplex

n
@ 0<6*(4,B,0) <1
[
1 - simplex O
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] 33(A,B,C) =0
0 - simplex g

® A B oC

X

8.1: Hyper-connected complexes8.2: Graded strong hyper-
connectedness

Figure 8. The Fig.8.1displays two diferent hyper-connected complexes defined in a
proximity spaceX. Fig. 8.2is a graphical visualization of the graded strong
proximity for different values in the interv@0, 1].

(dhP1) VA c X, 6¥ (A, Ac) = Qif any of the A, -, A« = @.
(dhP2) 6K (A, A) =1 oK (Y) =1VY e S({As, - Ac}).
(dhP3) NA # 2 = 65 (A, A = 1.

()

(dhP4) 6% (Aq,-+, Ac1,B) = landVbe B, 62 ({b},C) = 1 = 6K (A1, -, A1,C) = 1,
(dhP5) VA c X,6%(A) = 1 a constant map.
To help explain the notion of descriptive hyper-connecesss .

Example 10. We use the illustration in Fig.2to aid in understanding the concept of descriptive
hyper proximitygX). To describe the notion of descriptive proximity we reguirprobe function

¢ : A— R. In this example we define the probe function such that irmstthe hue value(color)
of each element of the set. Based on similarity in the hue domea define the notion of the
descriptive proximity(Def3). Let us first discuss the case o£kR. Consider the two sets at the
bottom of the figure. We can see that each has two elementswii@&e that both sets have an
element with red color. Thus the sets have a non-empty géserintersection i.e. /;«B * J.

This leads ta3 (A, B) = 1. Let us now generalize this concept to arbitrary values olkw we
consider the case ofk 1. It is obvious that every set is descriptively proximal gelf. Now we
can generalize to the case o£K3. We can see that the three sets on the top each have an element
with blue color. Thus the sets have a nhon-empty intersqui()A, B,C) + @, which implies that

53 (A, B,C) = 1. Using a similar argument we can extend this notion to agbitrvalues of k.

Using the notion of hyper-connectedness, let us define tiemof a hyper-connected com-
plex.

Definition 29. Let S be a discrete set and X be a collection of non-empty ®ub§&. X is
a hyper-connected compléx; cx , if every collection of non-empty subséfs, -, A} € X, of
cardinality|n|, is hyper-connected with respect to a proxinditye. 6"(Aq, ---, Ay) = 1. Every subset
of size k is the k 1 simplex in the resulting hyper-connected complex;x.
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To clarify the notion of a hyper-connected complex we pretanfollowing example.
Example 11. Let us consider the illustration of a strong hyper-conndaemplex as depicted in
the Fig.8.1 It can be seen that the bottom row of the figure represent8-fimplex as per Def.

M
27, we can see that every set is strongly connected to itsals A) = 1VA.
Let us move on to the middle row of the illustration. It can bersthat the two sets are

strongly connected thus(A, B) = 1 and the remaining constituent setd} and {B} are also

N N
strong hyper-connectesf(A) = 61(B) = 1). Thus, the collectiofA, B} is a 1-simplex of the
strong hyper-connected complex.
Let us now move to the top row of the illustration. It can benst#eat due to the com-

I
mon intersection thé3(A,B,C) = 1 and all of the collections of its subsets are also strongly
N N M

connected?(A, B) = 6%(A,C) = §%(B,C) = 6*(A) = 61(B) = 6*(C) = 1).Thus the collection of
sets{ A, B,C} forms a2-simplex as per DeR9.

It must be noted that this concept can be generalized toadatidato hyper-connectedness
and descriptive hyper-connectedness.

Let us now define the graded strong hyper-connectednesﬂ;edbby%k.

Definition 30. Let X be a non-empty set afd\;, A,,---, Ay} be a family of subsets of X. Then
the graded strong hyper-connectedness is a continuousction of the forn@‘ X" - [0,1] and is
defined as:

5mk= IN(AL, Ao+, An)|
g min(|Ad, |Az, - |An|’

where mirfay, ap, -+, a,) is the smallest of all the arguments.

Example 12. To explain the notion of graded strong hyper-connectedrisoted agk, let us

9
consider the Fig8.2 Since we are considering three sets we are going to us&ik the following
discussion. First consider the case illustrated towards lottom of the figure. It illustrates the

AN
case whem (A, B,C) # @ or any of the AB or C is an empty set. In this case t:lg’e: 0 as per

N
Defn.30and the three sets,B, C are not strong hyper-connectet#( A, B,C) = 0.

Let us move on to the case when there is a partial intersecmong the three sets as
shown in the illustration in the middle of the figure. We caa Heat the number of elements
in the intersection is smaller than the elements in smaklesti.e. C. Thus the value of the
graded strong hyper-connectedness is betw@and 1. The sets AB and C are strong hyper-

N

connected®(A, B,C) = 1).
Let us now consider the third case in which the smallest ofttie sets,namely C is contained
in the intersection. This is represented as=Q\(A, B,C). For this case it can be seen from the
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AN
Def. 30 that %3(A, B,C) = 1. We can extend this framework to higher values of k using dagim
argument. |

Last, but not the least we present the Borsuk’s nerve theorem

Theorem 2. (Borsuk 1948 If U is a collection of subsets in a topological space, theveecom-
plex is homotopy equivalent to the union of the subsets.

This theorem will be helpful in the study 6fech object space@&% undertaken in this paper.

3. Main Results

Lemma 3. Let 65°°" be an object spaceyl; € 655 be a corolla,ptichain, e 65N be a petal
chain andk € Z* such thatrl = @. Then,J crl; = Umaxptlchain,, where i=0,1,2,---, k- 1.
|

Prpof. From Def.13itis obyious thatrl; = U ptl,, thusi-corolla is the union of all thepetgls in
O5e". Thusfori = 0,1,2,---, k-1, the crl; is equivalent tqJ U ptl;. Thus,Ucrl;, i=1,2, - k-1,
| | |

is equal to the union of all the possilpd; € ﬁged(i-petals in the object space).

Let us now look at Defl4, from which it can be concluded that edcpetal chain in the object
space contains one instanceptif « ﬁgech(i-petal) for each value= 0, 1,---k. Thus if we consider
the Uptlchain,, for k = 0,1,k - 1, we get the union of all thetl; « ﬁged(i-petal), where
i =0,1,---,k. Which means that union of gfitichain, ¢ ﬁSeCh consists of all theptl; € ﬁgeCh for
all values ofi = 0,1,---,k. Thus, from Def.13we getU ptichain, = Uctrl; fori =0,1,---, k. From

Def. 18it can be seen that amtlchain, with the largest value otkI is called themaxptlchain.
From Def.14 it can be seen that every member of gikehain, has to be a member of thoel; in
the object space, for all values bt 0,1,---,k. Thus, the maximum possible value lofor any
petal chain can bk - 1, ascrl; = @. Itis possible for diferent maximal petal chains irﬁg“h to
have diferent values ok depending on the regularity, as per D&®. Keeping this in mind, it is
obvious that th&) maxptlchain equals the union of all thetl; ¢ &5 fori =0,1,---, k- 1.

Thus, we can conclude that batherl; fori = 0,1,---,k — 1, andU maxptichain are equal to
|

the union of all theptl; € ﬁSeCh. Hence we can conclude thgterl; = Umaxptichain,. O
|

Using this we can formulate an other definition of the objgaceheveced), equivalent to
the Def.15.

Theorem 3. Let c¥A be a strong-ech complex and an arbitrary positive integﬁer Z* such that
crli € XA = @.The object space, denoted Bf*(Def. 15), can be defined as:

ﬁgeCh:{Ucrlk . Crlo = p, k: O,"',R_ 1}
k

= maxptichain.
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Proof. From Lemma3 it can be seen that fdr= 0,1, -,k — 1, Ucrl; = Umaxptlchain,. Using
|

this conclusion and Defl5it is evident tha‘rﬁSeCh: U maxptlchain. O

Using this new definition of an object spaﬁf(“h), we can comment on the homotopy type of
¢Cech
p

Theorem 4. The object spacé’gemhas the same homotopy type as the union of all the maximal
petal chainstaxptlchain).

Proof. From Def.3the object space is the union of all the maximal petal chagnsjimaxptlchain.
From the Def.14 we can conclude that eveptichain, ﬁgeCh contains the nucleug which is
¥ (Cechi(A). Thus, we can conclude thétge‘:h is a nerve as it is union of setgmaxptichain,
and the sets have a common intersectipmaxptichain = p. From Thm.2, it follows that
the homotopy type of thﬁgeCh is the same as the union of all ilsaxptlchain(maximal petal
chains). O

Let us formulate some results for hyper-connectednessaesa

Lemma 4. Let C = {A, As,---, Ay} be a collection of non-empty subsets of a non-empty set X.
If 6"(A1, Az, An) = 1, then all the possible non-empty sub-collections are apsdial Lodato
hyper-connected. This is representedddgT) = 1, where T is a sub-collection of the set C.

Proof. From axiom(hP2) of Def. 26, it can be seen that givefi(A;, Az, -+, Ay) = 1(i.e. is Lodato
hyper-connected), then all thepermutations of the elements in the $&g, Ay, -, Ay} are also
Lodato hyper-connected, for 2 k < n. One can see that this axiom is satisfied, provided we
introduce an integen € Z*, such that 2< k < A < n. Thus, the axiom is satisfied for all such
h. We have shown that #"(Aq, Az, ---, Ay) = 1, then there exists ¢ Z*+and2 < h < n, such that
§h(Y € §(C)) = 1. S(C) is the set of all the permutations of elements of Getakenn at a
time. Now, we need to prove that this equation is also satigbe subsets o€ of size 1. This
follows directly from the axiom(hP6) of Def. 26, stating that for allA € C, 6*(A) = 1. Hence,

if O"(A1, Az,-+, An) = 1, then all non-empty sub-collectiof®(of C = {A1, Ag, -, A,} also satisfy
§ISI(C) = 1. u

Using the lemma we have just formulated, consider next th@fong result for spatial Lodato
hyper-connected complexes..

Theorem 5.Let C= {A, Ay, -+, Ay} be a collection of subsets of a non-empty set X,@0@) = 1.
Then C is a spatial Lodato hyper-connected complexgx).

Proof. From Lemma 4 it follows, that if a collection of set€ c X satisfyiess"(C) = 1, then
VT, oITl(T) = 1, whereT is a non-empty subcollection of the $8t Thus all possible sub-
collections of the se€ are also Lodato hyper-connected. From this conclusionfa@®ef.29, it
directly follows thatC is a spatial Lodato hyper-connected complex. Every subseX of sizek
forms thek — 1 simplex in the resulting spatial Lodato hyper-connecttdglex§ — cX). O
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Lemma 5. Let C= {A, Az,-+, Ay} be a collection of non-empty subsets of a non-empty set X. If
N
o"(A1, Az, -+, An) = 1, then all the possible sub-collections are also strong hyanected. This

AN
is represented a87/(T) = 1, where T is a sub-collection of the set C.

Proof. From axiom(snhN2) of Def. 27, it can be seen that giveiﬁ%‘(Al,Az,---,An) = 1(i.e. is
strongly hyper-connected), then all tkgoermutations of the elements in the $&, Ay, -, An}

are also strongly hyper-connected, fot R < n. One can see that this axiom is satisfied, provided
we introduce an integear é Z*, such that X k < i < n. Thus, the axiom is satisfied for all such

n. We have shown that 't?"(Al,Az,---,An) = 1, then there exists ¢ Z*and2 < i < n, such that

M\ d 7 ’
o"(Y € S(C)) = 1. S(C) is the set of all the permutations of elements of Getakenr at a
time. Now, we need to prove that this equation is also satigéie subsets o€ of size 1. This

follows directly from the axion(snhN8) of Def. 22, such that for allA € C, e?l(A) = 1. Hence,
if §‘(A1,A2,-~-,An) = 1, then all non-empty sub-collectio®(of C = {A, A, -, Ay} also satisfy
57%\(6) = 1. O
Example 13. To explain the Lemm&, let us consider the Fig.1 There are two cases of strong
hyper-connectedness shown here, namely%thé, B)=1 andg“'v“(A, B,C) =1

Let us first look at the case é“F(A, B) = 1. Here the set G- {A B} and all the possible
sub-collections ar§d A} and {B}. From axiom(snhN8) of Def.27 it can be seen thafﬂt“l(A) =1
and(?l B = 1. Thus, Lemmé& is satisfied.

Now moving on to the case 3?(A, B,C) = 1. Here the set G {A, B,C} and all possible sub-
collections can be listed a§{A}, {B} {C}, {A, B}, {B C} {A.C},{A B,C}}. We can see that

from axiom(snhN8) of Def.27, thatdl(A) 61(B) 61(C) 1. Moreover, from the figure it can
be established that as all the three disks have interiorfgamcommon. This leads to the fact that
any two of the disks, also have interior points in common.ddefrom axion{snhN5) of Def.27

§%(A,B) = 6%(B,C) = 6%(A,C) = 1. Hence, Lemmaé& is satisfied.
The same argument can be extended to higher values of kil

From this lemma we obtain the following result.

Theorem 6. Let C= {Aq, Az, -+, An} be a collection of subsets of a non-empty set X,%fﬁ) =1
then C is a strong hyper-connected comp@ex(x).

Proof. From Lemma’s it follows, that if the for a collection of setS c X satisfying§1(C) =1

thenVvT, §/TI(T) = 1, whereT is a non-empty subcollection of the s&t Thus all possible sub-
collections of the se€ are also strong hyper-connected. From this conclusionfa®éef.29, it
directly follows thatC is a strong hyper-connected complex. Every suBsetX of sizek forms

thek — 1 simplex in the resulting strong hyper-connected com%lez@. O
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Lemma 6. Let C= {A, Az,-+, Ay} be a collection of non-empty subsets of a non-empty set X. If
55 (A1, Az,-+,Ay) = 1, then all the possible sub-collections are also descriptiyper-connected.

This is represented asT, 6g‘(T) =1, where T is a sub-collection of the set C.

Proof. From axiom(dhP2) of Def. 28, it can be seen that gives§ (A, As,---, Ay) = 1(i.e. is
Lodato hyper-connected), then all tkgpermutations of the elements in the 8%, A;,---, A} are
also Lodato hyper-connected, fokXx < n. One can see that this axiom is satisfied if we introduce
anintegen’e Z*, such that X k < h < n. Thus, the axiom is satisfied for all suchWe have shown
that if 67 (A1, Az, Ay) = 1, then there exists ¢ Z+*and2 < f < n, such thas (Y € S(C)) = 1.
$(C) is the set of all the permutations of elements ofGetakenn at a time. Now, we need to
prove that this equation is also satisfied for subsets of size 1. This follows directly from the
axiom (dhP6) of Def. 28, that for allA € C, 63,(A) = 1. Hence, if6g, (A1, A, -+, Ay) = 1, then all
non-empty sub-collection§j of C = {Ay, Ay, -, A,} also satisfysl>!(C) = 1. O
Example 14. To explain the Lemm@, let us consider the Fig.2 There are two cases of descrip-
tive hyper-connectedness shown here, namely3ba, B) = 1 ands? (A, B,C) = 1.

Let us first look at the case 6f (A B) = 1. Here the set C= {A,B} and all the possible
sub-collections ar§ A} and {B}. From axiom(dhP5) of Def.28, it can be seen thaf}(A) = 1
and¢;B = 1. Thus, Lemma is satisfied.

Now moving on to the case&‘g(A, B,C) = 1. Here the set G {A, B,C} and all possible sub-
collections can be listed a§{ A}, {B},{C},{A,B},{B,C},{A,C},{A,B,C}}. We can see from
axiom(dhP5) of Def.28, thats} (A) = 65(B) = 63 (C) = 1. Moreover, from the figure it can be
established that as all the three sets have constituentsglenof the same color(blue). This leads
to the fact that any two of the sets, will contain constitugetments of same color(blue). Thus,
from axiom(dhP3) of Def.28, 63 (A, B) = 63(B,C) = 65 (A,C) = 1. Hence, Lemmaé is satisfied.

The same argument can be extended to higher values of kil

We now give a result for descriptive hyper-connected corgde

Theorem 7. Let C= {A1, Az,---, Ay} be a collection of subsets of a non-empty set X,&i€) =
1. Then C is a descriptive hyper-connected complex(cx).

Proof. From Lemma 6, it follows, that if the for a collection of setS c X satisfyingdg (C) =

1, thenVvT, 6g|(T) = 1, whereT is a non-empty subcollection of the g8t Thus all possible
sub-collections of the s& are also descriptivly hyper-connected. From this conolusind the
Def. 29, it directly follows thatC is a descriptivly hyper-connected complex. Every sulSsetX
of sizek forms thek—1 simplex in the resulting descriptvly hyper-connected ptax@,-cx). [

Theorem 8. Let A, Ay, -+, A, be a collection of subsets of a non-empty set X then:
Z

100 O"(Ag, Ao, -, An) = 0" (A, Ao, -, Ay)
Z

200 (A, Ag, - Ag) = 00 (AL, Ao, A)

Proof. 1°: Itis obvious from axion{snhN3)of Def. 27, that ifdﬁ?‘(Al,Az,m,An) =1, thenr% A #
i=1

@. Using this conclusion and axiothP3) of Def. 26, from rn) A # @, we can conclude that
i=1
6n(Ala A25"" Aﬂ)
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2°: From axiom(snhN3) of Def. 27, that if§‘(A1,A2,---,An) =1, thenrn]Ai + @. Considering
i=1

pe m Ai, we know thatp € A fori = 1,---,n. If we define a probe functios: X — R, then it
is obV|ous thaty(p) € p(A) fori=1,---,n. ThusNA # @. From axiom(dhP3) of Def. 28 it
(O]

can be concluded thaf (A, A, ---,An) =1.
]

Example 15. Let us consider the Figl.1, to explain the Thn8. It illustrates two cases, namely
62(A,B) =1ands3(A,B,C) = 1.
N
It can be seen that i#?(A, B) = 1, both the sets /B have interior points in common. Thus,

from axiom(hP3) of Def.26, that5?(A,B) = 1. The same is true faf*(A, B,C) = 1. All the three
sets have interior points in common which from axi@R3) of Def.26, leads to53(A, B,C).

It can be seen that #2(A, B) = 1, both the sets B have interior points in common. If we
consider a probe functiop, which maps the elements of the sets to a descripti@ it can be
seen that for a point p AnB, ¢(p) € #(A)n¢(B). Which means that A B + @.Thus, from axiom

0]

(dhP3) of Def.28, it can be concluded tha® (A, B) = 1. The same is true fai®(A,B,C) = 1.

All the three sets have interior points in common. Thus forabe functiong, if there is a point

peN(A, B,C), thenp(p) e N(A,B,C). ThusN(A, B,C) + @. Thus, from axionjdhP3) of Def.28,
()

it can be concluded that (A, B,C) = 1.
This argument can be generalized for higher values of k.

Theorem 9. Let C = {A, Az,-++, Aq} be a collection of subsets of a non-empty set X, and C is a
strong hyper-connected complex igeecx. Then,

1°: Cis ag—cx: Cisad-cx

20: Cis ag—cx: Cisadgp —CX

Proof. 1°: From Thm.6it can be seen that @ is a strong hyper-comples-cX), thenc?”(C) =

1. From Thm8 it can be concluded that é%(C) =1, thens"(C) = 1. From this conclusion
and the Thmb5 it can be concluded that @3(C) = 1, C is a Lodato hyper-complex denoted
0—-CX

2°: From Thm.6 it can be seen that € is a strong hyper-complex(- cx), thens"(C) = 1.

From Thm.8 it can be concluded that émS(C) =1, thendg (C) = 1. From this conclusion and
the Thm.7 it can be concluded that @§(C) = 1, C is a descriptive hyper-complex denoted
0¢p — CX

O

Theorem 10. A Cech complex is:
1°: spatial Lodato hyper-connected compléx, cx
2°: descriptive hyper-connected compléx— cx
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Proof. 1°: From Def.3, we come to know tha€ech complex is a collection dfech nerves
represented a€ech(K),K ¢ R2. Form Def.2, it can be concluded thatech(K) is a
collection of closed geometric balB(x € K), with a non-empty intersection. Th&echK
of orderk forms thek — 1 simplex in theCech complex, as per De8. From the axiom
(dP3) of Def. 26,it can be concluded that eveky- 1 simplex(or thef:ech(K) of orderk) is
a spatial Lodato hyper-connected collection of setsgi¢c? ()l(Cech(K)) = 1. Using this
conclusion and Thrb, we can conclude that eaclech(K) is as - cx i.e. a spatial Lodato
hyper-connected complex. Similar to the simplicial compléae union of spatial Lodato
hyper-connected complexes is also a spatial Lodato hygamexted complex.

20: From Def.3, we come to know thatech complex is a collection 6fech nervesfech (K),K ¢
R?). Form Def.2, it can be concluded thatech(K) is a collection of closed geometric
ballsB;(x € K), with a non-empty intersection. TiechK of orderk forms thek — 1 sim-
plex in theCech complex, as per De®. Consider a probe functiop : K -~ R. From the
definition of intersection, it can be concluded that a p@irt B, (X € K) exists in each of
the individualB;(x € K). Now, when we map each ball to a feature space using the probe
function ¢, it is evident thatp(p) € N¢(B,(x € K)). From this it can be concluded that
if NB/(x € K) + &, thenQBr(x € K) # @. Using this result and from the axio(dhP3)

of Def. 28, it can be concluded that eveky- 1 simplex(or theéech(K) of orderk) is a

descriptively hyper-connected collection of sets, Bg.ech(K)l(éech(K)) = 1. Using this
conclusion and Thmb, we can conclude that eahech(K) is adq — cx, i.e. a descrip-
tively hyper-connected complex. Similar to the simplidamplex, the union of descriptively
hyper-connected complexes is also a descriptively hypenected complex.

L

Remark 4. TheCech complex is not guaranteed to be a strong hyper-corﬂme@mplexg —CX.
This is evident from the definition D&, as it requires the intersection of closed geometric
balls,B(x), to be non-empty. Since the balls are closed it is possibléhtintersection to be
points lying on the boundary of the balls. This leads to thetispLodato proximity§), spatial
Lodato hyper-connectedne&¥( descriptive proximityip) and descriptive hyper-connectedness

(03). However, this does not allow the notion of a strong protg'rr(@) and as a consequence the

N
notion of strong hyper-connectedne®$( For these two notions the intersection must comprise of
the interior points only.

Based on the above observation we restrict the notion@©&eh complex to the notion of a
strongCech complex as defined in D&5. Now, we present the following results for the strong
Cech complex.

Lemma 7. A strongCech complex is a strong hyper-connected comaex,x.

Proof. It is obvious from Def, that a strongech complex is a collection of stroi@ech nerves,
which are represented &%eclf(K). From the De#, it is evident that the stronGech nerve
is a collection of closed geometric balB,(x € K), such that their interiors have a non-empty
intersection. This can be written @eclf(K) = Nint(B,(x € K)) # @. From the axion{snhN5),
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o A -
it can be concluded thas|“e¥(K)l(Ceclf(K)) = 1. Using this conclusion and from Thr8, it

can be concluded thmecrf(K) is a strong hyper-connected complex cx. We have proved
that, each stronGech nerveCeckf(K) is asn- cx.The union of simplicial complexes is also a
simplicial complex. From the DeR9 that the hyper-connected complex is a case of a simplicial
complex (Def.1), where the simplices are strong hyper-connected cablestof sets. Thus, it

follows directly that the union of —cx is also as —cx. Thus, the collections of strongech
- RN
nerves, or &ech complex, is a strong hyper-connected compiexgx. O

_Using this lemma, let us formulate the following hyper-cectedness relations for the strong
Cech complex.

Theorem 11. A strongCech complex, ¢Kis:
1°: spatial Lodato hyper-connected compléx, cx
2°: descriptive hyper-connected compléx— cx

Proof. 1°: From LemmaZ, it can be seen that a strofech complexcxeK is a strong hyper-

connected complefi“ —-cx. From Thm.9 it can be concluded thab¢K is a spatial Lodato
hyper-connected comple&;- cx. 5
2°: From Lemma/, it can be seen that a strofgch complexcxeK is a strong hyper-connected

complex,g —cx. From Thm.9 it can be concluded that¢K is a descriptive hyper-connected
complex,dgp — CX.
]

Now, we formulate some importatnt results regarding eguagppn object space with proximity
relations.

Lemma 8. Let (ﬁgeCh, {6,2,6(1)}) be a proximal relator space, anttly ¢ ﬁgeCh, where ke Z*.

i A
Assumingrl, ¢ crly, then
M
1°: crl, 6 crly, = crlgscerly
M
20: crly 6 crly = crlydg Crlp

Proof. 1°: From axiom(snN3)of Def. 22, it can be concluded that asla§ crly, crlancerly £ @.
Using the axiom(P3) of Def. 21, we can conclude that &sl, n crly # @, thencrl ;6crl .

2°: From axiom(snN3)of Def. 22, it can be concluded thatwaslagcrlb, crlanecerly, # @. Letus
consider a poinp ¢ crl, ncrl, and a probe function : ﬁge‘:h» R. Then it can be seen that
#(p) € ¢(crly) ng(crly), which leads to the fact tharlag crly # @. Using the axion(dP3)

of Def. 23, we can conclude that mlagcrlb + &, thencrl 64t p.
O

Theorem 12. Let S be an object space araly € 65", where ke Z*. Letk be the value of k
such thatrlg = @. Then, for0< j <k-1,

N
1°: crlj,q 6 crl;
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N
20: crlj §erljy

Proof. 1°: From Def.13it can be concluded thatl ., = Uptlj+1 andcrl; = Uptlj. From the
Def. 12it can be seen thatgtl ;,, is a closed geometric bal (x) € (cxK\Uptl;), such that
B/ (x) nUptl; # 2. Thus eactptl;,, has a non-empty intersection withptl ; = crl ;(Def. 13).
Sincecrl 1 = Uptl;,,(Def. 13) and eactptl ;,; ncrl; # @, we can conclude thatl ., nerl; #

@. Here, our choice to use the strofigch complextx¢) rather than th€ech complextx) as
the basis of topological approximation of the underlyingagcomes in handy. From Déb

it can be seen that we consider the object s;ﬁg@o to be defined over a stror@ech
complex€Ex®). Moreover, we can see from the Dé&R that the petals are the closed geometric
balls in thecx®, and thus the resulting corolla are a collection of thesks bisloreover, each of
the intersections in thexs(strongCech complex) is of the form int(B;(x)), as per Def5.
Based on this we can conclude that all the intersectionsaratiove argument are also on
the interiors of the closed geometric balls. Thus, we cartlooie that as the object space is
formulated on thexs(strongCech complex), ircrl j,1) nint(erl;) # @. Thus from axiom

(snN5)of Def. 22, we can conclude thatl chrl i
2°: The argument for the previous casecdf;. 5 crlj extends directly to this case offl ; scrl i1y
just by considering a dummy variabje- j + 1. Thus, the case of thel Hlﬁ;crlj forO<j<

k-1 becomesrl;gcrl jq forlc j < k. This change in the inequality ensures that we only

consider the-corollas for O< k < k, thus covering a complete range of corollas.
L

Based on this theorem we formulate the follwing importasutefor the adjacent corollas in
an an object space.

Theorem 13. Let (ﬁgec", {6,?,%}) be a proximal relator space, whecely € ﬁge‘:h and ke Z+*.

Letk be the value of k such thatl; = . Then, for0 < j <Kk,

10: crlj+1§crlj = crlj.ocrl;

20: crl; gcrlj_l = crljocrlj_y

3°: crIchrlj = Cflj.1 60 cCrl;

4 crl; gcrlj_l = crljoperlj_y

Proof. 1°: We can conclude from Thni2, thatcrlhlgcrlj, and then from Lemma& we can
conclude thatrl j,;6crl .

2°: We can conclude from Thni2, thatcrl gcrlj,l, and then from Lemma& we can conclude
thatcrl jocrl j_,.

3°: We can conclude from Thni2, thatcrlhlgcrlj, and then from Lemma& we can conclude
thatcrl j,100Cr1 ;.

4°: We can conclude from Thni2, thatcrl; gcrlj_l, and then from Lemma& we can conclude

thatcrl jopCrlj_;.
O
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Let us move on to discuss some important results regardipgesees in a proximity space
(X,0).

Lemma 9. Let (X, {6, ”5“,5@}) be a proximal relator space, and A, ---, A, be subsets of X. Then,
if the collection of sets € {Aq, Ay, -+, Ay} is g-sequence:

1°: Cis ag-sequen0@> C is ad-sequence

2:Cis aﬁ;-sequencea C is adp-sequence

Proof. 1°: If Cis ag-sequence, then from De?5 it can be concluded that for all= 1,---,n,

A §Aj for |j — 1] < 1. Using this conclusion and axioanN3) of Def. 22, we can establish
that A n A; # @ for |j - 1] < 1. Using axiom(P3) of Def. 21, it can be concluded tha%dA,
for |j - 1] < 1. Thus from Def25, we can conclude th& is aé-sequence.

20: If Cis ag-sequence, then from De?25 it can be concluded that for all= 1,---,n, A gAj
for |j - 1] < 1. Using this conclusion and axio(snN3) of Def. 22, we can establish that
A nA; # g for|j-1 < 1. Now let us consider a poimte Ain A for |j —i| < 1 and a probe
functiong : C — R. It can be seen thai(p) € ¢(A) n¢(A;) for |j —i| < 1, thusA; QA,- * Q.
Using axiom(dP3) of Def. 23, it can be concluded thad,A; for |j — 1| < 1. Thus from
Def. 25, we can conclude th& is ade-sequence.

L

Let us now consider the petal chaitichain,, as a sequence in a proximity space.

Theorem 14. Let (ﬁSeCh,g) be a proximal object space arpiichain, ﬁgec",for keZ* be a
petal chain contained in it. Theptlchain, is ag-sequence.

Proof. From Def.14 it can be seen thattlchain, is a collection of subset4; of cx® (a strong
Cech complex). These subsets satify the condition that éachcrl; and thatA n A, # @.
Since we consider the stromigech complex(Def5), thus all the intersections of the interiors of
the subsets afx® are non-empty. Thus we can conclude thatAnt nint(Ai_;) # @. From axiom

(snN5) of Def. 22, it can be concluded thak gAi_l. Moreover, subsituting = i — 1, we get
A;+1§A,°, thus A, gA.- for |[j —i| < 1. Thus, from the Def25it can be seen that gstichain, =
{UA : A € crlj, AJ@A; for |j-i| < 1,i,j € #}. Hence,ptlchain, is ag-sequence with an
agditional condition that each ¢ crl;. O

Using these results we formulate proximity relations forapehainsgtichain,) in an object
space@ 5.

Theorem 15. Let (ﬁ’gec", {6,3“,&1)}) be a proximal relator spaceptichain, e ﬁ’SeCh be a petal
chain, for ke Z*. Then.

19: ptlchain, is a¢-sequence

20: ptlchain, is ade-sequence



M.Z. Ahmad, J. Peteys Theory and Applications of Mathemati&sComputer Science 7 (2) (2017) 8123 109

Proof. 1°: From Thm.14 we can see thaitichain, is ag-sequence and using Lemrave can
conclude thaptlchain, is ad-sequence.

2°: From Thm.14we can see thadtlchain, is ag-sequence and using Lemr@ave can conclude
thatptlchain, is ade-sequence.
]

Let, us now move on to defining proximity relations on the vehalbject spacw’gec".

Lemma 10. Let (ﬁged‘,g) be a proximal object space and € {crly : crly € &5echandk =
0,1,2,---, j} is the set of k-corollas of the object space. Supposé&* such thaterl; = @. Then

for 0 < j < k, the collection of subsets C isgasequence.

Proof. From Thm.13 it can be seen thatl j+1§crlj andcrl scrl i1 for0< j<k. Thusitcan be
concluded thatrl ; gcrli for |j—i| < 1 where (X j,i < 1. From Def25it can be concluded that the
setC = {crly: crly e ﬁgechand k=0,1,--, R} is ag-sequence. O

Let us now extend this result to the object spétgé?h.

Theorem 16. Let (ﬁgec",g) be a proximal object space, then the object space ﬁg?c" is a
g-sequence.

Proof. From Def.15it can be seen thatsec"= {Ucrly : crlo = p, k = 0,1, -+, k}, which from the
k

definition of union is equivalent tocrl; : crl; € ﬁgech, k=0,1,---,k}. Thus, from Lemmdoit is

evident thatrSechis as-sequence. O

Using this theorem, we detail the following proximity retats on the object spacéjgeCh.

Theorem 17. Let (ﬁgem, 3“) be a proximal object space, and tmf“his ag-sequence. Then,
1°: o5ehis as-sequence
20 O5*Mis ady-sequence

Proof. 1°: From Thm.16it can be concluded thﬁge“‘is ag-sequence and from Lemn8at is
evident thaﬁge‘:h IS ad-sequence.

20: ﬁgechis ag-sequence and from Lemn@4t is evident thatﬁge‘:h IS adep-sequence.

4. Computational Experimentation

In this section, we will consider the applications of thedlmgical structures defined in this
paper. The aim of this study is to define a topological franréfar approximating and extracting
the shapes of objects in a digital image. As discussed earéaequire the choice of a selected
keypoints from the image. First, we use the scale invarieature transform(SIFT) based key-
points defined by Lowel(owe, 1999.
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9.2: Origianl image pre-
processed
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Figure 9. This figure displays the image of a boat(Fegl), and the same image after
preprocessing to aid in extracting topological struct{ifes 9.2). Fig. 9.3
shows the locations of SIFT keypoints. In Fig4, the Cech nerve are
superimposed atop the image. F8g5 displays theCech spectrum of the
object space, denoted W(ﬁgecr‘). Fig. 9.6displays the 1-corollafl ;) of
the object space or the maxin@é&ch nerve.

4.1. SIFT keypoints bas&tech complex

Let us first consider the image shown in Figl. The main object of focus in this image is
a boat. There are many other objects e.g. mountain, beaghgrgkpeople in the image, that
can be considered as noise for current application. To adghproximating the shape of the main
object i.e. the boat, we pre-process the image to removettah @bjects. The output of this
pre-processing is displayed in Fig.2 It can be observed that almost everything apart from the
distinctive features of the boat have been removed. Someegbdrts of the boat have also been
removed because of the similarity with the objects that weresidered to be noise.

After the pre-processing stage we extract the SIFT keypdinin the image, represented as
a setS. Based on these points we can now construceah complex(Def3) by considering a
collection of balls of radius, {B;(s) : se S} super-imposed on to the image. Every sek bhlls
with a non-empty intersection is the- 1 simplex in the resulting abstract simplicial complex.


Boat_original.eps
Boat_back_removed.eps
Boat_sift_keypoints.eps
Boat_nerves_diff_order.eps
Boat_cech_spectrum.eps
Boat_maximal_cech_nerve.eps
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Algorithm 1: Cech Complex represenatation of Image Objects
Input : digital imageimg, KeypointsS, Cech radius
Output: Cech complex on the imagéech(S),Cech nerve of maximal order
maxCech(S), Cech spectrun®’
1 foreachse S do
2 | Cech(S):=CechSUB(s);

3 /*Calculating theCech spectrumy*

4 =S,

5 Nrv(0) :=S;

6 Continue«~ True; k< 1;

7 while Continue= Truedo

8 & = (k+ 1)-Combination of S

9 foreach combe . do

10 bndd sk« minimal bounding disk of the (k1) points in comb
11 rad < radius of bnddsk

12 if rad <r then

13 | nerve< comh

14 else

15 | /*Continue¥;

16 if nerve+ @ then

17 S « all the unique points s S present in nerye
18 Nrv(k - 1) := Nrv(k - 1) ~ {(k) - Combination 06};
19 S:=S-\ é;

20 k<~ k+1;

21 else

22 Continue« False

23 maximalorder< k;

24 | < 1;

25 while j < maximalorderdo
26 Nrv(j) — number of elements
27 | (]) < number of elements

28 maxCech(S) := Nrv(maximalordey;
29 Cech(S) — img;

[e¢]

Moreover, it can be seen that every sekgeometric balls with a non-empty intersection is called
aCech nerve, denoted yech(S). The common intersection is termed as the nucleus and the
number of ballk in the nerve is termed its order. An overview of the algoritttngenerate the
Cech complex is presented in Alfy. In Fig. 9.4all the{Cechs: se S} in theCech complex are
illustrated on the image. The nerves have been color codédr@spect to their order.
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Here we can see that for the current choice of radjuke collection of balls form two com-
plexes as there is no intersection in between them. One afdimplexes is on the front side of
the boat while the other complex is on the mast and the reaoktite boat. If we increase the
radius both these complexes will merge in to one complexs Ban important point to note and
is common to this and other frameworks which aim to model @ita dsing topological constructs
(Ghrist 2008. The topological features of the approximation built gsech and related com-
plexes is dependent on the radius. The appropriate choicdafs will be discussed in a future
work.

Here we present a possible topological sighature of thesshiis termed as th€ech spectrum
and is defined in Def20. It is defined as a sequence of numbers which represents thbemu
of nerves of a particular order in an image. A similar shagmature was considered for the
approximation of object space via curved and rectilingangulations Ahmad & Peters201 7).

It can be seen that this is related to the spatial distributiche keypoint locations and the radius
of the geometric balls. Nerves of higher order are a reswtlafge number of keypoints proximal
to each other. Thus, based on how the keypoints are selbe@dtves of dierent order represent
different concentrations(or clusters) of specific features image. Based on this we can assume
that the region in the image, where the highest number ofdeypare mutually proximal is the
most important region.

This brings us to the concept of a maxin@#ch nerve. For the image under consideration we
can see from th€ech spectrum that the order of the maximal nerve is 11 ane teemly one of
them in the image. Let us look at the location of this nervelmimage. It is shown in Fi.6.
We can see that this nerve lies on the saftey tube hangingeomaist towards the rear end of the
boat. The reason for this is the the tube is a compact steitttat is highly diferentiated from its
background. Thus there is a high distribution of SIFT keyp®i Moreover, there are keypoints
corresponding to the rear hull of the boat. The combinatidh@se points results in the existence
of the maximal nerve in this region of the image.

Each of the balls in this image is the maximal nerve is thethipdenoted aptl,. The union
of all theptl, in the maximal nerve is called ttegl,. Thus the maximaCech nerve is equivalent
to thecrl,. All the geometric balls in the image that has a non-emptgrggction with the 1-
corolla(rl,) is called the 2-petal, denoted jp,. The union of all theptl, in the image is called
the 2-corolla¢rl,). The concept can be generalized to higher valuésroé similar fashion. Thus,
the image shown in Fi.6 also represents the 1-corolla or ttré;.

Let us consider the image of a car as shown in the FigL This image contains a black car,
with many other objects such as a human, building, partidasd a car and bus. Thus, the image
contains the focal object and a lot of other objects whiclttierpurpose of this study we consider
to be noise. After the pre-processing to remove all otheeabjapart from the focal object we
obtain the image shown in Fig0.2 We use this image to select keypoints@gtvhich will then
be used to construct@ech complex and superimpose it on the image. The nerves iGebk
complex{éech(s) : se S}) are color coded with respect to number of sets in them(prddris
result is shown in Figl0.4 In contrast to the result for the image of the boat as showAign.4,
we can notice that the collection of all the geometric baflsdiusr form a singleCech complex.

Let us now move on to the newly proposed shape signature,lpahesCech spectrum. For
the approximation of the shape of the car witach complex, th€ech spectrum is displayed in
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10.1: Original Image
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Figure 10. This figure displays the image of a car (Fip.1), and the same image
after preprocessing to aid in extracting topological stres(Fig.10.2).
The keypoints extracted by the SIFT algorithm are shown i F0.3In
Fig. 10.4 the Cech nerve are superimposed atop the image. _Hipb
displays theCech spectrum of the object space, denotedﬁjﬁgec").
Fig. 10.6 displays the 1-corollatl ;) of the object space or the maximal
Cech nerve.

Fig. 10.5 It can also be observed that tBech spectrum for the car isftérent from that of the
image of the boat(Fig9.5). The order of the maximalech nerve was 11 for the boat and is 9
for the car. The number of nerves of maximal order is again @here can be multiple maximal
Cech nerves in an image. In that case we can either considertthee multiple objects or the
different(in terms of features) regions in the same image. Tuie is dependent on whether we
consider our image to contain a single focal object or migtgmes.

We plot the maximaCech nerve on the image and display it in Fi§.6 It can be seen that
the maximal nerve lies on the interior of the car on its froood Moreover, as discussed earlier
it the maximalCech nerve is the same as the 1-coralth( and each of the balls in it is the 1-
petalftl,). All the geometric balls that share a non-empty intersectvith thecrl, are called the
2-petalsptl,). The union of all the 2-petalstl,) is called the 2-corollafl;). We can extend the
concept ok-petals andk-corolla to this image as we did to the image of the boat.

4.2. Cech complex using hole based keypoints

After discussing the results of approximating the objestan image usingech complexes
based on SIFT based keypoints, we develop a new type of keyspdihese types of keypoints are
based on the notion of a hole. The notion of a hole is a vitaliotepology Alexandrdtf, 19695.
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Let us consider an extension of this concept to a digital en&ge use the notion of@escriptive
hole, defined as below.

Definition 31. A descriptive hole is a finite bounded sub-region of a plarte wimatching de-
scription. The description is obtained by the probe fungtio 2% — R.

Algorithm 2: Hole based Keypoints

Input : digital imageimg, Horizontal filter radiusy, Vertical filter radiusy, Hole
threshold, Number of hole$ge

Output: Hole locations#fes

1 fo(xY) = sEmexp(-(3 + 5));

2 imgri < fe(X,y) *img;

3 g:= empty matrix

4 foreach pixele imgdo

5 J := empty matrix

6 foreach channele pixeldo

7 | J(channe]:) := Grad(pixel);

8 (i, j) < location of pixe]

o | g(l’J) <V /lmax(JTJ);

10 g:= set all values of g t to 1 and rest ta0;

11 g — connected components

12 connected componeris-> size in terms of pixejs

13 /* arrange in descending order w.r.t. size in terms of pixgls *
14 connected components> arranged connected components
15 hole «first ne arranged connected components

16 hole— centroids

17 Fholes < CeNtroids

In this paper we consider the description to be the pixehsitg, which for coloured images is
a vector of values in domaiR". Wheren is the number of channels in the image. For a classical
coloured image, the RGB color image, this is 3. A digital imagrepresented as a matrix (size
m x n) for computation, and for the RGB image this becomes a dle©f three matrices or a
multi-way array of sizen x n x 3. For the purpose of detecting holes, we first convolve tregien
with a normalized Gaussian kernel to remove noise. The 2bhalized Gaussian is defined as:

wherer, andr, define the standard deviation of the Gaussian inxtaady direction respec-
tively. The standard deviation dictates the radius of thedatiming filter. This smoothed image
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is then used to calculate the derivative for each pixel. Tévdtive is calculated using the a
traditional derivative filter such as the sobel operatoratnimage, for each pixel there are two
derivative, one in thex and one in they direction. We combine the derivatives in a Jacobian
matrix(J).

To illustrate this concept, let us consider the RGB imagedabmapifng) that assigns an
intensity(R3) to each pixel locatiori¥?). This is represented amg : R?2 — R3. The Jacobian
matrix(J) for each pixel would thus be a matrix of sizex3, defined as:

dimg(1)  dimg(1)

" (')X2 " 0y2
J(img(xy)) = | 4548 drdd |
0img(3)  dimg(3)
ox ay

whereimg(i) represents thigh channel of the image. The gradient magnitude for eacH pixe
g(x,y) is calculated as:

g(xY) = VAmax(I(img(xy))T I(img(x.y))),

wheredmax(A) is the larget eigen value of matrix

Once, we have the gradient magnitude for each pixel in thgémwee can then threshold to
yield the location of regions with relatively constant gikgensities. The value of the threshold
decides the ammount of variation that we are willing to aliowhe description of a hole. Since, we
are interested in the areas with a gradient close to 0, wdldkéaixels with gradient values less
than the threshold to be 1 and the rest to be 0. In this fasheomark all the regions of interest(or
holes as we refer to them) as 1. We can extract these regiomgsamnected component analysis,
and then calculate the size of the region in terms of the nuoflxels and its centroid. The holes
are arranged in the descending order with respect to tleeiragid the hole based keypoinite)
are the centroids of these holes. The size of the hole is aligiet of its importance in the image.
This method is summarized in Alg.

Once, we have the hole-based keypoin#e., they are input to the Algl to build theCech
complex so that features of the objects in the image can baatatl. This process is similar to
the one performed for the SIFT keypoints id 8. Let us discuss the application of this new class
of keypoints to the images used iM48L Let us first illustrate the location of the new form of
keypoints on the image of the boat, as shown in Eifyl The diference between the objects
extracted from the digital images using the twé@linet types of keypoints lies in the location of
the keypoints. Let us compare the location of the SIFT and-baked keypoints{oe), Shown in
Fig. 9.3and Fig.11.1respectivly. We can see that due to the specific construofioF,, these
exist on a region with a constant intensity. It can be seeniththe SIFT based keypoints are
located along edges of the main body of the boat, while onkeo#; . lies near the center of the
body of the boat. The rest of the keypoints are mostly comated near the bottom edge of the
boat on the shadow, and the life tube. These objects are aemywn so the SIFT and th&f,, . are
at almost similar locations. It is easy to see that for a maobjects the centeroids are close to the
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11.1: Hole-based keypoints 11.2: Cech nerve of dferent 11.3: Cech Spectrum
order

11.4: MaximalCech nerve

Figure 11. Fig. 11.1 displays the hole-based keypoints on the original imagdef t
boat. Cech nerves of dierent order are shown in Fid1.2 Fig.11.3
displays theCech spectrum for the hole-based keypoints. The maximal
Cech nerve or the 1-corolle ;) is displayed in Fig11.4

edges.

Let us now look at th€ech nerves of diernet order imposed on the image. It is shown in
Fig. 11.2and the nerves are color coded with respect order(the nuaflggrometric balls in the
nerve). The radius used to generate this result is the sartaafor the SIFT based keypoints
shown in Fig.9.4. It can be seen thatech nerve generated usitg,es cOvers more area of the
boat, that the&€ech nerve generated using the SIFT keypoints.

The Cech spectrum or the number of unlq(Iech nerves of a specific order in tkch
complexCech(K)) is defined as Def20. For theCech complex generated using the hole-based
keypoints, denoted aéech(jifho.es), theCech spectruny) is displayed in Figl11.3 Comparing
this with the result for the SIFT keypoints(Fig.5), it can be seen that t&ech spectrum is quite
different. It can be seen that the order of the maxi@eah nerve for#e is 9, while for the SIFT
based case is 11.

One commonality between tiech complexes for both the SIFT adéqesis the location
of the maximalCech nerve or the 1-corolla(;). Other topological structures can be extracted
for the #oles baseof:ech(,)iﬂmes) in the same fashion as for the SIFT based case explained with
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12.2: Cech nerve of dferent 12.3:Cech Spectrum
order

12.4: MaximalCech nerve

Figure 12. Fig. 12.1displays the hole-based keypoints on the original imageetar.
Cech nerves of dierent order are shown in Figj2.2 Fig.12.3displays the
Cech spectrum for the hole-based keypoints. The maxt®eah nerve or
the 1-corollaérl ;) is displayed in Fig12.4

detail in 84.1

Let us move on to the case of extracting the shape of the qag U4, We consider the loca-
tion of the SIFT keypoints(Fid0.3 and compare them with the location of th&e4{Fig. 12.1).
For this image it can be seen that the SIFT based keypointhéoimage of the car are located
in the center of the object on the front door. While, thg,es for this image are located towards
the upper contour of the car. The SIFT points are located effrtmt door due to the text. There
are lot of edges on the front door thus the SIFT based keypb@eon these edges. Moreover, the
location of ;s @re on the rims, the mirros and the bumper of the car on the Bédeklocations
of the keypoints for the SIFT are on the on the text, bottondéerof the car on the back and on
the arm of the man in the car. Due to the centrality of the texthe car the SIFT keypoints for
this image are concentrated on the center of the car.

This is the main reason for tiiéech (K) generated using the SIFT keypoints(Fi§.4) cover
the car better than thefq.{Fig. 12.2. The nerves of dierent order are color coded for the
Cech complex generated usiti,esare displayed in Figl2.2 TheCech complex for theZfojes
conforms very well to the top contour of the car and the tibes the bottom part of the front door
remains uncovered. THeech spectrum of théech(K) usig the#oes is shown in Fig.12.3
It can be seen that thiSech spectrum is €lierent from the case of the SIFT keypoints shown in
Fig. 10.5 The maximatCech nerve for the#qesis 8 while for the SIFT keypoints is 9. Moreover
the case of the car, the location of the maximal nerver or thertlla(crl,) is also diferent for
the SIFT keypoints and thef,,es FOr the SIFT the maximal nerve is on the front door while for
the s it is on the top of the rear end of the car. Thisteience is fundamentaly due to the
difference in the spatial distribution of the specific types gfpkents.
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4.3. Applications of the proposed framework

In this section we will present a few possible applicatiofthe proposed framework. The idea
is to formulate a proof of concept, that the current framéwaan be used in object extraction and
recognition tasks in computer vision. We will begin with fdea of extracting the shapes from an
image using the topological notion of cover.

4.3.1. Persistence @fech Shapes

One of the major themes in this article is to develop a topokigramework for covers of
an object in a digital image. The idea of using simple geoicedtobjects to cover a topological
space, so as to extract topological and geometrical infbiomabout it dates back to Poinear”
(Poincaré1895. The objects used here are disks (here calledh balls), parameterized by the
location of centers and radii. Animportant question thestesrhere is related to the choice of these
parameters.

We choose the centroids to be the keypoints contributedthgreSIFT or by hole based key-
points of Alg.2. As to the choice of radii goes, we will use a recently devetbfechnique, called
persistent topologyHdelsbrunner & Hare2010, which is aimed at filtering out noise. The idea
is that as we increase the radius of tech balls we get a ne@ech complex which is a super-
set of the previous one. This can be written &erallr,se R,r < S= cx € Cx. Herecx is
a Cech complex yielded bech balls of radius. This means that we get a filtration 6&ch
complexes indexed by the radius. Since, the question undestigation is the quality of a cover
of the objects in digital images, we will employ appropriateasures in this regard.

The two measures that we use are the fraction of the area afbjeet covered by th€ech
complex and the fraction of the area ©@éch complex that lies on the object in the image. We
want to cover the maximum area of the object while reducirgdtea of the background(parts
of an image that are not the object), in the resulting covers 1 a trade fi, which can be seen
from Figs.13.1and13.2 In Fig. 13.1all of theCech complex lies on the object, but it only covers
a small area of the object. In Fi3.2 we are covering a significant portion of the object area,
but the spillage into the background is also present. We twstlike a balance between the two
parameters to attain a cover of the object that is well sutieapproximating its geometrical and
topological features. Hence, we plot the normalized vdhreshe rangd0, 1]) of the measures
for the whole filtration in the plot shown in Fig.3.3

From this plot we can decide upon the appropriate value ofati for theCech balls, which
will suite our application. If the objective is to maximizestarea of the object covered we would
like the radius to be in the range of 17@20, but the spillage of the complex would be significant.
Another possible choice could be the intersection poinheftivo curves, which would yield a
value of 120 for the radius. This perspective gives us a vieth@ topological and geometrical
properties of the object, indexed by scale. Other possiikensions of this method could be, to
consider indexing by the number of keypoints or to index biltbe number of keypoints and the
radius.

4.3.2. Shapes of Bird Species
Let us consider another application of the concepts deeelapthis article. We will consider
the identification of dierent species of birds, based on their shape. The aim likpriéhgous
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Figure 13. This figure illustrates the change in the area of the objeetrea by the
Cech complexes of varying diameters The plots illustrate the fraction
of the object area covered by tich complexes and the fraction of the
complex area that lies on the object of interest.

application is to demonstrate the viability of the thearatframework. For this purpose we select
the database used ihgzebniket al, 2005. We select three images of birds belonging to three
different species. On the images we perform an analysis simitaetone detailed in Sed.2

We use the holebased keypoints as they take into accounesiceigtion of the image(in terms
of the locations of constant pixel intensity regions). Tiif be a crucial feature in the classifi-
cation of diferent patterns. The patterns inside an object and the sH#pgecontour are some of
the most important features when it comes to classificati@momputer vision. This can be under-
stood by looking at the pictures of the three birds we aimagsify, shown in Figsl4.1,14.4and
14.7. These dier not only in terms of the shapes of their boundary contoutshe patterns on
them. For each of the birds, titZech complexes formed by considering the holebased keypoint
determined using Alg2, are shown in Fig&4.214.5and14.8 We can see that the 1-skeleton of
the Cech complex (i.e. all the 1-simplices in it) conforms to theyse of the bird. An additional
point to note here is that, it represents the proximity ofdaetroids of the regions with fierent
descriptions. Hence, it is a more structural represemtaifa¢he bird in terms of the regions of
matching description in it.

For this example we resort to looking at tBech spectra(Def20) of each of the images.
This is the number o€ech nerves of dierent order in the image. Each of tBech Nerves is
itself a hyper-connected space, as it is a intersectionyingunumber of Cech balls. The order
of the hyper-proximity is the same as the cardinality of teeve. Hence, th€ech spectra can
be equivalently thought of as the number of hyper-connestsdpaces of tfierent order in the
image. TheCech spectra for the images of the three birds are show inlEgl4.6and14.9 It
can be seen that th&ech spectra for the three birds are significantl§iedent, hence providing a
possible feature for classification.

4.3.3. Shapes of Butterfly Species

We present another application of the proposed framewarkject detection for classification
in computer vision. The aim is to provide a proof of concepgttthe theoretical framework
developed in this article can be used in practical appbegti For this purpose, we aim to classify
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Figure 14. This figure illustrates thEech complex coverings and the associated Cech
spectra for images of threefflirent birds taken from the database devel-
oped in Lazebniket al,, 20085.

butterflies based on their shapes. The dataset used inskistaken fromLazebniket al. (2004).

We take three dierent images of butterflies belonging tdfdrent species. These images are
shown in Figs15.1,15.4and15.7. All these butterflies are fferent from one another based on
their shape and patterns.

As we discussed in the case of classifying bird species,ssifiler that incorporates the pixel
intensity description would perform better than the one tduasiders boundary contours alone.
This fact becomes even more evident when we comparelFigand15.4, showing Black Snow-
tail and Machaon butterflies respectively. Both the buiesfhave almost identical boundary
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Figure 15. This figure illustrates thEech complex coverings and the associated Cech
spectra for images of threeffiirent butterflies taken from the database
developed inl(azebniket al.,, 2004).

contours but dfer drastically in terms of patterns. Thus, we must use theldasled keypoints cal-
culated using Alg2, which are centroids of regions with matching descriptiotijis case [pixel
intensities). The methodology used here is similar to thesSe2 and4.3.2 TheCech covers of
the different butterflies are shown in Figib.215.5and15.8 It can be seen that theftBrence of
patterns dictates the locations of the holebased keypdtriesds to diferentCech complexes for
both the Black Snowtail(FigL5.1) and the Machaon(Fid.5.4). Moreover, the 1-skeletons(all the
1-simplices) of th&€ech complexes conform to the structure of the shape.

Now to exploit this diference in theCech complexes we ug@ech spectrum(Def20) as a
measure. The relationship between tbech spectrum and hyper-connected subspaces of the
image has been detailed in Sdc3.2 We can see thafech spectra for the fierent butterflies
as shown in Figd5.315.6 and 15.9 are substantially dierent. This diference elucidates the
possibility of classification.
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5. Conclusion

This paper uses proxim&lech complexes to approximates the shape of objects in Higita
ages. Several topological structures with closed geombdills as the primitive are formulated
to study the geometrical and topological properties of cisjeMoreover, instead of considering
only the boundary contours of the object we also includerttezior of the shape using descriptive
proximity relations. The classical notion of proximity asedation on two subsets has been ex-
tended to functions over arbitrary number of subsets. Magdhe usual binary proximity is also
extended to a continuous valued function also yielding #tere of nearness between objects. We
define the concept of a descriptive hole in an image as a fioaded region with a matching
description. These are then used to formulate an algorithextract keypoints from an image.
The distribution of the orders f theftirentCech nerves in the image is used to define a signature
for the shape of an object in digital images. The resultsierdomputational experiments along
with the algorithms used have also been presented.
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Abstract

In this paper, we vividly study the concept of comultisets of a multigroup and obtain some related results. The
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1. Introduction

Many fields of modern mathematics emerged by violating a basic principle of a known theory
or concept. For example, fuzzy set theory emerged by violating the notion of definite collection
of objects in cantorian set theory. Similarly, the theory of multisets (see (Knuth, 1981), (Singh et
al., 2007), (Syropoulos, 2001), (Wildberger, 2003) for details) has been defined by assuming that,
for a given set X, an element x occurs a finite number of times. This violates the idea of distinct
collection of objects.

The concept of (classical) groups is built on the foundation of cantorian (or crisp) set theory.
Since group is defined over a nonempty set hence, an algebraic study of multisets is an extension
of group theory. The notion of multigroup was proposed in (Nazmul e al., 2013) as an algebraic
structure of multiset that generalized the concept of group. The notion is consistent with other
non-classical groups in (Biswas, 1989), (Rosenfeld, 1971), (Shinoj et al., 2015), (Shinoj & Sunil,
2015). The term multigroups has been earlier mentioned in (Barlotti & Strambach, 1991), (Dresher
& Ore, 1938), (Mao, 2009), (Prenowitz, 1943), (Schein, 1987), (Tella & Daniel, 2013) as an
extension of group theory (with each of the authors having a divergent view). Nonetheless, the
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idea of multigroups captured in (Nazmul et al., 2013) is quite acceptable because it is in consonant
with other non-classical groups and defined in the light of multiset.

A complete survey on the concept of multigroups from various authors were reviewed in
(Ibrahim & Ejegwa, 2016). Further studies on the concept of multigroups in the light of mul-
tisets have been carried out. See (Awolola & Ejegwa, 2017), (Awolola & Ibrahim, 2016), (Ejegwa,
2017), (Ejegwa & Ibrahim, 2017b), (Ejegwa & Ibrahim, 2017¢), (Ejegwa & Ibrahim, 2017a),
(Ibrahim & Ejegwa, 2017a), (Ibrahim & Ejegwa, 2017b) for details.

In this paper, we explore more on the concept of comultisets of a multigroup studied in (Ejegwa
& Ibrahim, 2017b), (Nazmul et al., 2013), deduce some results, and propose Lagrange theorem in
multigroups context. Also, we extend the idea of factor or quotient groups to multigroups and ob-
tain some related results. Finally, the notion of homomorphism of factor multigroups is explored.

The paper is organized as follows. Section 2 gives some basic definitions and existing results
on multisets and multigroups, respectively, for the sake of reference. Section 3 presents more
results on comultisets of a multigroups and proposes the analogous of Lagrange theorem in multi-
group setting. Details on the notion of factor multigroups as an extension of factor groups and its
homomorphic properties are explicated in Section 4. Section 5 concludes the paper.

2. Preliminaries

Definition 2.1. (Singh et al., 2007) Let X = {xy, x, ..., X,,, ...} be a set. A multiset A over X is a
cardinal-valued function,
Cy: X->N={0,1,...}

such that for x € Dom(A) implies A(x) is a cardinal and A(x) = Ca(x) > 0, where C4(x) denoted
the number of times an object x occur in A, that is, a counting function of A (where C4(x) = 0,
implies x ¢ Dom(A)).

The set X is called the ground or generic set of the class of all multisets containing objects
from X. The set of all multisets over X is depicted by MS (X).

Definition 2.2. (Wildberger, 2003) Let A and B be two multisets over X. Then A is called a
submultiset of B written as A C B if C4(x) < Cp(x)Vx € X. Also, if A C Band A # B, then A is
called a proper submultiset of B and denoted as A C B. A multiset is called the parent in relation
to its submultiset.

Definition 2.3. (Syropoulos, 2001) Let A and B be two multisets over X. Then the intersection
and union of A and B, denoted by A N B and A U B, respectively, are defined by the rules that for
any object x € X,

(1) Canp(x) = Ca(x) A Cp(x),
(i1) Cyup(x) = Ca(x) V Cp(x),

where A and V represent minimum and maximum, respectively.
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Definition 2.4. (Nazmul et al., 2013) Let X be a group. A multiset G is called a multigroup of X
if the count function of G,
Cc: X—->N={0,1,...}

satisfies the following conditions:

(1) Cg(xy) = Co(x) A Co(y)Vx,y € X,
(il) Co(x™h) = Cs(x)Vx € X.

By implication, a multiset G is a multigroup of a group X if Vx,y € X,

Co(xy™) 2 Cg(x) A Co(y).

It follows immediately that,
CG(e) > CG(X) VxeX

where e is the identity element in X. A multigroup G is regular if
Co(x) = Co(y)¥x,y € X.

We denote the set of all multigroups of X by MG(X).

The count of an element in G is the number of occurrence of the element in G, and denoted by
Ci. The order of G is the sum of the count of each of the elements in G, and is given by

Gl = )" Co(x)Vx; € X.
i=1
Remark. (Ejegwa, 2017) Every multigroup is a multiset but the converse is not necessarily true.
Theorem 2.1. (Nazmul et al., 2013) Let A, B € MG(X). Then AN B € MG(X).

Definition 2.5. (Nazmul et al., 2013) Let A € MG(X). Then A is said to be abelian or commutative
if for all x,y € X, Ca(xy) = Ca(yx).

Definition 2.6. (Nazmul et al., 2013) Let A € MG(X). Then the sets A, and A* are defined as
A, ={xe X | Cy(x)> 0}

and
A" = {x € X | Cy(x) = Cyle)}.

Proposition 2.1. (Nazmul et al., 2013) Let A € MG(X). Then A, and A* are subgroups of X.

Definition 2.7. (Ejegwa, 2017) Let A € MG(X). A nonempty submultiset B of A is called a
submultigroup of A denoted by B E A if B form a multigroup. A submultigroup B of A is a proper
submultigroup denoted by B — A,if BE A and A # B.
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A submultigroup B of A is complete if B, = A, and incomplete otherwise. A submultigroup B of
A is also a multigroup of X itself.

Definition 2.8. (Ejegwa & Ibrahim, 2017b) Let A, B € MG(X) such that A C B. Then A is called
a normal submultigroup of B if for all x, y € X, it satisfies C4(xyx~") > C4(y).

Definition 2.9. (Nazmul et al., 2013) Let A and B be multigroups of X. Then A~! and A o B are
defined by
Ca1(x) = Co(x"Wxe X

and
Vi=y(Ca(y) A Cp(2)), if Ay, z € X such that x = yz
0

, otherwise,

Caop(x) = {
respectively.

Definition 2.10. (Ejegwa & Ibrahim, 2017b) Let X be a group. For any submultigroup A of a
multigroup G of X, the submultiset yA of G for y € G defined by

Cya(x) = Ca(y™ ' x)Vx € A,

is called the left comultiset of A. Similarly, for right comultiset of A. It follows that, xA = yA,
Ayo Az =Ayzand yAozA = yzZA Vx,y,z € X.

Definition 2.11. (Ejegwa & Ibrahim, 2017¢) Let X and Y be groups and let f : X — Y be a
homomorphism. Suppose A and B are multigroups of X and Y, respectively. Then f induces a
homomorphism from A to B which satisfies

(i) Ca(f™'(1y2)) = Calf ) A Calf ' 02)) VY1, € Y,

(i) Cp(f(x1x2)) = Cp(f(x1)) A Cp(f(x2)) Vx1, %2 € X,

where
(i) the image of A under f, denoted by f(A), is a multiset of Y defined by

V xef1() Ca(x), o #0
0, otherwise

Cra(y) = {

for each y € Y and
(ii) the inverse image of B under f, denoted by f~'(B), is a multiset of X defined by

Crp(x) = Cp(f(x)) Yx € X.

Definition 2.12. (Ejegwa & Ibrahim, 2017¢) Let X and Y be groups and let A € MG(X) and
B € MG(Y), respectively.

(i) A homomorphism f from X to Y is called a weak homomorphism from A to B if f(A) C B.
If f is a weak homomorphism from A to B, then we say that, A is weakly homomorphic to
B denoted by A ~ B.
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(i) An isomorphism f from X to Y is called a weak isomorphism from A to B if f(A) C B. If f
is a weak isomorphism from A to B, then we say that, A is weakly isomorphic to B denoted
by A =~ B.

(iii)) A homomorphism f from X to Y is called a homomorphism from A to B if f(A) = B. If f is
a homomorphism from A to B, then A is homomorphic to B denoted by A ~ B.

(iv) Anisomorphism f from X to Y is called an isomorphism from A to B if f(A) = B. If fis an
isomorphism from A to B, then A is isomorphic to B denoted by A = B.

Lemma 2.1. (Ejegwa & Ibrahim, 2017¢) Let f : X — Y be a homomorphism of groups, A €
MG(X) and B € MG(Y), respectively.

(i) If f is an epimorphism, then f(f~'(B)) = B.

(ii) If kerf = {e}, then f~'(f(A)) = A.
The kernel of f is defined by kerf = {x € X | Cs(x) = Cp(€’), f(e) = €'}, where e and ¢’ are the

identities of X and Y, respectively. The kernel of f is a normal subgroup of X, and always contains
the identity element of X. It reduces to the identity element if and only if f is one to one.

Theorem 2.2. (Ejegwa & Ibrahim, 2017¢) Let X and Y be groups and f : X — Y be an isomor-
phism. Then A € MG(X) © f(A) € MG(Y) and B € MG(Y) & f~1(B) € MG(X).

Definition 2.13. (Ejegwa & Ibrahim, 2017b) Suppose A € MG(X). Then the normalizer of A is
the set given by
N(A) = {g € X | Ca(gy) = Calyg)¥y € X}.

Theorem 2.3. (Awolola & Ibrahim, 2016) Let A € MG(X) with identity e € X. Then ¥x,y € X,
Ca(x) = Ca() if Calxy™") = Cale).
3. Some results on comultisets of a multigroup

We assume that if G is a multigroup of a group X, then G, = X (except otherwise stated). That
is, every element of X is in G with its multiplicity or count. In this section, we present some result
on comultisets of a multigroups.

Recall that, for any submultigroup A of a multigroup G of a group X, the submultiset yA of G
for y € X defined by

Cya(x) = Ca(y 'x)Vx € A,

is called the left comultiset of A. Similarly, the submultiset Ay of G for y € X defined by
Cay(x) = Ca(xy " )Vx € A,
is called the right comultiset of A.
Example 3.1. Let X = {po, 1,02, 03,04, P5} be a permutation group on a set S = {1, 2, 3} such that
po = (1), p1 = (123), p, = (132), p3 = (23), p4 = (13), ps = (12)

and G = [p],p;, 05,0305, P3] be a multigroup of X. Then H = [pf, p],p5] is an incomplete
submultigroup of G.
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Now, we find the left comultisets of H by pre-multiplying each element of G by H.

poH = [p.p}. 03]
pH = 0305011
p2H = [p}, 05 p0]
psH = [p3.p%p9] =0
psH = [p4,p%, 031 =0
psH = [P5aP4 P3 =0.

Similarly, the right comultisets of H are thus.

Hpy = [p§.p1,p5]

Hpy = [p3.p0.p]]

Hpy = 101,03 0]

Hps = [p3,p5,p31=0

Hps = [pg.ps5.p31=10

Hps = [p3,03.p31=0
Suppose H = [pf, p3, 03, 03, p3, p3), that is, a complete submultigroup of G. The left comultisets of
H are thus listed.

poH = [p§, P} 03 03 03 03]
p1H = [Pz,Po’P1»Ps’P3,P4]
p2H = (07,03, 00, 35 03 03]

p3H = [p3. 03, 04 P5: 032 1]
psH = (03, 03, 03, P15 00> 3]
psH = [z, 03, 03, 03 P1- P

The right comultisets of H are below.

=[0G, £1.03. 93 03 5]
le [pz’Po,pl,pzpps,Pﬂ
Hp, = [pl,pz,Po,Ps,pg,m]
HP3 = 03,03 95, 05 1 03]

[P4’P5’P3’PQ’PO’91]

pPs = [PS’P3’P4’P1aP2,Po]-

Remark. Let H be a submultigroup of G € MG(X). We notice that

(1) H and its comultisets are equal because a multiset is an unordered collection. Consequently,
xH =yHVx,y € X.
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(i1) the number of comultisets of H equals the cardinality of H., and the union and intersection
of the comultisets of H are comparable to H.

(iii) there is a one-to-one correspondence between the right comultisets and the left comultisets
of H.

Proposition 3.1. Let A, B € MG(X) such that A C B. If xA = yA, then Cx(x) = C4(y) Vx,y € X.
Proof. Let X be a group and x € X. Suppose xA = yA, then we have

Cia(x) = Cya(x) = Ca(x™'x) = Co(y™'x) = Cale) = Cay™ ' ).
Then, it follows that C4(y) = Ca(x) Yx,y € X by Theorem 2.3. ]

Proposition 3.2. Let B € MG(X) and A be a submultigroup of B. If (Ay o Az)™' = Ay o Az and
Ay o Az = Ayz, then (Ay o A7)™! = Ayz.

Proof. Straightforward from Definition 2.10. ]
Theorem 3.1. Let X be a finite group and A be a submultigroup of B € MG(X). Define

H = {geX|C4(g) =Cale)},
K {x € X | Cax(y) = CacO};

where e denotes the identity element of X. Then H and K are subgroups of X. Again H = K.

Proof. Let g,h € H. Then

Ca(gh)

\%

Ca(g) A Ca(h)
Ca(e) A Cale)
Cale)

= Ca(gh) = Ca(e).

But, C4(gh) < Ca(e) from Definition 2.4. Thus, Cs(gh) = Cs(e), implying that gh € H. Since
X is finite, it follows that H is a subgroup of X.

Now, we show that H = K. Let k € K. Then for y € X we get

Car(y) = Car(y) = Ca(yk™") = Ca(y).

Choosing y = e, we obtain
Catk™)=Cule) > k' € H,

and so k € H since H is a subgroup of X. Thus, K C H.

Again, let h € H. Then C4(h) = Cy(e). Also,

Can(y) = CaWh™) ¥y € X
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and
Cae(y) = Ca(y) Vy € X.

Thus to show that 4 € K, it suffices to prove that
Cah™") = Cay) Yy € X.
Now,
CaGh™) 2 Ca) A Calh™)
= Ca(y) A Ca(h)

= Ca(0) A Cyle)
= Ca).

Again,

Ca(yh™'h)
Cayh™") A Cy(h)
Ca(yh™") A Cale)
= CaOh™h)

= C4(yh™') = C4(y), thus, H C K. Hence, H = K. ]

Ca(y)

vV

Corollary 3.1. With the same notation as in Theorem 3.1, H is a normal subgroup of X if A is a
normal submultigroup of B.

Proof. Lety € X and x € H. Then

CA(yxy’l) = CA(yy’lx) since A is normal in B
= Ca(x) = Cale).
Thus, yxy~! € H. Hence, H is normal in X. O

Theorem 3.2. Let X be a finite group and A be a submultigroup of B € MG(X). Define
H ={g € X | Ca(g) = Cale)}.
Then for x,y € X, we get Hx = Hy & Ax = Ay. Similarly, xH = yH & xA = yA.

Proof. This result gives a relationship between comultisets of a submultigroup of a multigroup
and the cosets of a subgroup of a given group.

By Theorem 3.1, we recall that H is a subgroup of X and

H = {x eX | CAX(Z) = CAe(Z)}'



132 PA. Ejegwa et al. /| Theory and Applications of Mathematics & Computer Science 7 (2) (2017) 124-140

Now, suppose that Hx = Hy. Then xy~' € H. So
Caxy1(2) = Cae(2)

and
Calzyx™) =Ca(x)Vz € X.

Replacing z by zy~!, which is also an arbitrary element of X, we get
Calzx™) = Calzy ) Vz € X,
implying that Ax = Ay.

Conversely, suppose that Ax = Ay. This implies that
Calzx™") = Calzy ) Yz € X,

Put z =y, we get
Ca(yx™") = Cale).
So yx~! € H and therefore, Hx = Hy. [

Corollary 3.2. Let X be a group. If A is a submultigroup of a multigroup B of X and x,y € X.
Then xA = yA and Ax = Ay & Co(y™'x) = C4(yx~') = Cyule).

Proof. Let x,y € X, and recall that H = {x € X | C4(x) = Ca(e)}. Suppose xA = yA and Ax = Ay.
Then, y~'x, yx~! € H as in Theorem 3.2. So, C4(y"'x) = C4(e) = Ca(yx71).

Conversely, assume C4(y~'x) = C4(e) = Co(yx~!). This implies that,
Ca™'x) = Co(x7'x) and Co(yx™") = C4(yy™") = Cyu(x) = C1a(x) and
Cax(y) = C4y(y)¥x,y € X. Hence, xA = yA and Ax = Ay. ]

Lemma 3.1. Let X be a group. If B is a submultigroup of a finite multigroup A € MG(X), then
|B| = |xB| Yx € X.

Proof. Let A € MG(X). Since A is finite and B C A, it follows that |A| = n and |B|] = m such that
m < n . Then the order of each comultisets xB of B for all x € X must be m. Hence |B| = |xB| for
all x € X. O]

Now, we state and prove the analogous of Lagrange theorem in multigroup setting.

Theorem 3.3. Let G be a finite multigroup and let H be a complete submultigroup of G wherein
the count of every element in H is a factor of the count of the corresponding element in G. Then
the order of H divides the order of G.

Proof. Let |G| = n and |H| = m, then m < n by Lemma 3.1. That is, since G is finite and H is a
complete submultigroup of G, it follows that H is also finite and G, = H.. We prove that m is a
factor of n. Because H C G wherein the count of every element in H is a factor of the count of the
corresponding element in G, it then follows that m divides n. This completes the proof. [

Remark. Let X be a finite group and G be a regular multigroup of X, then the order of X divides
the order of G.



PA. Ejegwa et al. /| Theory and Applications of Mathematics & Computer Science 7 (2) (2017) 124-140 133
4. Concept of factor multigroups and its homomorphic properties

In this section, we define factor multigroup as an extension of factor group and obtain some
results. Unless otherwise stated, the multigroups in this section are complete.

Definition 4.1. Let A be a multigroup of a group X and B a normal submultigroup of A. Then
the set of right/left comultisets of B with the property C,po,p(z) = Cyyp(2) ¥V x,y,z € X form a
multigroup called factor or quotient multigroup of A determined by B, denoted as A/B.

Remark. Let A be a multigroup of a group X, and C a normal submultigroup of A. Then

(1) if B is a submultigroup of A such that C C B C A, then B/C is a submultigroup of A/C.
(i1) every submultigroup of A/C is of the form B/C, for some submultigroup B of A such that

CCBCA.
(iii) JA/C| = n|C|, where n is the number of comultisets of C in A. This is unlike in classical
X
group where, suppose X is a group and Y a subgroup of X, then |X/Y| = %

Theorem 4.1. Let A be a normal submultigroup of B € MG(X). Then A is commutative if and
only if B/A is commutative.

Proof. Let x,y € X. Suppose A is commutative, then

Calxyx™'y™") = Caule),

and hence,
Ca(xy) = Ca(yx).

Consequently, A is normal.
Now, since

Calxy(yx)™") = Calxyx™'y™") = Cale),

we have
Ca(xy(yx)™) = Cale) = Calxy(yx)™") = Calay(xy)™)
= CAyx(xy) = CAxy(xy)-

Thus, Axy = Ayx. It follows that, Ax o Ay = Ay o Ax since Ax o Ay = Axy and Ay o Ax = Ayx by
Definition 2.10. Hence, B/A is commutative.

Conversely, if B/A is commutative, then
AxoAy =Ayo Ax = Axy = Ayx.

Thus,
Ca(xy(yx)™") = Cale) = Ca(xy) = Ca(yx),

completes the proof. O
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Theorem 4.2. Let A, B, C € MG(X) such that A and B are normal submultigroups of C and A C B,
then B/A is a normal submultigroup of C/A.

Proof. Let x € X. Then Cgja(x) < Ccja(x)Vx € X since A C B and A and B are normal submulti-
groups of C. So B/A is a submultigroup of C/A. For all x,y € X,

Cayxy™") = Cpja(x).
Hence, B/A is a normal submultigroup of C/A by Definition 2.8. U

Remark. Let C be a multigroup of a group X, and B a normal submultigroup of C. Then every
normal submultigroup of C/A is of the form B/A, for some normal submultigroup A of C such that
ACBCC.

Theorem 4.3. Let A, B € MG(X) and A a normal submultigroup of B. Then A N\ B/A, is a normal
submultigroup of A.

Proof. By Proposition 2.1, A, is a subgroup of X and ANB € MG(X) by Theorem 2.1. So, ANB/A.,
is a multigroup of X. Since A is a normal submultigroup of B, then A N B is a submultigroup of
B and A N B/A. is a submultigroup of A. We show that A N B/A. is a normal submultigroup of A.
Let x,y € A,. Then xyx™! € A, since

Calxyx™) = C4() > 0
by Definition of A,. This proves that A, is normal. Also A N B is normal since

Cang(axyx™") = Calxyx™) A Cpayx™") 2 Ca9) A Cp() = Canp(y)-
Hence, A N B/A., is a normal submultigroup of A. O]

Theorem 4.4. Let A € MG(X) and N(A) be a normalizer of x € X. Then N(A) is a subgroup of X
and A/N(A) is a normal submultigroup of A.

Proof. Clearly, e € N(A). Let x,y € N(A). Then for any z € X, we have
Ca(x(y™'2)) = Ca(('2)x)

Cay ' (zx)) = Ca(y(zx)™")
Car(x7'z71) = Calz(xy™).

Calxy™)2)

Hence, xy' € N(A). Therefore, N(A) is a subgroup of X. By Definition 4.1, it follows that
A/N(A) € MG(N(A)) and clearly, A/N(A) is a submultigroup of A. Since Cyyu(xyx™") =
Canay(y) Yx,y € X, it implies that A/N(A) is a normal submultigroup of A. ]

Theorem 4.5. Let A be a commutative multigroup of X and B a normal submultigroup of A. Then
there exists a natural homomorphism f : A — A/B defined by Cya)(y) = Cp(x"'y) ¥ x,y € X.
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Proof. Let f: A — A/B be a mapping defined by

Crn(y) = Cp(x"'y) ¥ x,y € X.

That is, Cru(y) = Cis(y) = f(A) = xB (consequently, f(A,) = xB,). Since f : A — A/Bis
derived from f : A, — A./B. such that B, is a normal subgroup of A,, then to prove that f is a
homomorphism, we show that

nyB(Z) = CxBOyB(Z)vZ eEX= f(x)’) = f(x)f(y)
Since B is commutative, then
Cp(xz) = Cp(zx) = Cp(z”'xz) = Cp(x)Vz € X.

We know that,
C.5(2) = Cp(x"'z) and Cyp(z) = Cp(y~'2).

Then
Cay(2) = Ca((xy)™'2).
Now,
Capers@ = \/(Can(r) A Cyp(5))
= \/(Cs(x"'r) A Ca7's)).
And
Cuyp(2) = Cp((x))'2) = Cp(y™'x7'2)
> \/(Cp(x"'r) A Ca7's)).
Suppose by hypothesis,

Co7'x7'2) = \/(Cox™' ) A Cly™'s),

Z=rs
then it follows that C,,5(2) = C,peys(z) Yz € X. Consequently, we have f(xy) = f(x)f(y) Vx,y € X.
Therefore, f is a homomorphism. [

Corollary 4.1. Let A, B € MG(X) such that Co(x) = Co(y)Vx,y € X and Cy(e) > Cp(x) Vx € X.
If f : A > A/B is a natural homomorphism defined by Ca)(y) = Cp(x"'y) Y x,y € X, then
fN(f(B)=AoB.

Proof. Let x € X. To proof the result, we assume that f(x) = f(y)Vx,y € X. Thus,

Crigm@® = \/(Crm(fFOM, fx) = F)
xeX

= \/ s oM Yy € X
xeX

Cr(y).
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Again,

Caop®) = \/(Ca) A Cp(y) ¥y,z € X

x=zy

= /Gy H A CuN = 2y Yy z e X

xeX

= \/(Ca(@) A Chy) ¥y e X

xeX

= Cg(y).
= f7'(f(B) =AoB. O

Remark. We assume there is a bijective correspondence between every (normal) submultigroup of
A that contains B and the (normal) submultigroups of A/B; if C is a (normal) submultigroup of A
containing B, then the corresponding (normal) submultigroup of A/B is f(C).

Theorem 4.6. Let f : X — Y be an isomorphism of groups and A a normal submultigroup of
B € MG(X) such that Cg(x) = Cp(y) Vx,y € X with kerf = {e}. Then B/A = f(B)/f(A).

Proof. By Theorem 2.2 and Definition 4.1, B/A and f(B)/f(A) are multigroups. Let

h:BJ/A— f(B)/f(A)
be defined as
h(Ax) = f(A)(f(x)Vx € X.

If Ax = Ay, then Co(xy™!) = C4(e). Since kerf = {e} meaning kerf C A*, then f~'(f(A)) = A by
Lemma 2.1. Thus,

Criruanxy™) = Crigray(e),

that is,
Cf(A)(f(xy_l)) = Cf(A)(f(e)),
then
Cf(A)(f(x)(f(y))_l) = Cya(f(e)),
SO
Cr(f(0) = Cpay(f(»)e’) (where f(e) = ).
Hence,

Cra(f(x) = Cra(f () = fA(f(x) = S

Hence, h is well-defined. It is also a homomorphism because

JAY(f(xy))
FAFX)f)

JAS))fAS)
h(AX)h(Ay).

h(AxAy) = h(Axy)
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Suppose f is an epimorphism, then 4 x € X such that f(x) = y. So,

hAx) = f(A(f(x)) = f(AD).

Moreover,

FAF(x) = FAFO)) = Cram(fF)FON™) = Cra(e) =
Cf(A)(f(xy_l)) = Cra)(f(e) = Cf—l(f(A))(X)’_l) = Cripay(e)

implies C4(xy™") = C4(e) = Ax = Ay, which proves that & is an isomorphism. Hence, the result
follows. O]

Corollary 4.2. Let f : X — Y be an isomorphism of groups and B a normal submultigroup of
A € MG(Y) such that Cx(x) = Co(y) Vx,y € Y. Then f(A)/f(B) = A/B.

Proof. By Theorem 2.2, f(A), f(B) € MG(X) and f(A)/f(B) and A/B are multigroups by Def-
inition 4.1. Again, since B € MG(Y), then f(f"'(B)) = B by Lemma 2.1. If x € kerf, then

f(x) =¢€" = f(e), and so

Cp(f(x)) = Cp(f(e)),
that is,

Cr1m)(x) = Crgpe).

Hence, x € f~1(B), that is, kerf C f~'(B*). The proof is completed following the same process as
in Theorem 4.6. O

Theorem 4.7. Let A, B € MG(X) and A a normal submultigroup of B. Then B/B, ~ B/A.

Proof. Let f be a natural homomorphism from B, onto B./A. defined by f(xA.) = xA. Vx € B..
Then we have
Cr/B.)(xA,) = V(Cp/p,(2), ¥z € B., f(2) = xA..

Since B/B, and B are bijective correspondence to each other and z = f~'(xA,) = xA,, it follows
that

Crip)(xA,) = V(Cp/p.(2)),¥z € B,, f(2) = xA.
= V(Cg(y)), Yy € xA,
= CB/A(XA*)VX € B*,
because B/A and B are bijective correspondence to each other. Therefore, B/B. ~ B/A. O

Lemmad4.1. If f : X = Y and A € MG(X), then (f(A)). = f(A.).
Proof. Straightforward. []

Theorem 4.8. Let B € MG(X). Suppose Y is a group and C € MG(Y) such that B ~ C. Then
there exists a normal submultigroup A of B such that B/A = C/C,.
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Proof. Since B =~ C, d an epimorphism f of X onto Y such that f(B) = C. Define A € MG(X) as
follows: V¥ x € X,

| Cp(x) ifxe€kerf
Calx) = { 0, otherwise

Clearly, A C B. If x € kerf, then yxy™! € kerf ¥y € X, and so
Calyxy™) = Cpyxy™) = Ca(x) = Ca(x) ¥y € X.
If x ¢ kerf, then C4(x) = 0 and so
Calyxy™) > Ca(x) =0Vy € X.

Hence, A is a normal submultigroup of B. Also, B ~ C = f(B) = C which further implies
(f(B)). = C,and f(B,) = C. by Lemma4.1. Let f = g. Then g is a homomorphism of B, onto C.
and kerg = A.. Thus, there exists an isomorphism 4 of B./A, onto C, such that h(xA,) = g(x) =
f(x) Vx € B,. For such an h, we have
V(Cpia(xA,)), Yx € By, h(xA,) = z

= V(V[Cg()],Vy € xA,),Vx € B,,g(x) =z

= V(C5(y),Vy € B, g(y) =z

= V(Cs),Vye X, f(y) =z

= Cp(f'(2) = Cyp)(2) = Cc(2), ¥z € C..
Therefore, B/A = C/C.. O]
Theorem 4.9. Let B € MG(X) and A be a normal submultigroup of B. Then B/A N B ~ A o B/A.

Proof. From Proposition 2.1, we infer that A, is also a normal subgroup of X. By the Second
Isomorphism Theorem for groups, we deduce

B,/A. N B, = A.B./A..

Chp/a)(2)

We know that
(AN B), =A,.NB,,

(Ao B), = A.B,.

Consequently, we have
B./(AN B). = (Ao B),/A.,

where f is given by
f(x(AN B),) = xAVx € B..

Thus,

Crwianp)YAL) = Cpjang(y(A N B).)
V(Cp(2), Yz € y(AN B),
V(Cop(2)), Yz € y(A. N B,)
V(Cyop(2)), Yz € yA,
Caop/a(YA.), Yy € B,.
Hence, f(B/A N B) C A o B/A. Therefore, B/AN B ~ A o B/A. O

IAN A
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Theorem 4.10. Let A, B,C € MG(X) such that A C B, and A and B are normal submultigroups of
C. Then (C/A)/(B/A) = C/B.

Proof. If A,B € MG(X) and A is a normal submultigroup of B, obviously, A, is a normal sub-
group of B, and both A, and B, are normal submultigroups of C.. From the principle of Third
Isomorphism Theorem for groups, we have

(C./A)/(B./A,) = C./B.,

where f is given by
f(xA.(B./A,)) = xB.Vx € C,.

Then

Craciaymian(xB.) = Cicaysia(xA«(B./A.))
= V(Cca(yA.n)), Yy € C,,yA. € xA.(B.[A,)
= V(V[Cc(2)],VYz € yA,),Vy € C,,yA, € xA.(B./A,)
= V(Cc(2)),¥z € Cy,zA, € xA.(B./A))
= V(Cc(2)), Yz € xA.(B./A.)
= V(Cc(2)),VYz € C., f(z) € xB,.
= V(Cc(2),Vz€C,, f(2) =2
= Cc¢/p(xB.)

Vx € C,, where the equalities hold since f is one-to-one. Hence, the result follows. ]

5. Conclusion

An indepth work on comultisets had been carried out and some results were deduced. We have
extended the notion of factor groups to multigroups and explicated some properties of factor multi-
groups. Finally, we explored some homomorphic properties of factor multigroups. Nonetheless,
more results on comultisets and factor multigroups could be exploited.
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